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A note on some positive linear operators associated with
the Hermite polynomials

GRAZYNA KRECH

ABSTRACT. In this paper we give direct approximation theorems and the Voronovskaya type asymptotic
formula for certain linear operators associated with the Hermite polynomials. These operators extend the well-
known Szdsz-Mirakjan operators.

1. INTRODUCTION

We introduce the class of operators G3, n € N := {1,2,3,...}, « > 0, given by the
formula

—(nx 0412 . xk k
Q) G =S s (), e erg =),
k=0

where Hj, is the two variable Hermite polynomial (see [2]) defined by
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The Hermite polynomials and their properties were investigated in many papers, for ex-
ample in [3, 15, 16]. Integrals of these polynomials are ubiquitous in problems concerning
classical and quantum optics and in quantum mechanics (see [1, 22, 23]).

The operators (1.1) are linear and positive. Basic facts on positive linear operators, their
generalizations and applications, can be found in [17, 18].

In this paper we shall study approximation properties of G¢ for functions f € C (R{),
where C(R{) is the space of all real-valued functions f continuous and bounded on R{.
The norm on Cs(Ry) is defined by

FIl = sup |f(z)]

IER;

For a = 0 we have
0 —nx - mk k k +
G,(f;x)=¢e Zﬁnf o) r eRy,
k=0

so GY, n € N are the classical Szdsz-Mirakjan operators. Approximation properties of
Szész-Mirakjan operators in many different spaces were studied, for example, in [12, 13,
33, 35]. The above operators were modified by several authors (e.g. [4, 6,7, 8,9, 10, 11,
14,19, 20, 24, 25, 27, 28, 29, 30, 31, 36]) which showed that new operators have similar or
better approximation properties than G
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Observe that Hy(2n,—1) = H x(n), where Hy, is the kth classical Hermite polynomial

defined by

~ o dF e
(1.2) Hy(t) = (—1)*e! @e—f , Kk €N.
So, we can also consider operators of the form

o0 k
~—1/ . _ —(2nz—a®) x o k Rt
G, (f;x)=e ,;:O x k(n)f(2n), z € Ry.

The operators CNJ; I n € Nare linear, but not positive. In this case (o« = —1), approximation
properties of G;;! should be considered which, however, will be done in a further note. It
is worth mentioning that some approximation theorems for Poisson integrals associated
with the classical Hermite polynomials (1.2) were presented in [34].

2. AUXILIARY RESULTS

In this section we shall give some properties of the operators G¢, & > 0, which we shall
apply to the proofs of the main theorems.
In the sequel the following functions will be meaningful:

ep(t) =17, ¢up(t) = (t—2), peNy:=NU{0}, =z,teR].

Using the generating function of two variable Hermite polynomials (see [2])

Ltk 2
_ _nttat
HHk(n,a) =Mt
k=0
we have
Lk
t d" 2
ka-'r’!‘(n? Oé) = %ent+at ) (S Na
k=0

and by simple computation we obtain the following lemma.
Lemma 2.1. For any p € N we have
Ghlepim) =a"+0 (n7")
for each x € RY. In particular
2ax?

Gh(Liz) =1, Ghlesz) =2+ —

daz® +z 4ozt + dax?
Grileaia) = a? + = 4 SO

o 202 o r  daz?(az?®+1
Ga(Srasa) = =, anw,g;x):ﬁ#’

n

Go(dza32) =0 (n7?)
for each z € R{.
Using the definition (1.1) we can state the next result.
Theorem 2.1. The operator G maps Cg(Ry) into Cp(Ry) and

NGR (O < £l
for f € Cp(RY).
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3. RATE OF CONVERGENCE

In this part we shall state some estimates of the rate of convergence of the operators
G2, o > 0 for functions f € Cp (R7 ). We shall use the modulus of continuity

wi(f,0) = sup [f(y) = f(x)], >0

m,yE]Ra'
ly—=z|<d

and the modulus of smoothness

wa(f,8) = sup |f(z+2h) —2f(x+h)+ f(z)], d>0.
0@5}3@56

As is known (see, for example, [18, 21]), the modulus of smoothness wa(f,d) of f €
Cp(R{) is equivalent to the Peetre K-functional defined by

(3.3) Ka(f,0)= inf  {If =gl +6llg”ll}, ¢>0,

9eCE (R])

where C4(R}) = {g € Cs(RY) : ¢’ € AC10e(RY), " € Cp(R{)}. This means that there
exist positive constants M and d,, independent of f, such that

(3.4) M~ wy(f,8) < Ka(f,6%) < Maws(f,6), 0<8<d.

Of course, in this paper we only need the second inequality.
First, we present the quantitative estimate for G in terms of the classical first order
modulus using a result of Shisha and Mond ([32], see also [5]).

Theorem 3.2. For every f € Cp(Ry), x € R{ and n € N, we have

Gi(fa) = @) < 2 (1./Gr(0nain) )

z  4dax?(ox?+1
2 (f\/ﬁ(n))

Now, we state the estimate in terms of the first and second order moduli via /- func-
tionals.

Theorem 3.3. If f € C(Ry), then for every x € Ry we have
G (f;2) = f(=)]

1 [z dox?(az?+1 2022\ ? 2022
S MWZ <f72\/n+ <n2 >+< n >)+W1 <f7 n >7

where M is some positive constant.

Proof. We define T as follows

2022

T (fiw) = Ga(fin) — f (x T ) t ().

n

Letz € R{ and g € C%(R{). We can write

t

g(t) —g(x) = (t —x)g'(x) +/ (t—u)g"(u)du, teR].

x
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From this and by T'% (¢4,1; ) = 0 we obtain

Te ( / (1w (u) dus x)

t :1/,+ 2am2 2
6 ([ a—wg'wue) - [
Observe that

! (:z: + 20:
i ([ =g )

_ ef(nm+am2)iﬁHk(n Oz)/ E _u g//(u) du
k! ), \n

T3 (9 —g(x);2)| =

- u> " (u) dul .

3=

1
< lg IIGQ(%% 2)
and
o 2002 2 " 2\ 2
n 2 2
[ (o2 ) g < 11 (22
" n 2 n
Hence

" 4 2 2 1 9 o\ 2
T (g — g(z); x)| < H92 | <n+ az?(az® + )+( az > )

n?2 n

for g € C3(RY).
Let f € Cp(R{). From the above we have
G (f = f(z); z)|

202

< ITS(f—g;x)—(f—g)(x)HTﬁ‘(g;x)—g(x)+‘f<x+ )—f(x)
1 2
s+ (bl (2 o ( 209)
2
2 {Ilf gl 41 (;’j larlerel) (20 ) |g“||} s (1,25,

Using (3.3) and (3.4) we obtain
GL (f = f@); @)

. (f,l (x N 4ax2(a3202 +1) n (2@:32)2)) o (f, 2ax2>
4 \n n n n
2 2 2\ 2 2
Muw, (f,l\/x+ dax (af L (2‘“ ) ) +w (f, 200 >
2\ n n n n

for some constant M > 0.
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Remark 3.1. Observe that from Piltinea’s theorem in [26] we can state the following result:
|G (fr2) = [(=)]
1 « 1 (&3
< (14 5Gi6ami)) wa (1) + 1 G @nrsolian (1),
where h > 0, f € Cp(RY), © € Ry Setting h = |/ 222> we get
|G (f52) — f(=)]

1 241 2ax? 2ax? 2cvx?
< (1++az+>w2<f, ozx>+ /axw1<f, /ax)
dax n n n n

for a,x > 0. The above estimate gives a similar result like in Theorem 3.3, but it leads to the
estimate with precise constants.

The inequality obtained in Theorem 3.2 (also in Theorem 3.3 and Remark 3.1) implies
the following corollary.

Corollary 3.1. If f is an uniformly continuous bounded function on R, then
lim G (f;2) = f(x)

n—oo

uniformly on every interval [a,b] C R, a < b.

4. THE VORONOVSKAYA TYPE THEOREM

In this section we shall establish the Voronovskaya type asymptotic formula for the
operators G2.
We first need the following lemma, which immediately follows from Lemma 2.1.

Lemma 4.2. For every fixed x € RY, it holds

lim nGy(dz1;2) = 20, lim nGy (¢z2;2) =z,
n— oo n— o0

(4.5) lim n?G2(¢ya;7) = My q,

n— 00

where My, is some positive constant.

Theorem 4.4. Let x € R be a fixed point and let f be an uniformly continuous bounded function
on RS If f is of the class C*(Ry) in a certain neighbourhood of a point x and f"(x) exists, then

Jim n[G(f32) - f(@)] = 200 F (@) + 3 ().
Proof. Let z € R{. Define

ft) = fla) = (¢ —2)f' () = 5(t — 2)*f"(x)
Ua(t) = (t—2)?
0, t=u.

’ t;é(E,

Then from Taylor’s formula we have lim;_,; 9, (t) = 0 and the function v, is uniformly
continuous and bounded on R
Remark that

Galie) = f@) = @G (br5)
(46 b T @GS (Bu2i0) + G Gui).
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Using the Cauchy-Schwarz inequality we obtain

|G (b bu0;2)] < |G2 (82 2) 202G ($y.45 )|

Let 1, (t) = 12(t). We have n,(x) = 0 and 7, is bounded and uniformly continuous on
R{. Then it follows from Corollary 3.1 that

1/2

lim G2 (¢2;z) = ILm Gy (Ng; ) = ng(x) = 0.

n—oo
Using (4.5) we obtain
(4.7) ILm nGy (Vg ¢u2; ) = 0.
From (4.6), (4.7) and Lemma 4.2 we get the assertion. O

Corollary 4.2. Let x € R{. If f satisfies the assumption of Theorem 4.4, then
G (fi2) = f(2)| = O (n7").
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