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Some fixed point theorems via partial order relations
without the monotone property

WARUT SAKSIRIKUN and NARIN PETROT

ABSTRACT. The main aim of this paper is to consider some fixed point theorems via a partial order relation in
complete metric spaces, when the considered mapping may not satisfy the monotonic properties. Furthermore,
we also obtain some couple fixed point theorems, which can be viewed as an extension of a result that was
presented in [V. Berinde, Generalized coupled fixed point theorems for mixed monotone mappings in partially ordered
metric spaces, Nonlinear Anal., 74 (2011), 7347-7355].

1. INTRODUCTION

Banach contraction principle is one of the essential results of analysis. It is widely
considered as the source of metric fixed point theory. In 2003, Ran and Reurings [8]
considered some fixed point theorems in partially ordered metric spaces, which can be
viewed as an improvement of the Banach contraction principle, by assuming the continu-
ity and monotonicity of considered mappings. Afterward, Bhaskar and Lakshmikantham
[6] obtained some coupled fixed point theorems on partially ordered metric spaces and
showed that it can be applied for considering a periodic boundary value problem. Re-
cently, Berinde [2] improved the contractive condition, which was considered by Bhaskar
and Lakshmikantham [6], by showing a following coupled fixed point theorem.

Theorem 1.1. ([2]) Let (X, <) be a partially ordered set and suppose there is a metric d on X
such that (X, d) is a complete metric space. Let F' : X x X — X be a mixed monotone mapping
for which there exists a constant k € [0, 1) such that for each x = wand y < v,

d(F(z,y), F(u,v)) + d(F(y,z), F(v,u)) < k[(d(z,u) + d(y,v))].
If there exist xo,yo € X such that
ro = F(x0,y0) and yo = F(yo, o),

or
xo = F(xo,y0) and yo < F(yo, o),
then, there exist T,y € X such that

T=F(z,5) and §=F(,3).

For more works on fixed point theory on partially ordered metric spaces, we refer
the readers to [1, 3, 5, 7, 10, 11], for example.

Motivated by the above literature, in this paper we present some fixed point theo-
rems in partially ordered metric space but without assuming the monotonic properties on
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the considered mapping. Further, we provide some coupled fixed point theorems, which
is an extended version of Theorem 1.1 to a more widely class of mapping.

Indeed, we are planning to consider a new class of mappings by using the following
concept, namely, R-function ( see [9] ). A function ¢ : [0,00) — [0,1) is said to be an R-
function if

limsup p(s) <1 forall ¢ € [0,00).

s—tt+
Here are examples that related to the class of R-functions.

Example 1.1. Let ¢ : [0,00) — [0,1) be defined by
2t, ift €[0,2),
p(t) = : [1 2)
0, ift € [3,00).
Then, ¢ is an R-function.
Example 1.2. Let ¢ : [0,00) — [0,1) be defined by
sint : 1
ol1) = { B, ifre (0.3,

0, otherwise.

Since lim sup,_, o+ ¢(s) = 1, ¢ is not an R-function.

Remark 1.1. If ¢ : [0,00) — [0, 1) is a nondecreasing function or a nonincreasing function,
then ¢ is an R-function. So the set of R-functions is a rich class, and subsequently, the
results those related to R-functions are of interesting.

The following lemma is very useful for our works.
Lemma 1.1. [4] A function ¢ : [0, 00) — [0, 1) is an R-function if and only if for each t € [0, o0),
there exist ry € [0,1) and €, > 0 such that ¢(s) < ry forall s € [t,t+ €).
For more information and a characterization of R-function, one may consult a paper
by Du [4].
2. FIXED POINT THEOREMS

Let X be a nonempty set and 7' : X — X be a mapping. For zy € X, we define an
iterative sequence Or(x() by

OT(LE()) = {.’to, T‘QS‘Q7 T2£E0, TSZL'(), }
We start with a key lemma.

Lemma 2.2. Let (X, d) be a metric space and T : X — X be a mapping. Assume that there exist
an R-function ¢ : [0,00) — [0, 1) and a nonempty T-invariant set C (i.e. T(C) C C)in X such
that

2.1) d(Tz,T?z) < p(d(z, Tz))d(x, Tx), forall zeC.
If zo € C, then Op(xy) is a Cauchy sequence.

Proof. Let us start by an element x, € C. Thus, by the T-invariantness of C, it follows that
Or(zo) C C. Subsequently, by (2.1), we have
A(Tpy1, Tngo) = d(Tag, T 2x0)
< p(d(T o, T o)) d(T o, T o)
o(d(zn, Tpy1))d(Tpn, xpe1), foreach neN,
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Using this one, together with a fact that 0 < () < 1 forall t € [0, 00), we can conclude
that the sequence {d(x,, z,+1)} is a strictly decreasing of nonnegative real numbers. Let
d > 0be such that § = lim,,_,oc d(2r, Tpn+1). In view of Lemma 1.1, by using this §, we can
find v € [0,1) and € > 0 such that

(2.2) o(s) <~ foreach se€4,d+e).
Now, we choose ¢ € N be a natural number such that

(2.3) 0 <d(xy,Tpy1) <d+e€ forall n>L.
By using (2.2) and (2.3), we have
(2.4) d(Tpt1, Tnt2)

N

So(d(xm xn+1))d(xna xn+1)
~d(zp, Tnt1), forall n >4

IN

This gives,

[e%S) 4 9]
Zd($n7$n+l) = Zd(xnaanrl) + Zd(xn7xn+l)
n=1 n=1

n=>~{

4 9]
< Z d(xna-rn-i-l) + Z’Ynd(anxl) < o0,
n=1 n=>~{

since vy € [0,1). This implies that Or(x¢) is a Cauchy sequence, and the proof is completed.
|

Now, we are in position to present our main results. In fact, the next theorem is fol-
lowed immediately from Lemma 2.2.

Theorem 2.2. Let (X, d) be a complete metric space and T : X — X be a continuous mapping.
If there are a nonempty T-invariant subset C' of X and an R-function ¢ : [0,00) — [0,1) such
that the condition (2.1) is fulfilled, then T has a fixed point.

Next, we will consider some fixed point theorems in the context of partially ordered
set.
Let (X, <) be a partially ordered set and 7' : X — X be a mapping. A mapping
T : X — X is said to be a comparable mapping if 7" maps comparable elements into
comparable elements (i.e., forany z,y € X,z <yorz > y= Tz <Tyor Tz > Ty).

Definition 2.1. Let (X, <) be a partially ordered set. A mapping T : X — X is called
nonincreasing if for all z,y € X such that z < y, one has T'x < T'y. Likewise, a function is
called nondecreasing if whenever © < y, then Ty < Tx.

Definition 2.2. Let (X, <) be a partially ordered set and 7' : X — X be a mapping. A
function T' : X — X is called monotonic if it is either entirely nonincreasing or nonde-
creasing.

Remark 2.2. The class of comparable mappings is obviously larger than those of mono-
tone mappings

From now on, for the sake of simplicity, we will use the following notation
C’g ={reX:x=<Tx or x =Tz}

Note that the set of all fixed point of T is contained in C%. Thus, in order to consider
the existence theorem, we see that C # () is a necessary condition.
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Theorem 2.3. Let (X, d, <) be a partially ordered complete metric space and T : X — X bea
continuous mapping. Assume that there is an R-function such that the condition (2.1) is fulfilled
forall z € CL.If T is a comparable mapping, then T has a fixed point.

Proof. In view of Theorem 2.2, we only have to show that Cg is an T-invariant set. In-
deed, the T-invariantness of Cg is followed immediately from the assumption that T"is a
comparable mapping. O

Remark 2.3. In Theorem 2.3, we do not assume the monotonic property to the considered
mapping 7T'.

In view of Remark 2.2 and Theorem 2.3, we have the following result.
Theorem 2.4. Let (X, d, <) be a partially ordered complete metric space and T : X — X bea

continuous mapping. Assume that there is an R-function such that the condition (2.1) is fulfilled
forall z € CL.If T is a monotone mapping, then T has a fixed point.

The next result can be deduced from Theorem 2.4.

Theorem 2.5. Let (X, d, <) be a partially ordered complete metric space and T : X — X bea
continuous monotone mapping. Assume that there exist an R-function ¢ : [0,00) — [0,1) such
that for any comparable pair x,y € X there holds

(2.5) d(Tz, Ty) < p(d(z,y))d(z, y)-
If C% # 0, then T has a fixed point.

Remark 2.4. If the partial order relation, that was considered in Theorem 2.5, is satisfied
the following property:

(H) Foreveryz,y € X, there exist z € X which is comparable to z and y,

then we can assert that 7" has the unique fixed point. Indeed, supposing that there exist
z,y € X which are fixed points of 7', from (H) there exists € X which is comparable to z
and y. Subsequently, by the monotonicity of T', we see that 7" (z) is comparable to 7" (y)
and T"(z),forn =1,2,3, ...
Moreover,

d(z, T"(2)) = d(T"(2), T"(x)) < (AT (2), 7" (2))d(T" (), T"" ()
< d(T"H(2), T (@)
(2.6) d(z,T" *(z)).
This means that, the sequence {d(z, 7" (z))} is a nonincreasing. Let v > 0 be such that

lim d(z,T"(x)) =

n—00

By (2.6), we have
~v < lim sup ¢(s)7.

s—yt

Thus, since ¢ is an R-function, we must have v = 0. That is lim,, o, d(z, T"(x)) = 0.
Similarly, we can show that lim,,_, . d(y, T"(z)) = 0.
Subsequently, since

d(z,y) <d(z,T"(x)) +d(T"(x),y), foreach n €N,

we can conclude that d(z,y) = 0.
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3. COUPLED FIXED POINT THEOREMS
In this section, we will apply a result that has presented in Section 2 to obtain some

coupled fixed point theorems. If (X, <) is a partially ordered set, we will endow the
product set X x X with the partial order:

(z,y) <2 (u,v) &z 2w,y =v, forall (z,y),(u,v) € X x X.

Let us start by recalling some basic concepts.

Definition 3.3. ([6] ) Let (X, <) be a partially ordered set and F' : X x X — X. We say
that F' has the mixed monotone property if F'(z,y) is monotone nondecreasing in « and is
monotone nonincreasing in y, that is, for any z,y € X,

21,22 € X, x1 222 = F(21,y) = F(22,9)
and, yi,52 € X, y1 2y = Fla,y) = F(x,y2).

Definition 3.4. ([6] ) We call an element (z,y) € X x X a coupled fixed point of the
mapping F if F(z,y) =z, F(y,z)=y.

Remark 3.5. Let (X, d) be a complete metric space. Let D : X?x X? — [0, 00) be a function
which is defined by

D((x,y), (u,v)) = d(z,u) +d(y,v), forall (z,y),(u,v) € X*.
We know that (X2, D) is a complete metric space. Further, let us define the mapping
T:X%— X?by

T(x,y) = (F(z,y), F(y.@)), forall (z,y) € X*.

Then we have the following facts:

(a) F has the mixed monotone property if and only if 7' is monotone nondecreasing with
respect to <5 . }

(b) (z,y) € X x X is a coupled fixed point of F'if and only if (z, y) is a fixed point of T'.

Now, we present a coupled fixed point theorem, which is an extension of a result
in [2].

Theorem 3.6. Let (X, d, <) be a partially ordered complete metric spaceand F : X x X — X
be a continuous mapping which satisfying the mixed monotone property. Assume that there exist
an R-function ¢ : [0,00) — [0, 1) such that for all (z,y), (u,v) € X? withx = wand y < v,
(3.7)

d(F (2, y), F(u,0)) + d(F(y, x), F(v,u)) < p(d(z,uw) + d(y, v))[(d(z,u) +d(y,v))].

If there exist xg,yo € X such that xo < F(xzo,yo) and F (yo, xo) = Yo, then F has a coupled fixed
point.

Proof. By condition (3.7), it follows that, the mapping 7 satisfies

D(T(2,y), T(u,v)) < p(D((2,9), (u,0)))D((x, y), (u, v))
for all (x,y), (u,v) € X2 with (u,v) <5 (x,y), where T and D are defined as in Remark
3.5. Further, since F' has mixed monotone property, we know that 7 is a nondecreasing
mapping with respect to <;. While condition (iii), implies that (zo,y0) =2 T(xo, Yo)-
Meanwhile, the continuity of F implies that 7 is a continuous mapping. By using these
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facts, in view of Theorem 2.5, we can assert T has a fixed point. Finally, by Remark 3.5 (b),
we complete the proof. O

Remark 3.6. (a) Inaddition, if the partial order relation <5, which has considered in The-
orem 3.6, satisfies the following property: For all (z,y), (u,v) € X x X, there exists
(#1,22) € X x X which is comparable to (z,y) and (u,v), then we can show that the
considered mapping F' has the unique coupled fixed point.

(b) Taking ¢(t) =k, 0 < k < 1, in Theorem 3.6 we obtain Theorem 1.1.

Remark 3.7. In view of the technique that we have presented for proving the Theorem
3.6, one may see that some couple fixed point theorems can be obtained from the original
(single)fixed point theorems.
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