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Univalence conditions and properties of a new general
integral operator

ROBERTA BUCUR and DANIEL BREAZ

ABSTRACT. In this paper, we obtain univalence conditions and the order of convexity of a new general in-
tegral operator defined on the space of normalized analytic functions in the open unit disk U . Also, we give
some other properties on the class N(ϕ). Results presented in this paper may motivate further reserch in this
fascinating field.

1. INTRODUCTION, DEFINITIONS AND P RELIMINARIES

Let U = {z : |z| < 1} denote the open unit disk of the complex plane and A denote the
class of all functions of the form

(1.1) f(z) = z + a2z
2 + a3z

3 + . . .

which are analytic in U and satisfy the condition f(0) = f
′
(0)− 1 = 0.

Consider S = {f ∈ A : f is univalent in U}.
A function f ∈ A is said to be starlike of order δ, 0 ≤ δ < 1, that is f ∈ S∗(δ), if and

only if

Re

[
zf
′
(z)

f(z)

]
> δ (z ∈ U).

A function f ∈ A is said to be convex of order δ, 0 ≤ δ < 1, that is f ∈ K(δ), if and only
if

Re

[
zf
′′
(z)

f ′(z)
+ 1

]
> δ (z ∈ U).

It is well known that S∗(0) ≡ S∗ (see [1]) andK(0) ≡ K (see [18]) are the classes of starlike
and convex functions in U , respectively.

Also, let N(ϕ), ϕ > 1 denote the class of functions f ∈ A which satisfy

Re

[
zf
′′
(z)

f ′(z)
+ 1

]
< ϕ (z ∈ U).

The class N(ϕ) was studied in [3, 13, 21].
Frasin and Jahangiri [8] defined the family B(µ, λ), µ ≥ 0, 0 ≤ λ < 1 consisting of

functions f ∈ Awhich satisfy the condition

(1.2)
∣∣∣∣f ′(z) [ z

f(z)

]µ
− 1

∣∣∣∣ < 1− λ, (z ∈ U).
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The family B(µ, λ) is a comprehensive class of analytic functions. For instance, we have
B(1, λ) = S∗(λ) and B(2, λ) = B(λ) (see Frasin and Darus [9]).

In the present paper, we define a new integral operator given by

(1.3) F (z) =

∫ z

0

n∏
i=1

[
tf
′

i (t)

gi(t)
ehi(t)

]αi
dt,

where parameters αi ∈ C and the functions fi, gi, hi ∈ A, i ∈ {1, . . . , n}, are so con-
strained that the integral (1.3) exists.

The operator F generalizes certain integral operators:

(i) For ehi(t) = 1, gi(t) = t and αi > 0 we have F (z) =
∫ z
0

∏n
i=1

[
f
′

i (t)
]αi

dt, that was
defined by Breaz, Owa and Breaz in [4], and this operator is a generalization of the integral

operator F (z) =
∫ z
0

[
f
′
(t)
]α
dt, discussed in [14, 15, 17].

(ii) For gi(t) = t we get F (z) =
∫ z
0

∏n
i=1

[
f
′

i (t)e
hi(t)

]αi
dt which was studied by Oprea

and Breaz in [12] and this operator is a generalization of the integral operator F (z) =∫ z
0

[
f
′
(t)eh(t)

]α
dt, defined and studied by Ularu and Breaz in [19, 20].

(iii) For n = 1 and eh1(t) = 1 we obtain F (z) =
∫ z
0

[
tf
′
(t)

g(t)

]α
dt, introduced and studied by

Bucur, Andrei and Breaz in [5].
(iv) For n = 1 and f1(t) = t we have F (z) =

∫ z
0

[
teh(t)

g(t)

]α
dt defined and disscused by

Bucur, Andrei and Breaz in [6].
Recently, many authors studied the sufficient conditions for the univalence and con-

vexity of certain families of integral operators in the open unit disk and some of them
motivated our work (see [7, 16]).

In order to derive our main results, we have to recall here the following:

Lemma 1.1. (Mocanu and Şerb [11]) Let M0 = 1, 5936..., the positive solution of equation

(1.4) (2−M)eM = 2.

If f ∈ A and ∣∣∣∣∣f
′′
(z)

f ′(z)

∣∣∣∣∣ ≤M0 (z ∈ U),

then

(1.5)

∣∣∣∣∣zf
′
(z)

f(z)
− 1

∣∣∣∣∣ < 1 (z ∈ U).

The edge M0 is sharp.

Lemma 1.2. (Becker [2]) If the function f is regular in the unit disk U, f(z) = z + a2z
2 + . . .

and

(1.6) (1− |z|2) ·

∣∣∣∣∣zf
′′
(z)

f ′(z)

∣∣∣∣∣ ≤ 1 (z ∈ U),

then the function f is univalent in U .

Lemma 1.3. (The General Schwarz Lemma [10]) Let f be regular function in the disk UR =
{z ∈ C : |z| < R} with |f(z)| < M, for M fixed. If f has at z = 0 one zero with multiplicity
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bigger than m, then

|f(z)| ≤ M

Rm
|z|m, (z ∈ UR).

The equality holds if and only if f(z) = eiθ MRm z
m, where θ is constant.

Lemma 1.4. (Wilken and Feng [22]) If 0 ≤ δ < 1 and f ∈ K(δ), then f ∈ S∗(ν(δ)), where

ν(δ) =

{
1−2δ

22(1−δ)−2
, if δ 6= 1

2 ,
1

2 log 2 , if δ = 1
2 .

(1.7)

2. MAIN RESULTS

In the following theorem we give sufficient conditions for the univalence of the opera-
tor F defined in (1.3), by using Mocanu and Şerb Lemma and Becker univalence criterion.

Theorem 2.1. Let α1, α2, . . . αn be complex numbers, M0 the positive solution of the equation
(1.4), M0 = 1, 5936..., functions fi, gi ∈ A and hi ∈ B(µi, λi), µi ≥ 0, 0 ≤ λi < 1, Ni ≥ 1 and
Mi ≥ 1, i ∈ {1, . . . , n}. If

(2.8)

∣∣∣∣∣f
′′

i (z)

f
′
i (z)

∣∣∣∣∣ ≤ Ni,
∣∣∣∣∣g
′′
(z)

g′(z)

∣∣∣∣∣ ≤M0, |hi(z)| < Mi (z ∈ U ; i ∈ {1, . . . , n})

and

(2.9)
n∑
i=1

|αi| ·
9a2i − 1 + (3a2i + 1)

√
3a2i + 1

a2i
≤ 27

2
,

where ai = Ni + (2− λi)Mµi
i , then the function F given by (1.3) is in the class S.

Proof. After some computations, we obtain that

(2.10)
zF
′′
(z)

F ′(z)
=

n∑
i=1

αi

[
zf
′′

i (z)

f
′
i (z)

−

(
zg
′

i(z)

gi(z)
− 1

)
+ zh

′

i(z)

]
,

which readily yields∣∣∣∣∣zF
′′
(z)

F ′(z)

∣∣∣∣∣ ≤
n∑
i=1

|αi|

{
|z| ·

∣∣∣∣∣f
′′

i (z)

f
′
i (z)

∣∣∣∣∣+
∣∣∣∣∣zg

′

i(z)

gi(z)
− 1

∣∣∣∣∣+ |zh′i(z)|
}

≤
n∑
i=1

|αi|

{
|z| ·

∣∣∣∣∣f
′′

i (z)

f
′
i (z)

∣∣∣∣∣+
∣∣∣∣∣zg

′

i(z)

gi(z)
−1

∣∣∣∣∣+
(∣∣∣∣h′i(z)( z

hi(z)

)µi
−1
∣∣∣∣+ 1

)
· |hi(z)|

µ
i

|z|µi−1

}
.(2.11)

Now, by using (2.8) and applying Lemma Mocanu and Şerb to the functions g1, . . . , gn,
we obtain ∣∣∣∣∣zg

′

i(z)

gi(z)
− 1

∣∣∣∣∣ < 1 (z ∈ U).(2.12)

Also, applying the General Schwarz Lemma to the functions h1, . . . , hn, we have

|hi(z)| ≤Mi|z| (z ∈ U).(2.13)

Using the hypothesis of the theorem and replacing (2.12) and (2.13) in inequality (2.11),
we find that
(2.14)

(1− |z|2) ·

∣∣∣∣∣zF
′′
(z)

F ′(z)

∣∣∣∣∣ ≤ (1− |z|2) ·

{
n∑
i=1

|αi|[1 +Ni|z|+ (2− λi)Mµi
i |z|]

}
=

n∑
i=1

|αi|Gi(x),
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where function Gi : [0, 1)→ R,

Gi(x) = (1− x2)(aix+ 1), x = |z| and ai = Ni + (2− λi)Mµi
i .

Since the maximum point of Gi is x =

√
1+3a2i−1

3ai
, it results

Gi(x) ≤
2[9a2i − 1 + (3a2i + 1)

√
3a2i + 1]

27a2i
(x ∈ [0, 1)),

which in conjunction with the inequality (2.14), leads us to

(1− |z|2) ·

∣∣∣∣∣zF
′′
(z)

F ′(z)

∣∣∣∣∣ ≤ 1 (z ∈ U).

Finally by applying Lemma 1.2, it results that function F given by (1.3) is in the class
S. �

Theorem 2.2. Let α1, α2, . . . αn be complex numbers, functions fi ∈ K(δi), 0 ≤ δ < 1 , gi ∈
S∗(ki), 0 ≤ ki < 1 and hi ∈ B(µi, λi), µi ≥ 0, 0 ≤ λi < 1, i ∈ {1, . . . , n}. Suppose that for all
z ∈ U , we have

(2.15) |hi(z)| < Mi (Mi ≥ 1, i ∈ {1, . . . , n}).

If

(2.16)
n∑
i=1

|αi| ·

(
3a2i − b2i + bi

√
3a2i + b2i

)(
2bi +

√
3a2i + b2i

)
a2i

≤ 27

2
,

where ai = (2−λi)Mµi
i and bi = 2−ki− δi, then the function F given by (1.3) is in the class S.

Proof. Just as in the proof of Theorem 2.1, we obtain∣∣∣∣∣zF
′′
(z)

F ′(z)

∣∣∣∣∣ ≤
n∑
i=1

|αi|

{∣∣∣∣∣zf
′′

i (z)

f
′
i (z)

∣∣∣∣∣+
∣∣∣∣∣zg

′

i(z)

gi(z)
− 1

∣∣∣∣∣+ |zh′i(z)|
}
.

(2.17)

Next, using the General Schwarz Lemma for functions hi (i = 1, . . . , n), together with the
hypothesis of the Theorem 2.2, the last inequality implies

(1− |z|2)·

∣∣∣∣∣zF
′′
(z)

F ′(z)

∣∣∣∣∣
≤ (1− |z|2) ·

{
n∑
i=1

|αi|
[
2− δi − ki +

(∣∣∣∣h′i(z)( z

hi(z)

)µi
− 1

∣∣∣∣+ 1

)
· |hi(z)|

µ
i

|z|µi−1

]}

≤ (1− |z|2) ·

{
n∑
i=1

|αi|[2− δi − ki + (2− λi)Mµi
i |z|]

}
=

n∑
i=1

|αi|Hi(x),(2.18)

where

Hi(x) = (1− x2)(aix+ bi), x = |z|, ai = (2− λi)Mµi
i and bi = 2− δi − ki.

After some computations, we obtain that x =

√
b2i+3a2i−bi

3ai
is the maximum point of Gi, so

Gi(x) ≤
2
(
3a2i − b2i + bi

√
3a2i + b2i

)(
2bi +

√
3a2i + b2i

)
27a2i

(x ∈ [0, 1)).
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Thus,

(1− |z|2) ·

∣∣∣∣∣zF
′′
(z)

F ′(z)

∣∣∣∣∣ ≤ 1 (z ∈ U),(2.19)

and applying Lemma 1.2, we yield that F given by (1.3) is in the class S. �

Corollary 2.1. Let α1, α2, . . . αn be complex numbers, functions fi ∈ K, gi ∈ S∗ and hi ∈
S∗, i ∈ {1, . . . , n}. Suppose that for all z ∈ U , we have

|hi(z)| < Mi (Mi ≥ 1, i ∈ {1, . . . , n}).

If
n∑
i=1

|αi| ·

(
6M2

i − 1 +
√

3M2
i + 1

)(
2 +

√
3M2

i + 1
)

M2
i

≤ 27

2
,

then the function F given by (1.3) is in the class S.

Corollary 2.2. Let α1, α2, . . . αn be complex numbers, functions fi ∈ K(δi), 0 ≤ δi < 1 , gi ∈
K(ki), 0 ≤ ki < 1 and hi ∈ S∗(λi), i ∈ {1, . . . , n}). Suppose that for all z ∈ U , we have

|hi(z)| < Mi (Mi ≥ 1, i ∈ {1, . . . , n}).

If
n∑
i=1

|αi| ·

(
3a2i − b2i + bi

√
3a2i + b2i

)(
2bi +

√
3a2i + b2i

)
a2i

≤ 27

2
,

where ai = (2−λi)Mi, bi = 2−δi−β(ki), and β(ki) is given by relation(1.7) , then the function
F given by (1.3) is in the class S.

Proof. If gi ∈ K(ki), applying Lemma 1.4, we obtain gi ∈ S∗(β(ki)). Further, using Theo-
rem 2.2 with µi = 1, we deduce that function F given by (1.3) is in the class S. �

Theorem 2.3. Let αi be complex numbers, functions fi ∈ A, gi ∈ B(ηi, νi), ηi ≥ 0, 0 ≤ νi < 1,
and hi ∈ B(µi, λi), µi ≥ 0, 0 ≤ λi < 1, i ∈ {1, . . . , n}. Suppose that

(2.20)

∣∣∣∣∣f
′′

i (z)

f
′
i (z)

∣∣∣∣∣ < Ni (Ni ≥ 1), |gi(z)| < Pi (Pi ≥ 1) and |hi(z)| < Mi (Mi ≥ 1),

for all z ∈ U and i ∈ {1, . . . , n}. Then the function F given by (1.3) is in the class K(δ), where

δ = 1−
n∑
i=1

|αi| · [1 +Ni + (2− νi)P ηi−1
i + (2− λi)Mµi

i ](2.21)

and

0 <

n∑
i=1

|αi| · [1 +Ni + (2− νi)P ηi−1
i + (2− λi)Mµi

i ] ≤ 1.(2.22)

Proof. From (2.10), we obtain∣∣∣∣∣zF
′′
(z)

F ′(z)

∣∣∣∣∣ ≤
n∑
i=1

|αi| ·

{
1 + |z| ·

∣∣∣∣∣f
′′

i (z)

f
′
i (z)

∣∣∣∣∣+
∣∣∣∣g′i(z) · ( z

gi(z)

)ηi∣∣∣∣ · ∣∣∣∣(gi(z)z
)∣∣∣∣ηi−1

+(2.23)

|z| ·
∣∣∣∣h′i(z) · ( z

hi(z)

)µi∣∣∣∣ · ∣∣∣∣(hi(z)z

)∣∣∣∣µi} .
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Using the hypothesis and the General Schwarz Lemma, inequation( 2.23) implies∣∣∣∣∣zF
′′
(z)

F ′(z)

∣∣∣∣∣ ≤
n∑
i=1

|αi| ·
{
1 + |z| ·Ni +

(∣∣∣∣g′i(z) · ( z

gi(z)

)ηi
− 1

∣∣∣∣+ 1

)
P ηi−1
i +(∣∣∣∣h′i(z) · ( z

hi(z)

)µi
− 1

∣∣∣∣+ 1

)
Mµi
i

}
≤

n∑
i=1

|αi| · [1 +Ni + (2− νi)P ηi−1
i + (2− λi)Mµi

i ] = 1− δ.

This evidently completes the proof. �

Corollary 2.3. Let αi be complex numbers, functions fi ∈ A, gi ∈ S∗(νi), 0 ≤ νi < 1, and
hi ∈ S∗(λi), 0 ≤ λi < 1, i ∈ {1, . . . , n}. Suppose that

(2.24)

∣∣∣∣∣f
′′

i (z)

f
′
i (z)

∣∣∣∣∣ < Ni (Ni ≥ 1), |gi(z)| < Pi (Pi ≥ 1) and |hi(z)| < Mi (Mi ≥ 1),

for all z ∈ U and i ∈ {1, . . . , n}. Then the function F given by (1.3) is in the class K(δ), where

δ = 1−
n∑
i=1

|αi| · [3 +Ni − νi + (2− λi)Mi](2.25)

and

0 <

n∑
i=1

|αi| · [3 +Ni − νi + (2− λi)Mi] ≤ 1.(2.26)

Proof. In Theorem 2.3, we consider µi = 1 and ηi = 1 for all i ∈ {1, 2, . . . n}. �

Corollary 2.4. Let αi be complex numbers, functions fi ∈ A, gi ∈ S∗ and hi ∈ S∗, i ∈
{1, . . . , n}. Suppose that

(2.27)

∣∣∣∣∣f
′′

i (z)

f
′
i (z)

∣∣∣∣∣ < Ni (Ni ≥ 1), |gi(z)| < Pi (Pi ≥ 1) and |hi(z)| < Mi (Mi ≥ 1),

for all z ∈ U and i ∈ {1, . . . , n}. If
n∑
i=1

|αi| · [3 + 2Mi +Ni] = 1,(2.28)

then the function F given by (1.3) is convex in U .

Proof. In Corollary 2.3, we consider λi = 1, νi = 0 for all i ∈ {1, 2, . . . n} and δ = 0. �

In the following theorem we give sufficient conditions such that the integral operator
F is in the class N(ϕ).

Theorem 2.4. Let αi be positive real numbers, functions fi ∈ N(βi), gi ∈ S∗(ki), 0 ≤ ki < 1
and hi ∈ B(µi, λi), µi ≥ 0, 0 ≤ λi < 1, i ∈ {1, . . . , n}. If

|hi(z)| < Mi (z ∈ U, Mi ≥ 1, i ∈ {1, . . . , n}),

then the function F given by (1.3) is in the class N(ϕ), where

ϕ = 1 +

n∑
i=1

αi[βi − ki + (2− λi)Mµi
i ].
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Proof. From (2.10), we obtain

Re

[
zF
′′
(z)

F ′(z)
+ 1

]
=

n∑
i=1

αiRe

[
zf
′′

i (z)

f
′
i (z)

+ 1

]
−

n∑
i=1

αiRe

[
zg
′

i(z)

gi(z)

]
+

n∑
i=1

αiRe
[
zh
′

i(z)
]
+ 1.

(2.29)

Letting hi ∈ B(µi, λi) with hi(0) = 0 and |hi(z)| < Mi for all i ∈ {1, . . . , n}, from General
Schwarz Lemma, we get

Re
[
zh
′

i(z)
]
≤
∣∣∣zh′i(z)∣∣∣ ≤ (∣∣∣∣h′i(z) · ( z

hi(z)

)µi
− 1

∣∣∣∣+ 1

)
Mµi
i · |z| < (2− λi)Mµi

i .(2.30)

So, using the hypothesis and (2.30) in relation (2.29), we have

Re

[
zF
′′
(z)

F ′(z)
+ 1

]
<

n∑
i=1

αi(βi − ki + (2− λi)Mµi
i ) + 1.

Since
∑n
i=1 αi(βi − ki + (2 − λi)Mµi

i ) > 0, we yield that F given by (1.3) is in the class
N(ϕ), where ϕ = 1 +

∑n
i=1 αi[βi − ki + (2− λi)Mµi

i ]. �

Corollary 2.5. Let αi be positive real numbers, functions fi ∈ N(β), β > 1 gi ∈ S∗(k), 0 ≤
k < 1 and hi ∈ S∗(λ), 0 ≤ λ < 1, i ∈ {1, . . . , n}. If

|hi(z)| ≤M (z ∈ U,M ≥ 1, i ∈ {1, . . . , n}),

then the function F given by (1.3) is in the class N(ϕ), where

ϕ = 1 +

n∑
i=1

αi[β − k + (2− λ)M ].

Proof. In Theorem 2.4, we consider µi = 1 and βi = β > 1 and ki = k for all i ∈ {1, . . . , n}.
�

Remark 2.1. Many other interesting corollaries of Theorems 2.1 to 2.4 can be obtained by
suitably specializing the parameters and the functions involved.
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