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The order of convexity for an integral operator

VIRGIL PESCAR! and CONSTANTIN LUCIAN ALDEA2

ABSTRACT. In this paper we consider an integral operator for analytic functions in the open unit disk and
we derive the order of convexity for this integral operator, on certain classes of univalent functions.

1. INTRODUCTION

Let A be the class of analytic functions f in the open unit disk i/ = {z € C: |z| < 1},
f(0) = f/(0)—1 = 0 and S be the subclass of univalent functions in the class .A. We denote
by S*(«) the class of starlike functions by the order o, 0 < a < 1. If f € §*(«), then f
verify the inequality
2f'(z)

f(2)
We denote with K(«) the class of convex functions by the order o, 0 < a < 1. The function
f € K(a) verify the inequality

(1.1) Re >a, (zel).

(2)
(1.2) Re( +1]>a, (z€U).
e =t
A function f € K(a) if and only if z ' € $*(«).
Petru T. Mocanu [4] defines the class of a-convex functions, which is denoted M, «
be a real number. If the function f € M,, then f(0) = f/(0) — 1 = 0 and f verifies the
inequality

(1.3) Re [(1 —a) Zﬂg) ta (ZJ{C,/;S) + 1>} >0,

forall z € U.
J. Stankiewicz and A. Wisniowska [8] had introduced the class of univalent functions
SH(B), for some 5 > 0. If f € SH(f), then f verifies the next inequality:

2f'(z) 2f'(2)
(1.4) Re<\/§ >+25 V2-1)>
e ) TPV
for some 8 >0, f € Sand forall z € U.
F. Ronning [7] had defined the class of univalent functions denoted by SP. The function
f € Sisin SP if and only if

b

-23(vV2-1)

2f'(2)
f(2)

noil')

(1.5) B 1

)

forall z e U.
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In the paper [7], F. Ronning introduced the class of univalent functions SP(«, ), & > 0,
B € [0,1], the class of all functions f € S which have the property

2f'(2) 2f'(2)
(1.6) Re e +a-4> ) —(a+p)|,
forall z € U.
Y.J. Kim and E. P. Merkes [3] defined the integral operator:
_ 7 fw)*®

for o be a complex number and f € S.
J. Pfaltzgraff [6] introduced the integral operator:

(1.8) Gp(z) = / () du,

for 5 be a complex number and f € S.

The functions F,,(z) and Gg(%) are regular functions in ¢/ and satisfies the normaliza-
tion conditions F,,(0) = F,(0) — 1 = 0and Gg(0) = G43(0) — 1 =0.

Properties of certain integral operators were study by different authors in the following
papers [1,2,5,9,10].

In this paper we consider the integral operator I, g, which is defined by

19) L) = [ (M) ()’ du,

u

for o, B be complex numbers and f € A.

The function I, g(z) is regular in ¢/ normalized with the conditions
1o,5(0) =1}, 5(0) = 1 =0.

We investigate the conditions for convexity of the integral operator I, g and we deter-
mine the order of convexity of this integral operator, for the functions from the classes
considered.

2. MAIN RESULTS

Theorem 2.1. Let «, (3 be real numbers with the properties o« > 0, 8 > 0 and
(2.10) O<a+p<1.

If the functions f € S*(a) and z - f' € S*(B), then the integral operator I, g defined in (1.9) is
convex by the order o* + % —a — B+ 1.

Proof. We have

zlg,ﬁ(z) . zf’(z) B
i e (e

for all z € U. From (2.11) we obtain

)
2.12) Zﬁf((j)) ti—a (ZJJ:;S) 3 1) L5 (zf”(z)

z € U, and hence, we get

21" (2
Re ,a’ﬁ( ) +1 = «aRe
Ia.ﬂ(z)

(2.13) + PSRe
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Since f € S*(«) and z - f' € §*(/8), we obtain

2I" 5(=
(2.14) Re ""5()+1 >a?+p82—a-B+1

Iz;_ﬂ(z)
and by hypothesis (2.10), it results that I,, 5 is convex function by the order o + 32 — a —
B+1. 0

Corollary 2.1. Let o be a real number, 0 < o < 1. If the function f € S*(«), then the integral
operator F,(z) defined in (1.7) is convex by the order 1 — o + a.

Proof. For f = 0 in Theorem 2.1, we obtain the Corollary 2.1. |

Corollary 2.2. Let (3 be a real number, 0 < 3 < 1. If the function z f' € S*(3), then the function
G3(z) defined in (1.8) is convex function by the order 1 — 3 + 2.

Proof. We take o = 0 in Theorem 2.1. O
Theorem 2.2. Let «, (3 be real numbers with the properties o« > 0, 8 > 0 and
(2.15) O<a+p<l.

We suppose that the functions f € SP(«) and z - f' € SP, then the function I g defined in (1.9)
is convex function by the order 1 — ov — f3.

Proof. We have
Re (ZIIZYI:(Z) + 1) = aRe (if;i?) —a+
(2.16) + BRe (Zf”(z) + 1) —B+1.

f'(2)
Because f € SP and z - f' € SP, we apply in the relation (2.16), we obtain

2135(2) 2f'(2) 2f"(2)
Re B 1) >a 1‘a+ﬂ‘ ‘5+1
( 7,4(2) ) ) i)
Because « ZJ{ES) — 1‘ >0and Z}C;ES) > 0, for all z € U, we obtain that
21" 4(2)
2.17 W 41| >1-a- 8.
(2.17) Re([;ﬁ(z) + >> a—0
Using the hypothesis o + f < 1 in (2.17) we obtain that I, g is convex function by the
order 1 — a — £5. a

Corollary 2.3. Let « be a real number, 0 < o < 1. If f € SP, then the function F,(z) defined in
(1.7) is convex function by the order 1 — a.

Proof. For f = 0 in Theorem 2.2, we obtain Corollary 2.3. O

Corollary 2.4. Let (3 be a real number, 0 < § < 1. If zf" € SP, then the function Gg(z) defined
in (1.8) is convex function by the order 1 — 5.

Proof. We take oo = 0 in Theorem 2.2. O

Theorem 2.3. Let «, [3 be real numbers with the properties oo > 0, >0, a=1— 8, f € M,,
then the integral operator I, g is convex.
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Proof. From (2.13), for « = 1 — 3, we have

o (5 +1) = (F82) oo (Fi5).

and since f € Mg, we obtain

I//
Re (Z .5(2) —i—l) >0, (z€lU),

I & s (2)
hence, it results that the integral operator I, 5 is convex. O

Theorem 2.4. Let o, B, =, 0 be real numbers « > 0, 8 >0,v € (0,1),6 >0, f € K(v) and
f e SH(9).
If
(2.18) 0<V2a5+py+1-2a0—a—-pB<1
then the integral operator I, g is convex by the order v/2a6 + By +1 — 2a6 — o — B.

Proof. From (2.12) we have

21}, 5(2) B azf/(z) A 2f"(2) -
ﬁ(l&ﬂ(z) +1>ﬁ v +m<f,(z) +1) V38 4 V3,

hence, we obtain

ngﬁ(z) B “ ezf/(z) B N
\/iRe(Ié’ﬁ(z) +1> =v2aR e V2ot

(2.19) +V2BRe (Z;,IES) + 1) — V28 + V2,

From 2.19 we get

V2Re (zlg’ﬁ(z) + 1) —a {Re {ﬁzf/(z)} 4 28(V2 — 1)} ~2a6(v2 —1)—

I, 5(2) f(z)
(2.20) —v2a + BV2Re (’ZJ{I/;S) + 1> — V2B + 2.
Since, f € K(v) and f € SH(d), by (2.20) we have
. zlg’ﬁ(z) N Zf’(Z) B B o B B
V2R ( 70 + 1) > =3 26(V2 1)‘ 200(vV2 — 1)

—V2a + ByV2 — V2B + V2.

Because o Z}CES) —26(v/2 - 1)‘ > 0 we obtain that
217 4(z
V2Re ( I,‘“’B((Z)) + 1) >V2(By—2a6 —a—B+1)+2a0
a,B
and we get

21y 5(2)
(2.21) Re | (Z)+1 > By —2ad —a— B+1+2a6
a,
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Using the hypothesis (2.18) and (2.21), it results that the integral operator I, g is convex
by the order v2a6 + 8y +1 —2ad — a — . O

Corollary 2.5. Let o be a real number, 0 < oo < 1, 8 € (0,1), f € K(B) and f € SH(B).
If

p2-pB+1
(2.22) 0<a<ma

then the function 1, g(z) is convex function by the order
B —B+1—a284+1—-2p).

Proof. Fory =, = j3, B € (0, 1), from Theorem 2.4, we obtain Corollary 2.5. O
Corollary 2.6. Let o, 8 be real numbers, oo € (0,1), f € K(«) and f € SH(w).
If
1 2(vV2-2) —
(2.23) 0<p<it?(V2-2-a

l1—«

then the integral operator I, g(z) is convex, by the order

?(V2-2)—a+1+B(a—1).

Proof. We take v =, § = o, @« € (0,1) in Theorem 2.4. O
Corollary 2.7. Let o, 3 be real numbers, o € (2\/%_1 1), f € K(a)and f € SH(B).

If
(2.24) 0<f<—t

' 2v2—1)a -1’

then the integral operator I, g(z) is convex, by the order
Bl(2vV2 —1)a—1] —a + 1.
Proof. Fory = o, § = 8, @ € (0,1), 8 > 0 from Theorem 2.4 we obtain the Corollary

2.7. d
Corollary 2.8. Let «, 8 be real numbers, « > 0, B € (0,1), f € K(8) and f € SH(«).

If
(2.25) B—B+1-(2-V2)a?—a>0,

then the integral operator I, g(z) is convex, by the order
B2—B+1-(2-V2)® -«
Proof. Wetakey= 5,6 =a, 8 € (0,1), @ > 0in Theorem 2.4. O

Theorem 2.5. Let «, 3,7, 6,n be real numbers, « > 0,5 > 0,7 > 0,8 € (0,1), n € [0,1),
feK(n)and f € SH(v,0).
If
(2.26) O<l—-a(y=56+1)+8(n-1)<1,
then the integral operator I, g(z) is convex, by the order

l—a(y—90+1)+8(n—-1).
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Proof. From (2.13) we get

Re <Z‘ZB(Z) +1> =« {Rezf/(z) —l—'y—é} —aly—9)—a+

1, 5(2) f(2)
2f"(2)
(2.27) +BRe ( o 1) —B+1
Since f € K(n) and f € SH(~,d), we have
ngﬁ(z) Zf/(z)
Re <I&,5(75)+1> > ) —(’y+5)‘ —a(y—96)—at
(2.28) +6n—B+1

Because «

ZﬂS) - (v+ 5)‘ > (, we obtain that

R6<W+1> >1l—aly=0+1)+8(n-1)

I&ﬁ@)
and using the hypothesis (2.26), it results that the integral operator I, g is convex by the
order 1 —a(y—3d+1)+ B(n—1). O

Corollary 2.9. Let «, 3 be real numbers, « > 0, 8 € (0,1), f € K(8) and f € SH(«, ).
If

(2.29) O0<l-—ala—pB+1)+B(L—-1)<1,

then the integral operator I, g(z) is convex, by the order 1 — a(a — 8+ 1) + 5(8 — 1).

Proof. From Theorem 2.5, fory = o, 0 = n =, a > 0, 8 € (0,1) we have the Corollary
2.9. O
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