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A general convergence theorem for multiple-set split
feasibility problem in Hilbert spaces

ABDUL RAHIM KHAN', MUJAHID ABBAS 2 and YEKINI SHEHU?

ABSTRACT. We establish strong convergence result of split feasibility problem for a family of
quasi-nonexpansive multi-valued mappings and a total asymptotically strict pseudo-contractive mapping in
infinite dimensional Hilbert spaces.

1. INTRODUCTION

Let C and @ be nonempty, closed and convex subsets of real Hilbert spaces H; and H,
respectively. The split feasibility problem (SFP) is to find a point

(1.1) x € C such that Az € Q,

where A : H; — H, is abounded linear operator. The SFP in finite-dimensional Hilbert
spaces was introduced by Censor and Elfving [5] for modeling inverse problems which
arise from phase retrievals and in medical image reconstruction [2]. The SFP has attracted
the attention of many authors due to its application in signal processing (see, for example,
[14, 16]). Note that the split feasibility problem ( 1.1 ) can be formulated as a fixed-point
equation:

(1.2) Po(I —~yA*(I — Pg)A)z"™ = z™

that is, 2* solves the SFP (1.1 ) if and only if 2* solves the fixed point equation (1.2), where
A* is the adjoint of A, Pc and P are metric projections onto C' and @), respectively. This
implies that we can use fixed-point algorithms ( [4]) to solve SFP. A popular algorithm that
solves the SFP (1.1) is CQ algorithm due to Byrne [2]. Byrne [3] applied Krasnosel’skii-
Mann (KM) iteration to the CQ algorithm, and Zhao and Yang [17] applied KM iteration
to the perturbed CQ algorithm to solve the SFP. It is well known that the CQ algorithm
and the KM algorithm for a split feasibility problem do not necessarily converge strongly
in the infinite-dimensional Hilbert spaces.

Let us recall some definitions:

Definition 1.1. Let T : H — H be a mapping and F'(T') be its set of fixed points. 7" is said
to be

(a) nonexpansive if || Tz — Ty|| < ||z — yl||, Yo,y € H. (b) quasi-nonexpansive if ||Tx — Tpl|| <
||z — p||,Vx € H,p € F(T). (c) firmly nonexpansive mapping if ||Tx — Ty||*> < ||z — y||* —
|[(x —y) — (Tx — Ty)||?,Vo,y € H. (d) quasi-firmly nonexpansive mapping if ||Tx — Tp||*> <
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\|lx—p||?—||lz—T=||*,Vz € H,p € F(T). (e) strictly pseudocontractive mapping if there exists
aconstant k € [0,1) such that ||Tx —Ty||> < ||z —y||> +k||(x —y) — (Tz —Ty)||*,Vz,y € H.
(f) total asymptotically strict pseudocontractive mapping, if there exist a constant k£ € [0,1)
and sequences {u,} C [0,00),{&,} C [0,00) with u,, - 0and &, — 0asn — oo, and a
continuous and strictly increasing function ¢ : [0, c0) — [0, c0) with ¢(0) = 0 such that for
alln>1,z,y € H

T2 — Ty|P < |z — yIP + kll(x — y) — (Tx = Ty)|P + sl — yl]) + &n, Ve, y € H.

The class of firmly-nonexpansive mappings is well known to include resolvents and pro-
jection operators, while the class of quasi-firmly nonexpansive mappings contains sub-
gradient projection operators (see, e.g., [11] and the reference therein).

In the sequel, we denote by C'B(H) the collection of all nonempty, closed and bounded
subsets of H. The Hausdorff metric H on CB(H) is defined by

H(A,B) := max{supd(x,B), supd(y,A)}, VA, B € CB(H),where D(z, K) := inf d(z,y).
z€A yEB yeK

Definition 1.2. Let S : H — CB(H) be a multi-valued mapping. An element p € H is
said to be a fixed point of S, if p € Sp. The mapping S is said to be: (i) nonexpansive, if
H(Sz,Sy) < ||z — y||,Yz,y € H; (ii) quasi-nonexpansive, if F(S) # ¢ and H(Sz,Sp) <
|z — pl|, Vo € H,p € F(9).

We assume that H; and H; are two real Hilbert spaces, A : H; — H; bounded linear op-
erator and A* : Hy — H; the adjoint of A. We investigate the following multiple-set split
feasibility problem (MSSFP) for a family of multi-valued quasi-nonexpansive mappings
and a total asymptotically pseudo-contractive mapping in infinite dimensional Hilbert
spaces, i.e.,

(1.3) find x € C such that Az € Q,

where, {S;}5°, : Hi — CB(H,) is a family of multi- valued quasi-nonexpansive map-
pings and T : Hy, — Hj is a total asymptotically strict pseudo-contractive mapping with
nonempty fixed-point sets C':= N2, F(S;); and @ := F(T'), and denote the solution set of
(MSSEP) by

(1.4) Mi={yeC:AycQ}=CnA Q).

Recall that N2, F(S;) and F'(T') are nonempty, closed and convex subsets of H; and Ho,
respectively ([18]). If " # (), we have that I' is closed and convex subset of H;.

Theorem 1.1. [9] Let {S;}2, : Hi — CB(H.) be a family of multi-valued quasi-nonexpansive
mappings and for each i > 1, S; is demi-closed at 0. Let T : Hy — Hy be a uniformly
L-Lipschitzan continuous and total asymptotically strict pseudocontractive mapping satisfying

o0 o0
S pn < ocoand Y &, < oo. Suppose there exist constants My > 0,M; > 0 such that
n=1 n=1

A(N) < MoA2, VA > M. Let C := N2 F(S;) # 0; and Q := F(T). Assume that for each p €
C; Sip = {p}, foreach i > 1. Let {x,,} be the sequence generated by: x1 € H; chosen arbitrarily,

0o
Tn4+1 = C0,nYn + Z QG nWin, Win € Slyn
=1

(15) =
Yn = Tp + YA (T — I Axp,m > 1,
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where {ai n} C (0,1) and ~ > 0 satisfy the following conditions:
(a) Z ain =1, foreachn > 1; (b) for eachi > 1 hmmfa()nam >0(c)vye (0 HlAIIICZ)

If Q ( the set of solutions of multiple-set split feasibility problem 1.3) is nonempty, then both
{zn}0L and {y, }52, converge weakly to some point x € SQ.

If in addition, there exists some positive integer m such that S, is semi-compact, then
both {z,}72, and {y, }52, converge strongly to x € .
Question: Can we modify the iterative scheme (1.5) so that the strong convergence is
guaranteed without compactness of the operator?
In this paper, we modify the iterative scheme (1.5) and prove strong convergence re-
sult for multiple-set split feasibility problem (1.3) for a family of multi-valued quasi-
nonexpansive mappings and a total asymptotically pseudo-contractive mapping in in-
finitely dimensional Hilbert spaces without compactness condition on the operator. Our
results improve the corresponding results of Chang et al. [9], Censor et al. [6, 7], Yang [16],
Moudafi [13], Xu [14], Censor and Segal [8], Masad and Reich [12] and others.

2. PRELIMINARIES

Definition 2.3. A mapping 7' : H — H is called (1) demiclosed at the origin if for any
sequence {z,} C H with z,, — x ( weak convergence ) and ||z, — T'z,|| — 0, we have
Tx = x (2) uniformly L-Lipschitzian continuous if there exists a constant L > 0 such that
|T7z — T"y|| < Lllz — y||,Vz,y € H,n > 1 (3) A multi-valued mapping S : H —
CB(H) is said to be demiclosed at origin if for any sequence {z,,} C H with x,, — z and
d(xy, Sx,) — 0, we have z € Sz.

Next, we state some well-known lemmas which will be used in the sequel.

Lemma 2.1. Let H be a real Hilbert space. Then Vx,y € H, the following results hold: (i) ||z +
yll? = [lzl® + 2z, ) + [lyl1%; (@) [l + yl1* < [J2]]? + 2(y, 2 +y).

Lemma 2.2. (Yang et al., [18]) Let T : H — H be a uniformly L-Lipschitzian continuous and
total asymptotically strict pseudocontractive mapping, then T is demi-closed at origin.

Lemma 2.3. (Chang et al., [10]) Let E be a uniformly convex Banach space, B,(0) := {x €
E : |z|] < r} be a closed ball with center 0 and radius r > 0. For any given sequence
{xl,xg, i s T,y ...} C Bp(0) and any given number sequence {1, Ao, ..., Ap, ...} with A; >

0, Zl Ai = 1, there exists a continuous strictly increasing and convex functzon g :[0,2r) —

[0, 00) with g(0) = 0 such that for any i,j € N, i < j the following holds:

e 2
‘ ‘ § )\nxn

n=1

<D Aallzall? = Xidgg(llzi — ;).
n=1

Lemma 2.4. ([1]) Let {\,,} and {~,,} be nonnegative, {cv, } be positive real numbers such that
Ant1 < Ap — apAy + Yn,n > 1 Let foralln > 1, 3—2 < ¢ and o, < . Then A, <
max{\, K.}, where K, = (1 + a)c1.

Lemma 2.5. ([15]) Let {a,} be a sequence of nonnegative real numbers satisfying the relation:
an+1 < (1—ap)an+anon+n, n > 0, where (i) {a,} C [0,1], Y a,, = 005 (i) limsup o, < 0;
(iii) v, > 0; (n > 1), ¥, < co. Then, a,, — 0asn — oo.
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3. MAIN RESULTS

We assume that the following conditions are satisfied:

(1) {S;}324 : Hi — H; is a family of multi-valued quasi-nonexpansive mappings and
for each i > 1, S; is demiclosed at origin; (2) T': Hy — Hj is a uniformly L-Lipschitzan
continuous and total asymptotlcally strlct pseudocontractive mapping satisfying the fol-

lowing conditions: (¢) Z i, < 00; Z & < oo; (i) {ayn} is a real sequence in (0,1)

(e}
such that p,, = o(ay); & = o(an); hm 0 ay, = = 0; Z ap, = oo; (iii) there exist constants

My > 0,M; > 0 such that ¢(\) < MO)\2 VA > Ml, (3) C := NE,F(S;) # 0; and
Q := F(T) #0;

(4) for each p € C; S;p = {p}, for each i > 1.

A modification of the algorithm (1.5) is given in the following result to have the desired
strong convergence.

Theorem 3.2. Let {S;}2,,T,C,Q, k,{pin}, {{n}, ¢ and L satisfy the above conditions (1)-(5).
Let {x,,} be the sequence generated by x1 € Hq,

3.1
(3.1) Znt1 = Bonln + 2 BinWin, Win € Siyn,n > 1.
i=1

where {BZ- n} C (0,1) and ~ > 0 satisfy the following conditions:

(a) Zﬁzn—lforeachn>l ()foreachz>1hmlnf/a’()nﬂm>0( )y € (0 IIAIP) IfQ

(the set of solutions of multiple-set split feasibility problem in (3.1)) is nonempty, then the sequence
{xn}22 4 converges strongly to an element of 2.

Proof. Note that ¢ is continuous, it follows that ¢ attains maximum (say M) in [0, M;]
and by our assumption, ¢(\) < MoA%, VA > M;. In either case, we have that ¢(\) <
M + MoA%,V¥\ € [0,00). Let z* € Q. Then from the convexity of ||.||?, we obtain

11 = @) — [P = [1(1 = @) (0 — 2") + an(—a")] 2

(1 — an)||zy _fL‘*H2 —&-aon*HQ.

[Jtn — ¥ |?
(3.2)

IN

From (3.2) and Lemma 2.1 (¢), we obtain that

1y = 2*[1* = lJun — 2™ +yA*(T" = I) Auy|?
(3.3) = |un — *||? + 2y(up — x*, AX(T™ — I) Auy,) + V|| A (T™ — ) Auy, |2
Since
PVAAX(T™ — I) Auy || YA (T™ — I) Auy,, A (T™ — T) Auy,)
VHAA(T™ — 1) Auy,, (T" — I)Auy,)
PIAIPIT™ = I) Auy|[?,

(3.4)

IN

As Az* € Q = F(T) and T is a total asymptotically strict pseudocontractive mapping, so
we obtain



(3.5)
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— D)Aun) = (Aluy —2%), (" = 1) Auy)
= (A(up — ")+ (T" — I)Au,, — (T — I) Ay, (T — 1) Auy,)
= (T" Au,, — Az*, (T™ — I) Auy,) — |[(T™ — I) Au,||?
= 2 17" Au — A2 1P 1T — 1) Au? — [ Au — A ]

— (T 1) Auy |
1 * *
< 5|1 Aun— A2 [Pk (T = 1) Az |+ (|| A — A )+,
1 *
+ 51T = DA |2 = || Auy — Az 2]

= [I(T" = I) Auy ||*

k

_1 n * n
< ST = D Aug] 2+ 5 (M + Mol | Aun — Az*|[2) + tn

R

Substituting (3.5) and (3.4) into (3.3), we have
lyn =217 < lun = 2™[]* = (1 = k = 4[| AIP)|(T" — I) Aun||?

(3.6)

+pny(M + Mol|Auy, — Am*HZ +vén-

Using (3.6) and (3.2) in (3.1), we obtain

[Tny1 — x*HQ <

IN

IN

(3.7) =

o0
Bounllvn — 12 + 3 Bullwin — 2*|1?

Bomllyn — *[1* + Z Bim (d(win, Si(x*))?

BOHHyn_x*HQ"_ZBln Synasz( *))2

=1
yn — 2*[* < [Jun — 2*|[> = 7(1 = k =A[JAIP)|[(T™ = T) Au|?
+pny(M + Mol|Au, — Az*|* + &,
(1= an)llen — 2|1 + an|lz*||* = y(1 = k = A[JA|P)[|(T" — T) Auy||?
iy (M 4+ Mol AI((L = o)l — 2711 + a2 + 76
|zn — 2*][* = (an — pny Mo |[AIP (1 = an))|Jen — 2| * 4 a|l2*|?
Fpn Y M + yaun Mol |Al[2[|2*]|? + &,
(1~ k= A AP — 1) Aun|?
|zn — 2*I[* = (an — pn Y Mo|[AlP(1 = an))|Jzn — 2*|* 4 o l2*|?
i YM + yan Mol|A] | |z*(|? + &
lzn — 2*1* = (an — Y Mo|[Al*(1 = an))|Jzn — 2*|* + on,

where 0, = a,,||2*||? Y M + v, Mo || Al|2||2*||> + ¥E€n- Since py, = o(ay,) and &, = o(ay,),
we may assume without loss of generality that there exist constants ko € (0,1) and My > 0
such that for all n > 1, we have g— < W and 2= < Mjy. Thus, we ob-

tain ||z, 1 — 22 <

l|xn — 2*||* — ankol|zn, — z*||* + 04 By Lemma 2.4, we have that
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||zn — 2*||* < max{||x, — 2*||?, (1 + ko)Ma}. Therefore, {x,} is bounded. Furthermore,
the sequences {y,, } and {u,, } are bounded.
The rest of the proof will be divided into two parts.

Case 1. Suppose that there exists ng € N such that {||z,, — 2*||}5Z,,, is nonincreasing.
Then {||z, — *||}52, converges and ||z, — 2*||*> — ||xp4+1 — 2*[|> = 0, n — occ. From (3.6)
and (3.2), we have that

lznsr —2*IP < lyn — 2717 < lun — 2717 = v(1 =k = AA[P)I(T" — 1) Auy||?
< len = 2712 = v =k = AAIPIT™ = 1) Auy|?
Y (M + Mo| Aup — Az™[[2) + €0 + ol ||,
So we get y(1 — k — 4[| A[|*)[[(T" — 1) Aun|* < [|zn — 2*|* = [Jwnsr — @[] + pny(M +
Mo||Auy, — Az*||?) +vE€n + an||2*]|?. This implies that y(1 — &k — || A||*)[|(T" — I) Au,||? —
0, n — oo. Hence, we obtain
(3.8) [|(T™ — I)Au,|| — 0, n — oo.

Also, we observe that ||y, — u,|| = YA*[|(T™ — I)Au,|| = 0, n = oo and ||u, — || =
anllzy|| = 0, n — oco. Furthermore, ||y, — || < |[yn — wnl| + [Jun — 20| = 0, n — o0.
Using (3.6) and Lemma 2.3 in (3.1), we have

A

o0
a1 —2*|F < Bonllyn — 2> + Zﬂz,n”wzm — 2" |[> = Bo,nBing(|lyn — winl))
=1

[l — 2|17 = (1 =k = A||AIP)[(T" ~ ) Auy |
+pny (M + Mo||Auy, — Az*|[*) + 760 — BonBing(|lyn — winl)-
This implies by (3.2) and condition (c) that

IN

A

BomBing(lyn —winl)) < Nun — 2% = [|zppr — 2|

+pny(M + Mol|Auy, — Az*|?) + 7€
[zn — 2| = [|znt1 — 2*[* + anlz*|?
+ iy (M + Mo||Auy, — Az*[|*) + 7.

This implies by condition () that li_>m 9(||yn — win

IN

[) = 0. As g is continuous and strictly
increasing with ¢g(0) = 0, so we have lim ||y, — w; »|| = 0 Vw; », € Siyn.
n—oo

Hence, we have

(3.9) lim d(yn, Siyn) < lim |y, — w; »|| = 0.
n— oo n— o0

Now obtain from (3.1) that

oo
Bollyn = x>+ Bimllwim — 2|

[|Zny1 — xn||2 <
i=1
o 2
< Boallyn = @l + Y B (llwin = gl + llym = wall)
i=1
Since lim ||y, — 2,|| = 0and lim ||y, — w; .|| = 0, we have lim||z,+1 — x,]| = 0.
n— o0 n— o0 n—00

Consequently,
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(1= ant1)Tnt1 — (1 — an)znl|
ltn 1 — anl|[Tn1l] + (1 = an)||znt1 — 2nl[ = 0, n — oo.

[[tun+1 — ual|

AN

(3.10)

Using the fact that 7" is uniformly L-Lipschitzian, we have

|| T A, — A || < ||TAup — T Aug || + || T Ay, — T Ay, 14|
T At 1 — Avi | + (| Avt 1 — Aui ]|
< Dl At ~T" Aun [ 4+(L + 1) At 11~ Autg |17 At 3 — At |
< Ll At —T" Aui |+ (L + DI At~ ]+ 1T At 1 — Avt ]

By (3.8) and (3.10), we obtain
(3.11) (T — I)Auy|| — 0, n — oco.

Since {z,} is bounded, there exists {z, } of {2, } such that z,,;, — 2z € H;. Using the fact
that z,,, — 2z € Hy and ||y, — x,|| = 0, n — oo, we have that y,,, — 2z € H;. Similarly,
U,, — z € Hj since ||u, — z,|| = 0, n — oco. By the demiclosedness of S; at origin and
(3.9), we have that z € F'(S;). Hence, z € N2, F(S;) = C. On the other hand, since A is
a linear bounded operator, it follows from u,,, — z € H; that Au,; — Az € H,. Hence,
from (3.11), we have that ||T Au,,;, — Auy,;|| = ||[T Au,, — Auy,|| — 0, j — oo. Since T' is
demiclosed at zero, therefore we have that Az € F(T) = Q. Hence, z € Q.

Next, we prove that {z,,} converges strongly to z. From (3.6) and Lemma 2.1 (ii), we have

s —2l1* < lyn =217 < lun — 2| = (1 = & = A AT — ) Aun||?
iy (M + Mo||Aun — Az|?) + 7€n
< lun = 212 + gy (M + Mol Aun, — A2|*) + 7€,
< up = 2P+ My + 26
= ||(1_O‘n)(xn_z>_O‘nz||2+M*Mn+’7§n
< (1_0‘71)2”3771_ZHZ_Zan<un_zvz>+M*Hn+'Y§n
(3.12) < (I —an)llzn — Z||2 = 20, (un — 2,2) + M* iy, + v,

where M* > vysup(M + My||Au,, — Az||*) > 0. It is clear that —2(u,, — z,2) — 0, n —
n>1

oo and Y M*p, < oo; > v&, < oo. Now, applying Lemma 2.5 to (3.12), we have
n=1 n=1

[l — z|| = 0. Thatis, z,, = z,n — 0.

Case 2: Assume that {||z,, — z*||} is not monotonically decreasing sequence. Set I',, =
||z, — z*||* and let 7 : N — N be a mapping for all n > ng (for some n, large enough)
by 7(n) := max{k € N: k > n,I', <T,11}. Clearly, 7is a non decreasing sequence
such that 7(n) — ocoasn — oo and I'v(,) — ')V > ng. By (3.9), it is easy to see
that nler;Od(yT(n)7 SiYrn)) < nler;o\|yT(n) — W; r(n)|| = 0. Furthermore, we can show that

[[(T' = I)Aur(ny|| = 0, n — oc. By an argument similar to the one in case 1, we conclude
immediately that 2, (), ¥-(n) and u,(,) weakly converge to z as 7(n) — oo. At the same
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time, from (3.12), we note that, for all n > ny,
0

IN

H'r‘r(n)Jrl - Z||2 - ||xr(n) - Z||2
S Qrp) [_2<u‘r(n) —2,2) — ||x'r(n) - ZHQ] + M*Mr(n) + '757(71)7

which implies ||z, () — 2||* < =2(tr(n) — 2, 2) + M*[ir(n) + V&7 (n)- Hence, we deduce that
limy, 00 ||27(n) — 2|| = 0. Therefore, lim,, ;o0 I'7 () = limy, 00 I'7(ny41 = 0. Furthermore,
for n > ny, it is easy to see that I';(,,y < T'r(n)41 if n # 7(n) (that is 7(n) < n),because
I'; > T'j4 for 7(n) + 1 < j < n. As a consequence, we obtain for all n > ny, 0 < T',, <
max{I';), T'rny41} = Trn)41 - Hence lim Ty, = 0, that is, {x,, } converges strongly to 2.
O

Corollary 3.3. Let {S;} : Hy — H, be a family of single-valued quasi-nonexpansive mappings,
and for each i > 1, I — S, is demi-closed at 0. Let A, A*,T,C,Q,k,{pn},{&n}s L, &, {Bin}
and ~ > 0 be the same as in Theorem 3.2. Let {y, }52, and {x,,}>2, be sequences generated by
T € H1,

Up = (1 — ap)Tpn, Yn = tyn +yA*(T™ — I)Au,,

50
Tnt+1 = ﬁo,nyn + Z 5i,n5iynvn > 1
=1

Then the conclusions in Theorem 3.2 still hold.
Remark 3.1. The asymptotic behaviour of the sequence (3.1) is like that of (1.5). Note that

{ay,} in (3.1) satisfies the conditions: lim «;, = 0; Y «;, = oo, which show that {a,,} isa
n—roo n=1

slowly decreasing sequence and that explains the good behaviour of our iterative scheme
(3.1).
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