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The order of convexity for an integral operator

VIRGIL PESCAR1 and CONSTANTIN LUCIAN ALDEA1,2

ABSTRACT. In this paper we consider an integral operator for analytic functions in the open unit disk and
we derive the order of convexity for this integral operator, on certain classes of univalent functions.

1. INTRODUCTION

Let A be the class of analytic functions f in the open unit disk U = {z ∈ C : |z| < 1},
f(0) = f ′(0)−1 = 0 and S be the subclass of univalent functions in the classA. We denote
by S∗(α) the class of starlike functions by the order α, 0 ≤ α < 1. If f ∈ S∗(α), then f
verify the inequality

Re
zf ′(z)

f(z)
> α, (z ∈ U).(1.1)

We denote withK(α) the class of convex functions by the order α, 0 ≤ α < 1. The function
f ∈ K(α) verify the inequality

Re

(
zf ′′(z)

f ′(z)
+ 1

)
> α, (z ∈ U).(1.2)

A function f ∈ K(α) if and only if zf ′ ∈ S∗(α).
Petru T. Mocanu [4] defines the class of α-convex functions, which is denoted Mα, α

be a real number. If the function f ∈ Mα, then f(0) = f ′(0) − 1 = 0 and f verifies the
inequality

Re

[
(1− α)zf

′(z)

f(z)
+ α

(
zf ′′(z)

f ′(z)
+ 1

)]
> 0,(1.3)

for all z ∈ U .
J. Stankiewicz and A. Wisniowska [8] had introduced the class of univalent functions

SH(β), for some β > 0. If f ∈ SH(β), then f verifies the next inequality:

Re

(√
2
zf ′(z)

f(z)

)
+ 2β(

√
2− 1) >

∣∣∣∣zf ′(z)f(z)
− 2β(

√
2− 1)

∣∣∣∣ ,(1.4)

for some β > 0, f ∈ S and for all z ∈ U .
F. Ronning [7] had defined the class of univalent functions denoted by SP . The function

f ∈ S is in SP if and only if

Re
zf ′(z)

f(z)
>

∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣ ,(1.5)

for all z ∈ U .
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In the paper [7], F. Ronning introduced the class of univalent functions SP(α, β), α > 0,
β ∈ [0, 1], the class of all functions f ∈ S which have the property

Re
zf ′(z)

f(z)
+ α− β ≥

∣∣∣∣zf ′(z)f(z)
− (α+ β)

∣∣∣∣ ,(1.6)

for all z ∈ U .
Y. J. Kim and E. P. Merkes [3] defined the integral operator:

Fα(z) =

∫ z

0

(
f(u)

u

)α
du,(1.7)

for α be a complex number and f ∈ S.
J. Pfaltzgraff [6] introduced the integral operator:

Gβ(z) =

∫ z

0

(f ′(u))
β
du,(1.8)

for β be a complex number and f ∈ S.
The functions Fα(z) and Gβ(z) are regular functions in U and satisfies the normaliza-

tion conditions Fα(0) = F ′α(0)− 1 = 0 and Gβ(0) = G′β(0)− 1 = 0.
Properties of certain integral operators were study by different authors in the following

papers [1, 2, 5, 9, 10].
In this paper we consider the integral operator Iα,β , which is defined by

Iα,β(z) =

∫ z

0

(
f(u)

u

)α
· (f ′(u))β du,(1.9)

for α, β be complex numbers and f ∈ A.
The function Iα,β(z) is regular in U normalized with the conditions

Iα,β(0) = I ′α,β(0)− 1 = 0.
We investigate the conditions for convexity of the integral operator Iα,β and we deter-

mine the order of convexity of this integral operator, for the functions from the classes
considered.

2. MAIN RESULTS

Theorem 2.1. Let α, β be real numbers with the properties α ≥ 0, β ≥ 0 and

0 < α+ β < 1.(2.10)

If the functions f ∈ S∗(α) and z · f ′ ∈ S∗(β), then the integral operator Iα,β defined in (1.9) is
convex by the order α2 + β2 − α− β + 1.

Proof. We have

zI ′′α,β(z)

I ′α,β(z)
= α

(
zf ′(z)

f(z)
− 1

)
+ β

zf ′′(z)

f ′(z)
,(2.11)

for all z ∈ U . From (2.11) we obtain
zI ′′α,β(z)

I ′α,β(z)
+ 1 = α

(
zf ′(z)

f(z)
− 1

)
+ β

(
zf ′′(z)

f ′(z)
+ 1

)
− β + 1,(2.12)

z ∈ U , and hence, we get

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
= αRe

(
zf ′(z)

f(z)

)
− α+

+ βRe

(
zf ′′(z)

f ′(z)
+ 1

)
− β + 1.(2.13)
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Since f ∈ S∗(α) and z · f ′ ∈ S∗(β), we obtain

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
> α2 + β2 − α− β + 1(2.14)

and by hypothesis (2.10), it results that Iα,β is convex function by the order α2 + β2 − α−
β + 1. �

Corollary 2.1. Let α be a real number, 0 < α < 1. If the function f ∈ S∗(α), then the integral
operator Fα(z) defined in (1.7) is convex by the order 1− α+ α2.

Proof. For β = 0 in Theorem 2.1, we obtain the Corollary 2.1. �

Corollary 2.2. Let β be a real number, 0 < β < 1. If the function zf ′ ∈ S∗(β), then the function
Gβ(z) defined in (1.8) is convex function by the order 1− β + β2.

Proof. We take α = 0 in Theorem 2.1. �

Theorem 2.2. Let α, β be real numbers with the properties α ≥ 0, β ≥ 0 and

0 < α+ β < 1.(2.15)

We suppose that the functions f ∈ SP(α) and z · f ′ ∈ SP , then the function Iα,β defined in (1.9)
is convex function by the order 1− α− β.

Proof. We have

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
= αRe

(
zf ′(z)

f(z)

)
− α+

+ βRe

(
zf ′′(z)

f ′(z)
+ 1

)
− β + 1.(2.16)

Because f ∈ SP and z · f ′ ∈ SP , we apply in the relation (2.16), we obtain

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
> α

∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣− α+ β

∣∣∣∣zf ′′(z)f ′(z)

∣∣∣∣− β + 1

Because α
∣∣∣ zf ′(z)
f(z) − 1

∣∣∣ > 0 and β
∣∣∣ zf ′′(z)
f ′(z)

∣∣∣ > 0, for all z ∈ U , we obtain that

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
> 1− α− β.(2.17)

Using the hypothesis α + β < 1 in (2.17) we obtain that Iα,β is convex function by the
order 1− α− β. �

Corollary 2.3. Let α be a real number, 0 < α < 1. If f ∈ SP , then the function Fα(z) defined in
(1.7) is convex function by the order 1− α.

Proof. For β = 0 in Theorem 2.2, we obtain Corollary 2.3. �

Corollary 2.4. Let β be a real number, 0 < β < 1. If zf ′ ∈ SP , then the function Gβ(z) defined
in (1.8) is convex function by the order 1− β.

Proof. We take α = 0 in Theorem 2.2. �

Theorem 2.3. Let α, β be real numbers with the properties α ≥ 0, β ≥ 0, α = 1− β, f ∈Mα,
then the integral operator Iα,β is convex.
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Proof. From (2.13), for α = 1− β, we have

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
= (1− β)Re

(
zf ′(z)

f(z)

)
+ βRe

(
zf ′′(z)

f ′(z)
+ 1

)
,

and since f ∈Mβ , we obtain

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
> 0, (z ∈ U),

hence, it results that the integral operator Iα,β is convex. �

Theorem 2.4. Let α, β, γ, δ be real numbers α ≥ 0, β ≥ 0, γ ∈ (0, 1), δ > 0, f ∈ K(γ) and
f ∈ SH(δ).

If

0 <
√
2αδ + βγ + 1− 2αδ − α− β < 1(2.18)

then the integral operator Iα,β is convex by the order
√
2αδ + βγ + 1− 2αδ − α− β.

Proof. From (2.12) we have

√
2

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
=
√
2α
zf ′(z)

f(z)
−
√
2α+

√
2β

(
zf ′′(z)

f ′(z)
+ 1

)
−
√
2β +

√
2,

hence, we obtain

√
2Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
=
√
2αRe

zf ′(z)

f(z)
−
√
2α+

+
√
2βRe

(
zf ′′(z)

f ′(z)
+ 1

)
−
√
2β +

√
2,(2.19)

From 2.19 we get

√
2Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
= α

{
Re

[√
2
zf ′(z)

f(z)

]
+ 2δ(

√
2− 1)

}
− 2αδ(

√
2− 1)−

−
√
2α+ β

√
2Re

(
zf ′′(z)

f ′(z)
+ 1

)
−
√
2β +

√
2.(2.20)

Since, f ∈ K(γ) and f ∈ SH(δ), by (2.20) we have

√
2Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
> α

∣∣∣∣zf ′(z)f(z)
− 2δ(

√
2− 1)

∣∣∣∣− 2αδ(
√
2− 1)−

−
√
2α+ βγ

√
2−
√
2β +

√
2.

Because α
∣∣∣ zf ′(z)
f(z) − 2δ(

√
2− 1)

∣∣∣ > 0 we obtain that

√
2Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
>
√
2(βγ − 2αδ − α− β + 1) + 2αδ

and we get

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
> βγ − 2αδ − α− β + 1 +

√
2αδ(2.21)
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Using the hypothesis (2.18) and (2.21), it results that the integral operator Iα,β is convex
by the order

√
2αδ + βγ + 1− 2αδ − α− β. �

Corollary 2.5. Let α be a real number, 0 < α < 1, β ∈ (0, 1), f ∈ K(β) and f ∈ SH(β).
If

0 < α <
β2 − β + 1

β(2−
√
2) + 1

,(2.22)

then the function Iα,β(z) is convex function by the order

β2 − β + 1− α(2β + 1−
√
2β).

Proof. For γ = β, δ = β, β ∈ (0, 1), from Theorem 2.4, we obtain Corollary 2.5. �

Corollary 2.6. Let α, β be real numbers, α ∈ (0, 1), f ∈ K(α) and f ∈ SH(α).
If

0 < β <
1 + α2(

√
2− 2)− α

1− α
,(2.23)

then the integral operator Iα,β(z) is convex, by the order

α2(
√
2− 2)− α+ 1 + β(α− 1).

Proof. We take γ = α, δ = α, α ∈ (0, 1) in Theorem 2.4. �

Corollary 2.7. Let α, β be real numbers, α ∈ ( 1
2
√
2−1 , 1), f ∈ K(α) and f ∈ SH(β).

If

0 < β <
α

(2
√
2− 1)α− 1

,(2.24)

then the integral operator Iα,β(z) is convex, by the order

β[(2
√
2− 1)α− 1]− α+ 1.

Proof. For γ = α, δ = β, α ∈ (0, 1), β > 0 from Theorem 2.4 we obtain the Corollary
2.7. �

Corollary 2.8. Let α, β be real numbers, α > 0, β ∈ (0, 1), f ∈ K(β) and f ∈ SH(α).
If

β2 − β + 1− (2−
√
2)α2 − α > 0,(2.25)

then the integral operator Iα,β(z) is convex, by the order

β2 − β + 1− (2−
√
2)α2 − α.

Proof. We take γ = β, δ = α, β ∈ (0, 1), α > 0 in Theorem 2.4. �

Theorem 2.5. Let α, β, γ, δ, η be real numbers, α > 0, β > 0, γ > 0, δ ∈ (0, 1), η ∈ [0, 1),
f ∈ K(η) and f ∈ SH(γ, δ).

If

0 < 1− α(γ − δ + 1) + β(η − 1) < 1,(2.26)

then the integral operator Iα,β(z) is convex, by the order

1− α(γ − δ + 1) + β(η − 1).
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Proof. From (2.13) we get

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
= α

[
Re

zf ′(z)

f(z)
+ γ − δ

]
− α(γ − δ)− α+

+βRe

(
zf ′′(z)

f ′(z)
+ 1

)
− β + 1(2.27)

Since f ∈ K(η) and f ∈ SH(γ, δ), we have

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
≥ α

∣∣∣∣zf ′(z)f(z)
− (γ + δ)

∣∣∣∣− α(γ − δ)− α+
+βη − β + 1(2.28)

Because α
∣∣∣ zf ′(z)
f(z) − (γ + δ)

∣∣∣ > 0, we obtain that

Re

(
zI ′′α,β(z)

I ′α,β(z)
+ 1

)
> 1− α(γ − δ + 1) + β(η − 1)

and using the hypothesis (2.26), it results that the integral operator Iα,β is convex by the
order 1− α(γ − δ + 1) + β(η − 1). �

Corollary 2.9. Let α, β be real numbers, α > 0, β ∈ (0, 1), f ∈ K(β) and f ∈ SH(α, β).
If

0 < 1− α(α− β + 1) + β(β − 1) < 1,(2.29)

then the integral operator Iα,β(z) is convex, by the order 1− α(α− β + 1) + β(β − 1).

Proof. From Theorem 2.5, for γ = α, δ = η = β, α > 0, β ∈ (0, 1) we have the Corollary
2.9. �
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[4] Mocanu, T. P., Une propriéte de convexité generalisée dans la théorie de la représentations conforme, Mathematica
(Cluj), 11 (34), (1969), 127–133

[5] Nunokawa, M., Uyanik, N., Owa, S., Saitoh, H. and Srivastava, H. M., New condition for univalence of certain
analytic functions, J. Indian Math. Soc. (New Ser.), 79 (2012), 121–125

[6] Pfaltzgraff, J., Univalence of the integral of (f ′(z))λ, Bull. London Math. Soc., 7 (1975), No. 3, 254–256
[7] Ronning, F., Integral representations of bounded starlike functions, Ann. Polon. Math., LX, 3 (1995), 289–297
[8] Stankiewicz, J. and Wisniowska, A., Starlike functions associated with some hiperbola, Folia Scientiarum Uni-

versitatis Tehnicae Resoviensis 147, Mathematica, 19 (1996), 117–126
[9] Srivastava, H. M., Deniz, E. and Orhan, H., Some general univalence criteria for a family of integral operators,

Appl. Math. Comput., 215 (2010), 3696–3701
[10] Stanciu, L. F., Breaz, D. and Srivastava, H. M., Some criteria for univalence of a certain integral operator, Novi

Sad J. Math., 43 (2013), No. 2, 51–57



The order of convexity for an integral operator 129

1 DEPARTMENT OF COMPUTER SCIENCE

”TRANSILVANIA” UNIVERSITY OF BRAŞOV
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