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The iterates of positive linear operators with the set of
constant functions as the fixed point set

TEODORA CATINAS!, DIANA OTROCOL? and IOAN A. Rus!

ABSTRACT. LetQ C RP, p € N* be a nonempty subset and B(f2) be the Banach lattice of all bounded real
functions on €, equipped with sup norm. Let X C B(f) be a linear sublattice of B(Q2) and A: X — X be
a positive linear operator with constant functions as the fixed point set. In this paper, using the weakly Picard
operators techniques, we study the iterates of the operator A. Some relevant examples are also given.

1. INTRODUCTION

Let X be a real Banach space and A: X — X be a linear operator. Let us denote
(AD)4(z*) := {z € X| A"(z) — z* as n — oo} the attraction domain of a fixed point z*
of the operator A. Let Fy := {z € X| A(z) = x} be the fixed point set of A. By definition,

the operator A is weakly Picard operator (WPO) if, X = UF (AD) z(x*).
z*E€F A

Let us denote by 6 the zero element of X. It is clear that (AD) 4(0) is a linear subspace
of X and (AD)a(z*) = {z*} + (AD)a(0), i.e., is an affine subspace of X. This remark
gives rise to the following notion (see [20]).

A partition of X, X = U Xg-, is a linear fixed point partition (LFPP) of X with
T*E€F A

respect to a linear operator A iff:
(i) Xz NFa = {a*}, Va* € Fu;
(i) A(Xz-) C Xy, Va* € Fy;
(iif) X is a linear subspace of X;
(iv) X« = {z*} + Xp.
The aim of this paper is to study the iterates of a linear operator, in the case of function
spaces, using the technique of LFPP of the space.

2. PRELIMINARIES

Let Q C RP, p € N* be a nonempty subset, B(2) be the Banach lattice of all bounded
real valued functions on 2, equipped with sup norm. Let X C B(2) be a linear sublattice
of X and A: X — X be a linear operator with constant functions as the fixed point set.

Following [20], we consider some notions that will be used in the sequel.

Definition 2.1. The operator A: X — X is a weakly Picard operator (WPO) if the se-
quence (A™(f))nen converges, for all f € B(2), and the limit (which may depend on f) is
a fixed point of A.

Definition 2.2. If A is WPO, then we define the operator A*°, A*: X — X, by
A%(f) = lim A™()).
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We remark that A (X) = Fg.
Definition 2.3. Let A: X — X be a weakly Picard operator and ¢): R; — R anincreasing

function, continuous in 0 and (0) = 0. The operator A is said to be a i)-weakly Picard
operator (¢-WPO) iff

d(f, A% (f)) < »d(f, A(f)), Vf € X.
Definition 2.4. The operator A: X — X is a Picard operator (PO) if A is WPO and Fjy is

a unit set.

Remark 2.1. We observe that A¥(X) is an invariant subset of A for each k¥ € N* and
Fy C A¥(X). We suppose that

Ay = Alar(xy: AF(X) = AF(X) is WPO.
Then we have that

AR (u) — AP (u) asn — oo, Yu € A¥(X),
ie, AM(AR(f)) — AP(AR(f)) = A®(f). So, if for some k € N*, Al r(x) is WPO then,
A: X — X is WPO and A>®(f) = A (A*(f)).
Remark 2.2. Let ¢: X — R be a linear functional and A: X — X a linear operator. We

suppose that ¢ is an invariant functional of 4, i.e., p(A(f)) = ¢(f), Vf € X. Let us denote,
for A € R,

Xy =A{f e X[ o(f) = A}
Then X = )\URX,\ is a partition of X. If X\ N Fa = {f}}, VA € R, then, X = AURX,\ isa
€ €
LFPP of X with respect to A.
We also need the following result.

Lemma 2.1. ([20]) Let A: X — X be a linear operator. We suppose that X = ; U, Xy« isa
*eFa

LFPP of X with respect to A. Then:
(i) If Alx,: Xo — Xgis PO, then A is WPO.
(ii) If Ais WPO, then A®(f) = f*, Vf € Xy+, f* € Fa.

As a suggestion for finding a LFPP of the space, the following result is useful.

Theorem 2.1. (Characterization theorem, [15]) An operator A is a weakly Picard operator if

and only if there exists a partition of X, X = |J X\, such that
AEA

() A(X)) C X, VA€ A;
(b) Alx, : Xx — Xy is a Picard operator, VX € A.

The limit behavior for the iterates of some classes of positive linear operators were also
studied, for example, in [2], [3], [8], [9], [12], [16], [18], [19].

3. BASIC RESULTS

Let @ C RP, p € N* be a nonempty subset, B({2) be the Banach lattice of all bounded
real valued functions on Q, equipped with sup norm. Let X C B(f2) a linear sublattice of
B(f?) and A: X — X be a linear operator. We have

Theorem 3.2. We suppose that:

(i) X contains all constant functions on €;
(ii) F4 conmsists of all constant functions on €2,
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(iiiy X = /\URX A Is a LEPP of X with respect to A such that, for some k € N, we have that:
€

JA(u)| < 1ull, Yu € A*(Xy), with some0 < [ < 1.

Then:

(a) Ais WPO and A°°(f) = )\,Vf e X\, eR;

() [|A*(f) H < 7 [[A*(f) — AR,V € X;
() [|A™( A (N < f”l | AF(f) = AR,

(d) if M >0 : ||A'f £) = AAR()|| < M, Vf € X, then An(AR(f)) "8 4% (f) as
n — oo, on X.

Proof. (a) Let f,g € X). By linearity of A and by the fact that f — g € Xy, it follows
that

IACf) =A@ = [JA(f =)l < LIf —gll, with 0 <1 <1, Vf,ge Xy, \eR.

The constant function A € X, is a fixed point of A. Cosequently, we have that A is
a Picard operator, and taking into account (iii), by Theorem 2.1, it follows that the
operator A is a weakly Picard operator, with A®(f) = \,Vf € X ,A € R.

(b) We have

(3.1)
[AR(f) = AP = [[A*(f) = Al| < [JA*(f) = AT )| + [|AAR(f) = A, Vf € X.
By (iii), it follows
(3.2) JA(AR(F) = A|| S UJAR(F) = Al|, with f — X € A(X).
From (3.1) and (3.2) we get
[AR(f) = A < [[AR(F) — AAR) |+ L]|ARCF) = Al
Then
|45(7) — A= (D) < 1 [45(5) — A ()] 7 € X.
(c) We have
| A" (A" (f)) — A™HP(AR(f)) H
< HAn Ak )) An+1(Ak H + HAn—H Ak(f)) _An+2(Ak(f))H
+ooo HA”“’ HAR(F) = AT (AR |
< IIA’“ AAR )| +l”*1 IIA’“ (f) = A ()|
e ) - AP
= (" 4+ 1M IIA’“(f) - A(A’“(f))H
< 4 |A*(f) — A(A*(f))]| . forn € N, p € N*.
So, [|A™(A¥(f)) — A>=(f)|| < = HA’c — A(A*(f))
(d) By (c) we obtain HA" (Ak(f) — A= ()| < £5M S o,

O

Let us give a class of operators for which the condition (iii) in Theorem 3.2 is satisfied.

Let X := C([0,1]7), p € N*, a3 € [0,1]?, k = 0,m, p,m € N*, are distinct points such
that I := co{ax| k = 0, m} has a nonempty interior, and ¢, € C([0,1]?,Ry),k = 0,m. We
suppose that:
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(1) {¢x| k = 0,m} is linearly independent;
@) > Yw(x) =1, Vo € [0,1]7.
k=0
Now we consider the following positive linear operator, A: C([0,1]?) — C([0,1]?),

A(f) Z flar)r.

Condltlon (2) implies that the constant functions are the fixed points of A. On the other
hand, the condition

(3) rank[y;(ar) — Im41] =m
implies that F4 is the set of constant functions.

To study the iterates of A, we shall give conditions in which the operator A has an
invariant functional of the following form

with some ¢; > 0, i = 0, m.
We have the following result.

Theorem 3.3. In the conditions (1), (2) and (3), there exists ¢* € R™*! such that:
@ ¢ >0,> ¢ =1

i=0
b) the functional, ¢: C([0,1]") — R, ¢(f) := i et f(a;), is an invariant functional of the
i=0
operator A;

(c) if C([0,1)7) = )\URX,\ is a LFPP corresponding to ¢, and 1;(x) > 0,V € 1,4 = 0,m,
€

m

then || Al x,nc(n || =1 < 1,and so, Alc(ry is WPO and A= (f) = 3" ¢; f(as), f € C(I).

i=1
Proof. First, we remark that a functional, ¢(f) = >_ ¢;f(a;), ¢; # 0, is invariant for A iff:
i=0
Zcﬂ/}k a;) = cg, k=0,m.

m
Let us consider the subset K C R+l K := {c e R™"1|¢; >0, Y ¢; = 1}. We take in K
i=0
the following function:
T: K —R™1 T(c (Z citbo(as), ..,Zciwm(ai)> .
i=0
Since the matrix [p;(ax)] is a stochastic matrix, it follows that T(K) C K. From the

Brouwer fixed point theorem, there exists ¢* € K such that T'(¢*) = ¢*. From the con-
dition (3), it follows that there exists such an unique fixed point. So, we have (a) and (b).

Let f € Xy, i.e, Z ¢ f(a;) =0,and ¢f >0, i =0, m. For f € C(I) N X, we have

Zf ak)Vr(z

:l||f|\, with ! < 1.
So, J[A(NHI < 1Ifll,Vf € C(I), with ¢(f) = 0, and we have (c), from Theorem 3.2. O

max (1 — () ||f]| =

0<k<
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Remark 3.3. ([18]) If ¢;, ¢ = 0,m are polynomial functions, then the operator
A: C([0,17) — C(]0,1]7) is WPO and, A (f) = >_ cfi(as).
i=0

For presenting the next result we need the following definition.

Definition 3.5. Let Y C X be a linear subspace of X. By definition, an element e € Y is
an order unit element if, for any f € Y there exists My > 0 such that | f| < Mye. (See, e.g.,
6], [71, [13].)

In this case we have on Y the Minkowski norm, [|-||, , and it follows:

o [f <IIflles
o A< NANC el
Theorem 3.4. We suppose that:
(i) A is a linear positive operator;
(if) X contains all constant functions on ;
(iii) Fa comsists of all constant functions on §2;
(iv) X = )\URX,\ is a LFPP of X with respect to A such that, for some k € N*, A¥(X,) has
€
an order unit element e.
Then:
(@) A"(e)(z) = 0asn — oo, Vo € Qimplies that A™(f)(z) — A, Vo € Q,Vf € X\, A €
R, i.e., A is WPO with respect to pointwise convergence on X and A (f) = \,Vf € Xy;
) A™(e) Vo = A is WPO with respect to Y and A (f) = A\, Vf € X\, A € R:
(c) if there exists | €]0, 1] such that A(e) < le then:

@ A < LIflle 7S € AF(Xo);
@) A(f) = A, <UIf =gl Vf g € AH(X)), X € R;

©) [JA(f) = A%(F)||, <LIf = A, . Vf € AR(X);
@ [If = ANl < 5 1f = Al VFf € ARX);
(5) Aisy—WPOon (X, |-||,) with ¢(t) = 15, t € Ry.

Proof. (a), (b) By Lemma 2.1 it is sufficient to prove that A| 4 (x,) is Picard operator. Let
f € A¥(Xy). Since e is an order unit for A¥(X;) we have that:

[FI < Af)e.
But A is a non-decreasing linear operator and we have that
0 < [A"(f)] < A™(|f]) < A(f)A"e — O asn — oo,

i.e., Alar(x,) is a Picard operator.
(c) (1) We have

JA(HI < A(SD < [1fll. Ale) < (Il le
=1fll.e
[AON < [IANA < (1f1le Ale) < (11, Le,
whence it follows

1Al < TIfN. s VF € A¥(Xo);
(2) We have
lf =gl <IIf —gllce
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A(f =9l S A(f = gD < If = gllc Ale) < |If =gl le
=1Uf—gll.e
so it follows
IA(f =9l <UIF=9ll., Vfig € AM(XA), A €R;

(3) We have
lf =A< f =AWl e

JA(f = AN < A(f = AHD < NIf = AWDl. Ale) < |If — Al Le
=1Uf—A)l.e
whence we obtain
A =A%), <UIF =AW, , Vf € A¥(Xn), A eR;

(4) By Theorem 3.2, (b), we get the result.
(5) By (4) and Definition 2.3 we get the result.

4. APPLICATIONS
Example 4.1. Let Q@ = ([0,00))?, p > 1, X := Cp(Q), ¢: X = R, ¢(f) := f(0) and
Ap: X — X,k =1, m alinear operator such that
° Ak(I) =1, k=1m;
o (Ax())(0) = f(0), Vf e X, k=1,m.
Let X = )\U]RX » be the linear partition corresponding to ¢.
€
Let ¢, € R\ {0}, k = 1, m be such that

e it dem=0
o |+ Hlem| =1< 1.

Let A: X — X be defined by A(f) := m + > crAk(f). We remark that ¢ is an
k=1

invariant functional for A.
Now we suppose that: ||Ax|x,| < 1. Then, from Theorem 3.2, we have:
(i) Ais WPO;
(i) Fa={\AeR}
(i) FanXy={\};
(iv) A>(f) = f(0),Vf € X;
W) If = A=N)I < 5 If = AP Vf € X;

Example 4.2. Let o, 3 € R, 0 < o < 3. We consider the Stancu operator S, o 5: C([0,1] x
[0,1]) — C([0,1] x [0, 1]) defined by (see, e.g., [1], [4], [22])

(S s.f)(@:9) 2;;)( )( ) (1—x)mi(l—y)mjf@iagwjﬁio/;)

We remark that the operator S,, o g satisfies the conditions of Theorem 3.3. By this
theorem we have the following properties:

(a) the operator S, o5 is W PO;
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m m

(b) Sp5as(f) =2 > ¢ ( ita, Jto ) , where c;; are the unique solutions in K of
i=05=0

m+37 m+f

the following system

k m—Fk . l . m—l1
m ita i+a +a +a _
(4.3) ZZ j (m+6> (1 - m+6) (TJTH-B) (1 - 131+B) Cig = kb
=0 j=0
fork,1 =0, m.
For example, for m = 1 the system (4.3) implies:

(1+B8—-a)*—1+8)Hcoo+(1+8—a)(B—a)or + (B—a)(l+B—a)cg
+(8—a)’cn =0

(1+ 8 —a)ac + (148 —a)(1 +a) = (1+ B)*)cor + (B — a)acio
+(B—a)l+a)err =0

a(l+ B —a)eoo +a(f —a)eor + (1 +a)(1+ B —a) = (1+ B)*)eio
+(1+a)(f—a)ei1 =0

a?coo + a(l + a)cor + a(l +a)eg+ (1 +a)? = (1+8)?)e1r =0

Coo +co1 +ciot+en =1

and we get

0o _(a=p)? a o ala—8) a l4a
Sl,a,,@(f)_ 52 f(1+ﬂ,1+6)_ [32 f(1+ﬂ71+ﬂ>
oz(oc—ﬁ)f<1+04 a )+a2f<1+oz 1—|—a)
p? 1+8°1+8) B2 +8'1+8)"

1
Particular cases. For a = 0, 8 > 0 we have 575, 5(f) = f(0,0).
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