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On the theory of fixed point theorems for convex
contraction mappings

VIORICA MURESAN! and ANTON S. MURESAN?

ABSTRACT. Based on the concepts and problems introduced in [Rus, I. A., The theory of a metrical fixed point
theorem: theoretical and applicative relevances, Fixed Point Theory, 9 (2008), No. 2, 541-559], in the present paper
we consider the theory of some fixed point theorems for convex contraction mappings. We give some results on
the following aspects: data dependence of fixed points; sequences of operators and fixed points; well-posedness
of a fixed point problem; limit shadowing property and Ulam-Hyers stability for fixed point equations.

1. INTRODUCTION

The class of convex contraction mappings and some applications have been introduced
in [9] and studied in many papers [6], [10], [11], [16] - [19], [22], [23], [26] - [29]. On the
other hand, I. A. Rus [25], has formulated many questions like: “what does it mean the
theory of a theorem ?” or “what does it mean the theory of a fixed point theorem ?”

For some classes of mappings, there have been given various results about the theory
of a fixed point theorem, see [8], [14], [15], [25], [27] and the papers cited therein. More
specifically, in the paper [20], M. Pdcurar obtained several results about the fixed point
theory for some cyclic Berinde operators, while in [21] M. Pdcurar and I. A. Rus have
studied the fixed point theory for some cyclic p-contractions.

Starting from the results in [24] and [25], the aim of this paper is to state and study
some problems about asymptotic fixed point theorems like: data dependence, sequences
of operators and fixed points, well-posedness of fixed point problem, limit shadowing
property and Ulam-Hyers stability of fixed point equation. So, we give partial answers to
the above question.

2. NEEDED NOTIONS AND RESULTS

Let (X, d) be a complete metric space and let f : X — X be an operator.

Definition 2.1. ([9]) Let (X, d) be a metric space. A self map f : X — X is called a convex
contraction if

(2.1) d(f*(x), f(y)) < a-d(f(2), f(y) +b-d(z,y),Vo,y € X,

where a, b are constants satisfying 0 < a,b < landa+b < 1.
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Example 2.1. If b = 0, then by the convex contraction condition (2.1) we obtain the Banach
contraction condition:

d(f('r)7f(y)) S a- d(x,y),Vm,y € X7

subject to a change of notation.
If a = 0, then by the convex contraction condition (2.1), we obtain the well known
“asymptotic” contraction condition:

d(f*(@), f*(y) < b d(z,y),

that ensures the existence of a fixed point (even in the case when 2 is replaced by a given
integer n).
Example 2.2. ([9])

Let X = [0, 1] with the usual metric and let f : [0, 1] — [0, 1] be defined by

2
1
f@) =" e o)

Then f is not a Banach contraction, although Fy = {1}.

But f is a convex contraction, as we have

|2 (z) = fP(y)] < %If(m) — )+ i |z —yl|, 2,y €[0,1],
. 1 1
with a = 3 and b = T

The first main result in [9] is the following fixed point theorem.

Theorem 2.1. ([9]) Let (X, d) be a complete metric space and f : X — X a continuous (a, b)-
convex contraction, i.e., a mapping satisfying

d(f*(z), f*(y)) < a-d(f(2), f(y)) +b-d(z,y),Va,y € X,
where 0 < a,b < land a + b < 1. Then
) Fr={zeX: f(z)=a}={2*};
2) For any xo € X, the Picard iteration {x,}5, given by x, 11 = f(zn), n = 0,1,2, ...,
converges to x*.

For other classes of contractive type mappings presented in the following, we refer to
[22]-[27], and [9]-[11].
Definition 2.2. The operator f is called a graphic contraction if there exists a € [0, 1) such
that
d(f(x), f*(2)) < ad(z, f(2)), (V) x € X.

Definition 2.3. The operator f is called contractive if

d(f(x), f(y)) <d(z,y), (V) z,y € X, x #y.

Definition 2.4. The operator f is called convex contractive of order 2 if there exist a;, as €
[0,1) with a; 4+ a2 = 1, such that

d(f*(z), f*(y)) < ard(z,y) + azd(f(2), f(y)), (V) z,y € X, x#y.

A well known result of V. Nemytskii [18] states that, if f is a contractive operator,
defined on a compact space X, then Fy # (.

In [9] V.I Istratescu proved some extensions of Nemytskii (see [18]) and of Edelstein
(see [7]) results as follows (see [9], Theorem 1.7, Theorem 1.8, Theorem 2.3 and Theorem
2.4):
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Theorem 2.2. Let f : X — X be a continuous convex contractive operator of order 2. If X isa
compact space then f has a unique fixed point 7, i.e. Fy = {x}}.

Theorem 2.3. Let f : X — X be a continuous convex contractive operator of order 2. We
suppose that any orbit (f"(x))°, € X, has a limit point €. Then & is the unique fixed point of
frie a}=¢&
Definition 2.5. The operator f is said to be a two-sided convex contraction if there exist
a,az, bl, by € [0, 1), with a; +as + b1 + b2 < 1, such that
d(f*(2), () < ard(w, f(x)) + azd(f (), f*(2))+
+bid(y, F(y)) + b2d(f(y), (), (V) 2,y € X, x#y.
Definition 2.6. The operator f is said to be a convex contraction of type 2, if there exist
Cp,C1,0a1, a2, bl, by € [0, 1), withecg +c¢1 +a1 +as +b1 + by < 1, such that
d(f*(x), F*(y)) < cod(w,y) + crd(f(x), f(y)) + ard(w, f(2))+
+azd(f(x), f*(2)) + bad(y, f(y)) + b20(f (), [* (), (V) .y € X.
Theorem 2.4. Any continuous two-sided convex contraction operator has a unique fixed point.
Theorem 2.5. Any continuous convex contraction operator of type 2 has a unique fixed point.
Following I. A. Rus [25] we present some needed definitions and results.
Definition 2.7. The operator f is called a weakly Picard operator (WPO) if the sequence
(f"(x))nen converges, forall z € X, and the limit, denoted by f*°(z) = 27}, is a fixed point
of f.
Remark 2.1. If f is a weakly Picard operator and, there exists ¢ > 0 a real number such that
d(x, f>(z)) < cd(z, f(2)), (V)ze X
where f*°(x) = 2%, then the operator f is a c-weakly Picard operator.

Definition 2.8. The operator f is called a Picard operator (PO) if F'y = {z}} and f"(z) —
rpasn — oo, forall z € X.

Remark 2.2. If f isa WPO and Fy = {z}}, then fisa PO.

Definition 2.9. The operator f is called a Bessaga operator (BO) if Fy = F'yn = {z}}, for
alln e N*.

Definition 2.10. The operator f is called a Janos operator (JO) if Npen-f"(X) = {z}}.

Definition 2.11. The fixed point problem for the operator f is well possed if the following
conditions are satisfied:

() Fy = {23}

(ii) if x,, € X, n € N are such that d(z,,, f(z,)) — 0as n — oo, then z,, — z} asmn — oo.
Definition 2.12. The operator f has the limit shadowing property if the following impli-
cation holds

[z, € X,n € Nsuch that d(z41, f(2,)) = 0asn — oo]

implies that

[there exists © € X such that d(z,,, f*(z)) — 0asn — oo].

Definition 2.13. The equation z = f(x) is Ulam-Hyers stable if there exists a real number
cy > 0 such that for each ¢ > 0 and each solution y* of the inequation

d(y, f(y)) < e, there exists a solution z* of the equation z = f(z), such that d(y*, z*) <
Cre.
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3. MAIN RESULTS

By using the above definitions we state and prove the following results.
Regarding the data dependence of the fixed point in the case of two-sided convex con-
traction operator, we have

Theorem 3.6. Let f : X — X be a continuous two-sided convex contraction operator and let
g: X — X be, such that:

(a) g has at least a fixed point, say x, € F,,

(b) there exists 1 > 0 such that d(f(z), g(x)) < m, forany z € X,

(c) there exists ng > 0 such that d(f*(z), g*(z)) < n, forany z € X.

If o3 # aj then d(x},x;) < (b + b2)m + (1 + ba2)ne.

Proof. Because f is a continuous two-sided convex contraction operator it results that
Fy = {z}}. Then, if we suppose that 2% # 2, we have

d(x}, wg) = d(f*(27), g°(wy)) < d(f*(2}), £2(23)) + d(f* (), g% (7)) <
< avd(ay, f(27)) + azd(f(@}), f2(27)) + brd(y, £ (@5)) + bad(f (), f*(27)) + 12 <
< bud(zy, f(2y)) + bad(f (2 ) ) +m2 <
< bum + bald(f (), 9(xg)) + d(g(x), f*(x5)) + 2 <
< bim + bamn + bama + 12
So, the theorem is proved. O
Remark 3.3. Moreover, if in the previous theorem, the operator f is a graphic contraction
(see [14]), then
bim +n2 + baad(z}, f(27))
1-— bQOL '
Theorem 3.7. Let f : X — X be a continuous two-sided convex contraction operator and let
fn: X — X be,n €N, such that:
(a) for each n € N there exists x}, € Fy,,

(b) fr, = f,as n — oc.
Then xj, — %, as n — oo.

d(x},x;) <

Proof. Because f is a continuous two-sided convex contraction we have Fy = {z7}}.

As {fn},>o converges uniformly to f, there exist 7, € Ry,n € N, such that 7, —
0,n — oo and d(f,(z), f(x)) < m, forany x € X.

As {f2}, <, converges uniformly to f?, there exist 72, € Ry, n € N, such that 7, —
0,n — oo and d(f2(x), f?(x)) < 1oy, for any z € X.

Applying the previous theorem for each pair f and f,, n € N, it follows that we have
d(@y,,x3) = d(f3(x}), f2(@F)) < (b1 + b2)nin + (14 b2)12n.

Smce M — 0 and 72, — 0 as n — oo the conclusion of theorem follows immediately.

0

Theorem 3.8. Let f : X — X be a continuous two-sided convex contraction operator. If there
exists o > 0 such that

d(f(x), f*(2)) < ad(z, f(2)), (V) z € X, (1)
then the fixed point problem for f is well possed, that is, assuming there exist z, € X, n € N such
that [d(zn, f(25)) — 0 as n — ool implies [z, — x} as n — oc].
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Proof. Because f is a continuous two-sided convex contraction operator, Iy = {z}}.
Let 2z, € X, n € Nsuch that d(zy, f(z,)) = 0asn — oo.
Therefore, we obtain

d(zn, 7F) < d(zn, f(2n)) +d(f(2n), £ (2n)) + d(f*(2n), f2(27)) <
< d(zn, f(2n)) + ad(zn, f(2n)) + ard(zn, f(zn))+
+a2d(f(2n)’f2(zn))+b1 (xf f(x}))+b2 ( ( )7f2({£ ))

<1+ a+ a1 + a)d(zn, f(2zn)).
From these relationships we get that
d(zn,7}) < (1 + a+ a1 + aga)d(zn, f(2n)),
which obviously implies that
Zn — xji as n — oo.
So the fixed point problem for f is well possed. O

Remark 3.4. Relative to the Theorem 3.6 and to the Remark 3.3 we have: If f is a conti-
nuous two-sided convex contraction operator which satisfies the condition (1) then f is a
c-PO with ¢ = 1 4+ a + a1 + aag and for ¢-POs we have (see [24])

(g, wy) < d(wy, f(2})) = cd(g(zy), f(xg)) < em,
therefore we have data dependence without the condition (c).

Remark 3.5. An operator f that is a continuous two-sided convex contraction, in gene-
rally, isn’t a Bessaga operator. But, because we have {z}} = Fy C Fye, if there exists
another fixed point of f2, say Yy} # «, then the following estimation holds:

d(x},y}) < (b1 +b2)d(y}, f(y}))-
Example 3.3. Let f : [0,1] — [0, 1] be, given by

s ={ el
2

It results that f2(z) = 1 f(x).

The operator f is a two-sided convex contraction with a; = 5, ay = %, b, = %, by =
£ and we have Fy = Fp» = {0}. Moreover, how f"(z) = (1)"f(x), this f is a Picard
operator, a Bessaga operator and a Janos operator with 2} = 0.

Remark 3.6. The operator f in the previous example is a graphic contraction, that is, with

a =235 wehave

357

d(f(2), f*(2)) < ad(z, f(2)), (V) z € [0,1].

Remark 3.7. There exist operators f that are two-sided convex contractions, but they
aren’t continuous operators. As an example we consider the operator f : [0,1] — [0,1],

given by
7zl 3)
0={ 178
This operator isn’t continuous on [0, 1] but it is a two-sided convex contraction with a; =
§, a2 = §,b1 = 2, by = ¢. Moreover, how f"(z) = ()" f(x), f is a Picard operator, a
Bessaga operator and a Janos operator with 2} = 0. This operator is a graphic contraction,
3

too, with v = =.
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Theorem 3.9. Let f : X — X be a continuous two-sided convex contraction operator. We
suppose that:

(i) the operator f is a graphic contraction;

(ii) the sequence (zy)n>0 is convergent in X and d(zyp+1, f(2n)) — 0as n — oco. Then the
limit of the sequence (zy,)n >0 is the unique fixed point of f .

Proof. Let (2zy,)n>0 be a sequence such that d(z,+1, f(2,)) — 0 as n — oo and let x, be its
limit, i.e. x, = lim,, 0 25,.
We can prove that 2, = T, where x} is the unique fixed point of f. g

Remark 3.8. If, for an operator f, the conclusion of the previous theorem remains true
without asking “the sequence (z,),>¢ is convergent in X” then this operator f has the
limit shadowing property, where z is any element of X.

We have

Theorem 3.10. Let f : X — X be a continuous two-sided convex contraction opera-tor. We
suppose that X is a compact space. Then the operator f has the limit shadowing property, i.e. for
each sequence (zp)nen, #2n € X, n € N, such that d(zn41, f(2n)) — 0as n — oo there exists
x € X such that d(z,, f*(z)) — 0,as n — oco.

Proof. We have that F'y = {z}}, and for each element z € X, lim, o f"(2) = 7.
Because the space X is compact and z, € X, n € N, it results that there exists a subse-
quence (z,, )ken Which is convergent. Let x, be its limit, i.e. limy_, oo 2, = .
How f is a continuous operator we get that limy_,o f(z,,) = f(z.). But, from
limy, 00 d(2n+1, f(2n)) = 0 it results that limy o0 d(2n, +1, f(2n,,)) =
= d(z,, f(z.)) = 0, thatis f(z.) = x., therefore . is a fixed point of f. How Fy = {z}},
we have that z, = T}
Let z € X be. We have

d(zn, f"(x)) < d(zn, %) +d(z%, f"(x)) = 0 as n — oo.
The theorem is proved. O

Theorem 3.11. If f is a continuous two-sided convex contraction operator which satisfies the
condition (1), then the fixed point equation x = f(x) is Ulam-Hyers stable.

Proof. Indeed, let ¢ > 0 and y* a solution of the inequation d(y, f(y)) < . Since fisac
-weakly Picard operator with ¢ = 1 + & + a1 + aag, we have that

d(z, f*(x)) < cd(z, f(x)), forall z € X.
If we take x := y* and f*°(z) := «™*, then we have that d(y*,2*) < ce. O

Remark 3.9. Some similar results can be obtained for the convex contractive operators of
order 2 and for the convex contraction operators of type 2.
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