CARPATHIAN ] MATH. Online version at http://carpathian.ubm.ro
32 (2016), No. 2, 195 - 201 Print Edition: ISSN 1584 - 2851 Online Edition: ISSN 1843 - 4401

Crossed products of Hilbert pro-C*-bimodules and
associated pro-C*-algebras

MARIA JOITA and RADU-B. MUNTEANU

ABSTRACT. An action (v, @) of a locally compact group G on a Hilbert pro-C*-bimodule (X, A) induces an
action v X o of G on A X x Z the crossed product of A by X. We show that if (v, ) is an inverse limit action,
then the crossed product of A X, G by X x~ G respectively of A Xq,r Gby X X, G is isomorphic to the full
crossed product of A x x Z by v x « respectively the reduced crossed product of A x x Zby v X a.

1. INTRODUCTION AND PRELIMINARIES

An automorphism «a of a C*-algebra A induces an action of the integers Z on A, and an
action ¢, called the dual action, of the circle group T on the crossed product A x, Z of A
by a. Given an action of T on an algebra A4, it is natural to ask when A is isomorphic to the
crossed product of a C*-algebra by an automorphism. To answer this question, Abadie,
Eilers and Exel [2] introduced the notion of crossed products by Hilbert C*-bimodules,
generalizing the notion of C*-crossed products by automorphisms. In [11], Joita and
Zarakas extended this construction in the context of pro-C* -algebras. An action (v, a)
of a locally compact group G on a Hilbert C*-bimodule (X, A) induces an action vy x « of
G on the crossed product A xx Z of A by X. It is natural to ask if (A xx Z) Xxq G is
isomorphic to the crossed product of a C*-algebra by a Hilbert C*-bimodule. In the case
of amenable groups, Abadie [1] gave a positive answer to this question. In this paper,
we show that the result of Abadie is valid for an arbitrary group and then we extend this
result in the context of pro-C*-algebras.

Throughout this paper all vector spaces are considered over the field C of complex
numbers and all topological spaces are assumed to be Hausdorff.

A pro-C*-algebra (alias locally C* -algebra) is a complete Hausdorff topological x-algebra
A whose topology is given by a directed family of C*-seminorms {px; A € A}.

Let A and B be pro-C*-algebras with the topology given by the family of C*-seminorms
I'={px;A € A}, and T” = {g5;6 € A}, respectively.

A pro-C*-morphism is a continuous * -morphism ¢ : A — B (that is, ¢ is linear, ¢ (ab) =
p(a)p(d) for all a,b € A, p(a*) = p(a)* for all a € A and for each ¢5 € I, thereis py € T
such that g5 (¢(a)) < px (a) for all a € A). An invertible pro-C*-morphism ¢ : A — Bisa
pro-C*-isomorphism if ¢~ is also a pro-C*-morphism.

For A € A, kerp, is a closed *-bilateral ideal and Ay = A/ kerp, is a C*-algebra in the
C*-norm ||-|| ,, induced by py (thatis, ||a + kerp,|,, =pi(a),foralla € A). The canonical

map 7§ from A to A, is defined by 7{! (a) = a + kerp, for all a € A. For A, u € A with
pr < A there is a surjective C*-morphism 73, : Ay — A, such that 73}, (a +kerpy) =
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a + kerp,, and then {Aj; wfu} Auch is an inverse system of C*-algebras. Moreover, pro-
C*-algebras A and lin&l A, are isomorphic (the Arens-Michael decomposition of A). For

ps
more details we refer the reader to [5, 13].

Here we recall some basic facts from [9] and [14] regarding Hilbert pro-C*-modules
and Hilbert pro-C*-bimodules, respectively.

A right Hilbert pro-C*-module over A (or just Hilbert A-module), is a linear space X that
is also a right A-module equipped with a right A-valued inner product (,-) ,, that is C
- and A-linear in the second variable and conjugate linear in the first variable, with the
following properties:

o (z,z), >0and (z,2),, = 0if and only if = 0;

® (<x7y>A)* = <y7x>A
which is complete with respect to the topology induced by the family of seminorms
{paen, with pi (z) = py (=, $>A)% ,x € X. A Hilbert A-module is full if the pro-C*-
subalgebra of A generated by {(z,y),;z,y € X} coincides with A. A left Hilbert pro-
C*-module X over a pro-C*-algebra A is defined in the same way, where for instance
the completeness is requested with respect to the family of seminorms {“p,},ca, where
Aps () = pa (a (@, 2))2 ,z € X.

In the case when X is a left Hilbert pro-C* module over A and a right Hilbert pro-C*

module over B, the topology on B is given by the family of C*-seminorms {gx }xea such
that the following relations hold:

o s(z,y)z=x(y,z)gforalz,y ze€X;
o ¢P(ax) < pr(a)g? (z) and “py(xb) < qr(b)*pa (z) forallz € X, a € A, b € B and
forall A € A,

then we say that X is a Hilbert A — B pro-C* -bimodule. A Hilbert A — B pro-C*-bimodule
X is full if it is full as a right as well as a left Hilbert pro-C*-module.
Clearly, any pro-C*-algebra A has a canonical structure of full Hilbert A — A bimodule
under the inner products given by 4 (a, b) = ab*, respectively (a,b) , = a*bforall a,b € A.
A morphism of Hilbert pro-C*-bimodules from a Hilbert A — A pro-C*-bimodule X to
a Hilbert B — B pro-C*-bimodule Y is a pair (®, ) consisting of a pro-C*-morphism
¢:A— Band amap ® : X — Y such that the following relations hold:

e p(P(x),?(y)) =¢(a{z,y)) and @ (azx) = ¢ (a) @ (x) forall z,y € X, a € A,
o (P(x),®(y)g =¢{x,y),) and ® (za) = ®(z)p(a) forall z,y € X, a € A.

A morphism of Hilbert pro-C*-bimodules (®, ¢) : (X, A) — (Y, B) is an isomorphism of
Hilbert pro-C*-bimodules if ® and ¢ are invertible and (®~!,¢71) : (V,B) — (X, A)isa
morphism of Hilbert pro-C*-bimodules.

Let X be a Hilbert A — A pro-C*-bimodule. Then, for each A € A, 4p, (z) = p (z) for
all z € X, and the normed space X, = X/ kerp{, where kerp{ = {z € X;p{ (z) = 0},
is complete in the norm ||z + kerp3!||x, = pi(z),z € X. Moreover, X, has a canonical
structure of a Hilbert Ay— A C*-bimodule with (z + kerp{',y + kerpf>AA = (z,y)4 +
kerpy and a, (z +kerpg,y+kerps) = 4 (z,y) + kerp, for all 2,y € X. The canonical
surjection from X to X is denoted by O’i( . For A\, u € A with A > p, there is a canonical
surjective linear map o3\, : X — X, such that o5\, (z + kerpy) = z+kerp;} forall z € X.
For A, € Awith A > g, (Ufﬂ, 71'3\4#> is a morphism of Hilbert C*-bimodule and {LII)\l X
has a canonical structure of Hilbert 13? Ay — 13? A, bimodule. Moreover, X = lin)} Xy, up

to an isomorphism of Hilbert pro-C*- bimodules.
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A covariant representation of a Hilbert pro-C*-bimodule (X, A) on a pro-C*-algebra B
is a morphism of Hilbert pro-C*-bimodules from (X, A) to the Hilbert pro-C*-bimodule
(B, B).

The crossed product of A by a Hilbert pro-C*-bimodule (X, A) is a pro-C*-algebra, de-
noted by A x x Z, and a covariant representation (ix,i4) of (X, A) on A x x Z with the
property that for any covariant representation (¢ x, 4) of (X, A) on a pro-C*-algebra B,
there is a unique pro-C*-morphism px X ¢4 : Axx Z — Bsuchthat px X pa0ix = px
and px X @4 014 = pa [11, Definition 3.3].

If (®, ) is a morphism of Hilbert pro-C*-bimodules from (X, A) to (Y, B), then (iy o @,
ip o @) is a covariant representation of (X, A) on B Xy Z and by the universal property
of A x x Z there is a unique pro-C* -morphism ® x ¢ from A X x Z to B xy Z such that
(P xp)oig=igopand (P X p)oix =iy oP.

2. GROUP ACTIONS ON HILBERT PRO-C*-BIMODULES

An action of a locally compact group G on a pro-C*-algebra A is a group morphism «
from G to the group Aut(A) of all automorphisms of A such that the map g — «, (a) from
G to A is continuous for all a € A.

The action « is an inverse limit action, if py (ag (a)) = px (a) foralla € A, forallg € G
and for all A € A. If a is an inverse limit action, then, for each A € A, there is an action o*

of G on Ay such that o) o 7! = 7! 0 forall g € G, and oy = 1in/\1a;‘ forall g € G. The

full crossed product of Aby « is a pro-C*-algebra, denoted by A x,, G, which is isomorphic
to hm Ax X o G [6, Corollary 1.3.7], and the reduced crossed product of A by « is a pro-C*-
algebra, denoted by A x, , G, which is isomorphic to hm Ax Xor . G [6, Corollary 1.4.4].
The canonical pro-C*-morphism from (4, G, a) to the mult1p11er algebra M (A x4 G) of
A x,, G is denoted by (v4, tc) [8, Proposition 3.1].

An action of a locally compact group G on a Hilbert pro-C*-bimodule (X, A) is a pair
(7, @), where « is an action of G on A, v is a group morphism from G to the group Aut(X)
of all automorphisms of (X, A) such that for each g € G, (v,, oy) is an isomorphism of
Hilbert pro-C*-bimodules from (X, A) to (X, A). If & is an inverse limit action, then for
each A € A, there is an action (7*, @) of G on (X, A, ) such that v, = lin; 7, forall g € G.

—

If (v, ) is an inverse limit action, then C.(G, X), the vector space of all continuous
functions from G to X with compact support, has a structure of pre-Hilbert bimodule
over C.(G, A) with the bimodule operations given by

~ [ a7 (s79)) ds
G
:/f(s)'Ys (s7'g) dg

forallé € C.(G, X), forall f € C.(G, A) and the inner products given by

.o / B (g7, (607 (1 (s7'5)))

and

where A denotes the modular function on G, and

(€Moon @) = [ac (€(5)n(s0) ) ds

G



198 Maria Joita and Radu-B. Munteanu

for all {,n € C.(G,X). The full crossed product is the completion (X x, G, A x, G) of
the pre-Hilbert bimodule (C.(G, X),C.(G, A)) [6, pp.64-69]. The reduced crossed product
(X X4 G, A Xqor G) is defined in the same way. The canonical homomorphism from
(X,A) to (M(X xyG),M(A x4 G)), the multiplier module of (X x, G, A x, G), is de-
noted by (tx,¢a) [8, Proposition 4.1].

Let (v, @) be an action of G on (X, A). Then, for each g € G, there is a pro-C*-morphism
Vg X0yt AXxZ —Ax xZsuchthat (74 X og)oix =ix0ysand (74 X ag)oia =400y Itis
easy to check that g — (v x a), = 74 X ay isan action of G on A x x Z. Moreover, if (v, o) is
an inverse limit action, then v x a is an inverse limit action, and (y x ), = 1(1_1{\1 (v x a?)

forallg € G.

Given an action (v, «) of a locally compact group G on a Hilbert pro-C*-bimodule
(X, A), it is natural to ask if (A x x Z) Xyxq G is isomorphic to the crossed product of a
pro-C*-algebra by a Hilbert pro-C*-bimodule. In [1, Proposition 4.5], Abadie proved that
if G is amenable and (7, «) is an action of G on the Hilbert C* -bimodule (X, A), then the
C*-algebras (A xx Z) Xyxo G and (A xo G) X xx_ g Z are isomorphic.

It is known that every Hilbert C*-bimodule (X, A) can be regarded as a C*-correspon-
dence (X, A, ¢), where the C*-morphism ¢ : A — L(X) is given by ¢(a)x = ax. More-
over, the crossed product of A by X is isomorphic to the C* -algebra Ox associated to
(X, A, ) [12, Proposition 3.7]. If (X, A) is full, then the Katsura ideal Jx coincides with
A [12, Lemma 3.3]. If (v, ) is an action of a locally compact group G on a full Hilbert
C*-bimodule (X, A), then (X x., G, A xo G) and (X x5, G, A X, G) are full Hilbert C*-
bimodules, and so Jxx. ¢ = A Xq G and Jx«_,c¢ = A Xq,, G. Using these facts and [3,
Theorems 4.1 and 5.3], we obtain the following result.

g

Theorem 2.1. Let (X, A) be a full Hilbert C*-bimodule and let (v, ) be an action of a locally
compact group G on (X, A). Then the C*-algebras (A x x Z) Xyxa G and (A xo G) Xxx.c Z
are isomorphic as well as the C*-algebras (A X o G) Xxx, ¢ Zand (A xXx Z) Xyxa,r G-

Proof. Since (z XG0 Axag) is a non-degenerate covariant representation of (X x, G,
A xq G)on (A xq G) Xxx,a Z[11, Proposition 3.4], it extends to a unique covariant rep-
resentation (ixx ¢, iax.c) Oof (M (X xyG),M (A xqG))on M((Axq G) xxxcZI[4
Theorem 1.30]. It is easy to check that (z Xx,GOLX,TAxaGOL A) is a covariant representa-
tion of (X, A) on M((A X4 G) X xx_cZ), and then there is a C*-morphism (ix ¢ o tx) X
(iaxacota) from A xx Zto M ((Axo G) Xxx. G 7).

Moreover, ((ixx.,c©tx) X (iax.cota),iax.c©tg) is a covariant morphism from
(AxxZ,G,yxa)toM ((A Xa G) Xxx.a Z), and so there is a C*-morphism

U = ((MOLX) X (iAXaGoLA)) X (mOLG)

from (A X x Z) Xyxa G to M ((A X G) Xxx,c Z). According to [3, Theorem 4.1], ¥ is a
C*-isomorphism onto (A X, G) Xxx.q Z,since Jxx g = A Xqa G = Jx Xo G.

Since ia (ay(a)) = (v xa),(ia(a)) forall a € A and forall g € G, there is a C*-
morphism i4X4id from A X, G to (A Xx Z) Xyxa,r G such that (ia X, id) (f) (9) =
ia(f(g)) forall g € G and f € C.(G,A). Consider the map ixx,id:C,. (G, X) —
C. (G, A xx Z) givenby (ix x~id) (£) (g) = ix (£ (g)). Taking into account that

ix (79 () = (v x ), (ix (z))
for all z € X and for all g € G, it is easy to check that

Co(G.axx2) ((ix x5 id) (€) , (ix x5 id) (1)) = (ia Xa id) (c.(c.a) (€M)
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and
((ix % id) (€)  (ix X4 id) (M) (g,axy2) = (14 Xa id) (&M (o))

for all £,n € C.(G,X). From these facts we deduce that ix x. id extends to a map
ix Xy id: X %, G = (A X x Z) Xy xa,r G, and moreover, (ix X id,is X id) is a covariant
representation of (X X, G, A X4, G) on (A Xx Z) Xyxa,r G. Therefore, there is a C*-
morphism W, = (ix X, id) x (ia X id) from (A xo, G) Xxx, ,GZ 10 (A X x L) Xyxa,r G,
and since Jxx. ¢ = AXarG = Jx Xa,r G, ¥, isa C* -isomorphism [3, Theorem 5.3]. [J

The following theorem extends in the context of pro-C*-algebras the above results.

Theorem 2.2. Let (X, A) be a full Hilbert pro-C*-bimodule and let (v, ) be an inverse limit
action of a locally compact group G on (X, A). Then the pro-C*-algebras (A xx Z) Xyxa G
and (A xo G) Xxx.,q Z are isomorphic as well as the pro-C*-algebras (A X x Z) Xyxa,r G and
(A Xa,r G) XXX,Y’TG 7.

Proof. By [11, Proposition 3.8] and [6, Corollaries 1.3.7 and 1.4.4]
(AXxZ) Xyxa G = 1{1_11/[\1 (Ax Xx, Z) Xy xay G
and
(A Xx Z) Xyxayr G =1 (Ax X x, Z) Xqyxan,r G
up to a pro-C*-isomorphism as well as
(Ao G) Xxx, g L= 1(1_11/\1 (Ax Xo» G) X Xyx4, G L
and
(AXaqrG) xxx, L= 1<1_n;\1 (Ax X G) X Xy %, +G L
For each A € A, by Theorem 2.1 there are a C*-isomorphism
Uyt (Ax Xx, Z) Xyyxay G — (Ax Xa, G) XXAMGZ
and a C*-isomorphism
Uont (Ax Xx, Z) Xy xan,r G = (A Xayr G) Xx,x,, ¢ L.

It is easy to check that (V), and (¥, ), are inverse systems of C*-isomorphisms and the
theorem is proved. O

It is known that A x x Z carries a natural action ¢ of the circle group T, called the dual
action, such that for each z € T, 4, (i4 (a)) = i4 (a) foralla € Aand 4, (ix (z)) = z ix (2)
for all z € X. Moreover, § = dx x 04, where (dx,04) is the action of T on (X, A) given by
(0x), () = zzand (d4), (a) =afoallz € T,z € X,a € A. Clearly, (dx,d4) is an inverse
limit action.

Corollary 2.1. Let (X, A) be a full Hilbert pro-C*-bimodule. Then (A Xx Z) X5, x5, T and
(A xx Z) ® Cy(Z) are isomorphic as pro-C*-algebras.

Proof. By Theorem 2.2, (A X x Z)X sy x5, T and (A x5, T) X x x, 17 are isomorphic as pro-
C*-algebras. Since the Hilbert pro-C* -bimodules (X x5, T, Axs, T) and (X ® Cy(Z), A®
Co(Z)) are isomorphic, the pro-C*-algebras (4 x5, T)x xx, 1Zand (A ® Co(Z)) X x g0y (z)
Z are isomorphic [7, Proposition 3.3]. On the other hand, (A ® Co(Z)) X xgc,(z) Z is iso-
morphic to (A X x Z) ® Cy(Z) [7, Theorem 3.4], and the corollary is proved. O
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Let (7, &) be an inverse limit action of a locally compact group G on the full Hilbert pro-
C*-bimodule (X, A). In the following corollary, we show that the maximal tensor product
(the minimal tensor product) of the crossed product (the reduced crossed product) of
Ax xZ by the action induced by (v, &) and a pro-C*-algebra B is isomorphic to the crossed
product of a pro-C*-algebra by a Hilbert pro-C*-module. For more details regarding
tensor products of pro-C*-algebras we refer the reader to [5].

Corollary 2.2. Let (X, A) be a full Hilbert pro-C*-bimodule, let (-, &) be an inverse limit action
of a locally compact group G on (X, A) and let B be a pro-C*-algebra. Then the pro-C* -algebras
(A Xx Z) Xyxa G) @maxBand  ((A Xo Q) @max B) X (X x., G)@max BL are isomorphic as well
as the pro-C*-algebras ((AX x Z) X yxa,r G) @min B and ((Ax o,y G) Qmin B) X (X% Q) @min B L

Proof. The result follows from [10, Theorems 7.2 and 7.3], Theorem 2.2 and [7, Theorems
3.4 and 3.6]. O

It is known that a pro-C*-algebra A is nuclear if and only if the C*-algebras Ay, A € A
are nuclear (see, for example, [13, Section 3]).

Proposition 2.1. Let (X, A) be a full Hilbert pro-C*-bimodule, let (v, ) be an inverse limit ac-
tion of a locally compact group G on (X, A). If Ais nuclear and G is amenable, then (AX x Z)X yxa
G is nuclear.

Proof. Since foreach A€ A, the C*-algebras ((AX x Z) Xyxa G), and (Ax X x, Z) X+, xar G
are isomorphic, to show that (A x x Z) X G is nuclear, it is sufficient to show that for
each A € A, the C*-algebras (A X x, Z) X, xa, G, A € A are nuclear.

If A is nuclear, then, by [7, Proposition 4.3], A x x Z is nuclear. On the other hand, since
for each A € A, the C*-algebras (A x x Z), and A\ X x, Z are isomorphic [11, Proposition
3.8], A x x Z is nuclear if and only if the C*-algebras Ay xx, Z, A € A are nuclear. Since
G is amenable and Ay X x, Z, X € A are nuclear, (A X x, Z) X+, xa, G, A € A are nuclear,
and the proposition is proved. O
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