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On nonconvex retracts in normed linear spaces

GUOWEI ZHANG and PENGCHENG LI

ABSTRACT. Let E be a real normed linear space. A subset X C F is called a retract of E if there exists a
continuous mapping r : E — X, a retraction, satisfying r(z) = z, « € X. Itis well known that every nonempty
closed convex subset of E is a retract of E. Nonconvex retracts are studied in this paper.

1. INTRODUCTION

Let E be a real normed linear space with the zero element denoted by . A nonempty
convex closed set P C FE is called a cone if it satisfies the following two conditions: (i)
Az € Pforxz € Pand A > 0; (ii) 2 € P implies x = 6. For the properties of cones we
refer to [4, 5]. A functional v : P — R is convez if y(tx + (1 — t)y) < ty(z) + (1 — t)y(y)
forany x, y € Pand ¢t € [0, 1]; 7 is concave if —v is convex. The function ~ is bounded if
the image of any bounded set in P under v is bounded as well. The open ball centered at
6 with radius R > 0 is denoted by B = {z € E | ||z|| < R}. Throughout this paper, the
notations

Dy ={z € Pla(x) < Ri}, D2 ={z € P| B(x) < Ry}
and
Dy ={x € Pla(z) 2 R}, Dy = {x € P| B(x) > Ry}
are always used for the functionals «, 5 : P — [0, +00) and the constants Ry, Ry > 0.

A subset X C F'is called a retract of F if there exists a continuous mapping r : £ — X,
a retraction, satisfying 7(z) = z, * € X. It is well known that every nonempty closed
convex subset of E is a retract of E [1, 3]. By a theorem due to Dugundji [1], D = {z €
E | ||z|| > R}(R > 0) is a nonconvex retract in infinite dimensional spaces. The concept
of retract plays a very important role in fixed point theory, see [4]-[8]. In [7] there are the
following results for nonconvex retracts.

Theorem 1.1. Let P be a cone in E, a : P — [0, +00) be a continuous convex functional and
B : P — [0,400) be a bounded continuous concave functional with a(0) = B(0) = 0 and
a(x) >0, B(x) > 0forx # 0, both {x € P| a(z) < R} and {x € P| f(z) < R} be bounded for
all R > 0. If
(L.1) Bluz) > B(a) for > 1, € P\{6)},
then D1 N Dy is a retract of E.
Theorem 1.2. Let P bea cone in E, o : P — [0, +00) be a continuous functional and g : P —
[0, +00) be a continuous concave functional with a(0) = F(0) = 0and a(x) > 0, B(x) > 0 for
x # 0. If (1.1) holds and
a(Az) < Aa(z) for X € [0,1], z € P,

then D} N DY is a retract of E.
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0 Dll N Dy
In this paper we prove that D} N D; is a retract(see the figure above) under some con-
ditions, where o, : P — [0, 4+00) are respectively continuous convex and concave func-
tionals. Two examples are given respectively in infinite and finite dimensional spaces
to illustrate that D} N D, is nonconvex. As for D N Dj, it is obviously a retract if it is
nonempty since it is closed convex.

2. MAIN RESULTS
The following lemma in [2] is needed to prove the main theorem.

Lemma 2.1. Let X and Y be topological spaces and {A; | i = 1,2,--- ,n} be a finite family of
closed sets such that X = UP_ A;. If fi = A; — Y is continuous and fi|la,na;, = filaina,
fori # j(i,j = 1,2,--- ,n), then there exists a unique continuous map f : X — Y such that
qu‘, = fz(Z = 1723"' 7”)'

Theorem 2.3. Let P be a cone in E, o : P — [0,400) be a uniformly continuous convex
functional and 5 : P — [0,400) be a bounded continuous concave functional with () =
B(0) = 0and a(x) > 0, B(x) > 0 for x # 0. Suppose that for R > 0, {x € P | f(z) < R} is
bounded. If

(2.1) R15(z) < Rya(z) for x € D1 N Dy
and
(2.2) Bz + Ay) < B(z +y) forz,y € P, A€ [0,1],

then D} N Dy is a retract of E.

Proof. (I) We first prove that Dy is a retract of E.
(i) It is clear that DY # () since D5 is bounded. Take R > 0 such that

Dy C {z € P|||z]| < R} = Pg

and D) N Pg # . Since Pg is closed convex, there exists a retraction ¢; : £ — Pg.

(ii) Because S(z) is a bounded functional, there exists a constant M > Rs such that
B(z) < M for x € D} N Pg. It follows from the boundedness of Dy 11 = {z € P | f(z) <
M + 1} that there exists R’ > R such that §(z) > M + 1 for x € PN 9Bg:. Since 0 & D}

we can define

_ B(R/[‘T])*RQ 7 — Rl o /
0 = ) — gy ) fere € D P

here and later [z] stands for z/||z|| for x € E\{#}. Obviously, g2 is continuous on D} N Pkg.



On nonconvex retracts in normed linear spaces 261

(iii) Consider the topological space D; N Pr and denote
Ar={z e DyNPr||g()| < R}, A2 ={z € D3N Pr||g2(x)| = R'}
which are closed sets in D N Pg. It is clear that D, N Pr = A; U As. Define
ha,(z) = go(z) + R'[x] forz € Ay and ha,(xz) = 0 for z € A,.

Both h 4, and h 4, are continuous.
We will show that hy4, : A1 — P. In fact, since ||g2(z)|| < R/, that is,

R, _ B(R[)) - R,

(2.3) H»B»B(ﬂﬁ)(x - R[z])|| = m(R, —|lz])) < R,
we have
_(BE) =Ry oy ) 1y

Forxz € AinNAy = {y € DyN Pr | |lg2(y)|| = R'}, it follows from (2.3) and (2.4) that
ha,(z) = ha,(z) = 6. By Lemma 2.1 there is a unique continuous map g3 : D5 N P — P
such that g3| 4, = ha, and g3|a, = ha,

(iv) Define

/ .
mi) = { 0 e RO

Forz € {y € P| S5(y) = Ra2} N P, we have that g2(x) = = — R'[z] and ||g2(z)|| =
R'—||z|| < R'. Therefore, g3(x) = x and hence g4 : Pr — P is well defined and continuous.

(v) Now we show that for € D, N Pgr, 3(g3(z)) < Ry, i.e., g4 : Pr — Ds.

In fact, when ||g2(2)|| > R/, B(g3(z)) = 0 < Ry; when ||g2(z)|] < R/, it follows from
ﬂ(.ﬁ) > R2 that

e B(R[x])
o R/ xT|)— R2
9 = 5 ) - pla)
_ BR[z]) — B(=) B(R'[z]) — B(x)\
= B(R]) - R g3(x) + (1 — > R'[z].
By the concavity of 5, we have

B(R'la]) - () B(R'la]) - ()
P 2 G ) BR)) ~ R,

p(R[x]) — B(R'[x]) — Ry ) Ty
30 < )@ ~ (g =y ~ 1) PRleD = e
(vi) Let f1(x) = ga(91(x)) for z € E, then f; : E — D5 is a retraction.
(II) In the following we prove step by step that D} N D is a retract of E.
(i) Since « is uniformly continuous and 3 is continuous with a(f) = §(6) = 0, there
exists xg € D2\ {0} such that a(zg) < R1/3, 8(x9) < Rz/2 and for z € P,
Ry

(25) la(a +0) — afw)| < =L

(z — R'[2]) + R'[x],

bt + (1 ) stta),

(ii) Define

Ry

Rl,ﬁ(ﬂﬁ+$o)<}.

W:{weDlﬂDga(x+m0)< 5 5
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Clearly, W # () due to # € W. Now we show that for z € W,

(2.6) Q@ <x +xg — 20‘(35‘”30)%> > 0.
R’
When a(z + z9) = R1/2, we have
2
N (m o a<w+mo>x0> _ a(a).
R’

If a(z) = 0, then x = 0 and a(x + z¢) = a(z9) = Ri/2 which contradicts a(xy) < R1/3.
Hence = # 6 and a(z) > 0, that is, (2.6) holds.
When a(z 4+ x0) < R1/2, we have

2a(x + x0)

R1 o S P\{9}7

T+ xg —
which implies that (2.6) holds.

(iii) Here we prove that W N D] = (. Otherwise, for x; € W N D}, we have from
x1 € Dj that a(z1) > Ry and from z; € W that a(z1) < R; with a(z1 + z0) < R1/2.
Hence a(x1) = Ry and a(z1) — a(x1 + z¢) < R1/3 by (2.5). Consequently,

Ri Ry bHRy

Sy 2N R
3726 -
The contradiction implies that W N D} = @ and W N (D] N D3) = 0.

(iv) Consider the topological space Dy. Denote O = {x € Dy | a(x + z9) < R1/2}
which is open in Ds. Let A3 = (D1 N D2)\O and A4 = D} N Dy which are closed sets in
D,. Obviously, D, = W U A3 U Ay. Define

R
Ry =a(r) < ?1 + a(ry +20) <

2a(xz+z0)

r+xo—
hw (z) = Ry T _forze W,
a(m—kmo—%ﬂxo)

T

hAg (LL') = Rl OL(,I)

forz € Az and ha,(x) =z forz € Ay
which are all continuous.

If x € W N Az, then a(x + z9) = R1/2 and hy (z) = ha,(x); if x € Az N Ay, then
a(xz) = Ry and ha,(z) = ha,(z). By Lemma 2.1 there is a unique continuous map f, on
D5 such that f2|W = hw, f2|A3 = hAz and f2|A4 = hA4

(v) In this step we will show that f, : Dy — D} N Ds.

If x € Ag, then 2 = (a(x)/Ry) fo(x) and

o) = o (G2 alo) + (1= 252)0) < Gahato)

thus a(f2(x)) > R;. Since

a(z)

50) = 5 (e o)+ (1 %50)0) = st

we have that 8(f2(z)) < (R1/a(z))B(z) and S(f2(x)) < Rz by (2.1).
If x € W, since

2(x + x 1 2(x + x
(2.7) T+ x0 — %xo = R—la (x + 1z — (Rlo)xo> fa(x)
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and
oz +zo — %ﬁ'”")xo)
= (1 - 200ty (g 4 ) + 20(zteoly)
(2.8) (1- mﬁ%)a(aj ¥ o) + 20‘(fgm)a(x)

2a(x+x R 2a(x+x
(1 - Oé(Rl 0)>71 + (Rl O)Rl
% +Oé(l‘+1’0) § Rl,

[N IA

we have from the convexity of « that

(Z‘ Tz — 2o¢(r-i-:t0) )

VH

< oot ro- R0l
and thus a(f2(z)) > R;. It follows from (2.2) that
B <$+$0— 2Oé(ac_h%o)ﬂﬁo) < Bz + o) < U < Ry,
Ry 2
and hence = + z¢o — (2a(z + x¢)/R1)xo € D1 N Do by (2.8). From (2.1) we have
(2.9) RiB <:r + 29 — 2a(z + o) xo)x()) < Rya (x + 20 — 2a(z + 2o) xo):c()) .
Ry Ry

By (2.7) and the concavity of 5, we have

5(m+x O‘(;%T‘TO) 0)

5(121 a(z +zo — 2a(1+m°)$0)f2(33))
> Ra(:c—i—xo 26“("””) z0) B(

Therefore (2.9) leads to 5(f2(x)) < Ras.
(vi) Let r(z) = fa(f1(x)) for z € E, thenr : E — D} N Dy is a retraction, i.e., D} N Dy is
a retract of F. O

33‘

Remark 2.1. By Theorem 3.1 in [7] and references therein, the retracts in Banach Spaces
can be applied to compute fixed point index in cones and to obtain the existence and the
location of positive fixed points about nonlinear completely continuous operators.

3. EXAMPLES

In this section two examples are given respectively in infinite and finite dimensional
spaces to illustrate that D} N Dy is nonconvex.

Example 3.1. Let £/ = C[0, 1] with the norm |[|z|| = max;c,1] [z(t)| for 2 € C[0, 1] and
1
P= {x € C[0,1] | z(t) > 0fort € [0,1], min x(t) > |x||} .
te(1/3,2/3]
Define two functionals as

alz) = te[III}g,};/B] z(t) and f(x) = te[{l}ég/3] x(t) for x € P.
Obviously, Pisaconein E, a.: P — [0, 400) is a uniformly continuous convex functional
and 5 : P — [0,+00) is a bounded continuous concave functional with a(0) = () = 0
and a(x) > 0, B(z) > 0forx # 6, Dr = {x € P| B(z) < R} is bounded for any R > 0.
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Let R = Ry = 4/9and z1(t) = t, z2(t) = (t — 1)? for t € [0,1]. It is easy to see that
x1, 22 € D] N Dy. Clearly, (2.1) and (2.2) hold. Since

L+ in)= L <r
G \gPr T2 ) T g s

it follows that D} N D is nonconvex.

Example 3.2. Let E = R?and P = {(z,y) € R?> | x > 0,y > 0}. For (z,y) € P define
a(z,y) = v+ yand B(z,y) = min(z + y, /= + ,/y) which immediately shows that / is
concave (as the minimum of concave functions) and satisfies (2.2). Obviously, P is a cone
inE, a: P — [0,+00) is a uniformly continuous convex functional and 8 : P — [0, +c0)
is a bounded continuous functional with (0, 0) = 8(0,0) = 0 and a(z,y) > 0, B(z,y) >0
for (z,y) # (0,0), Dr = {(z,y) € P | B(z,y) < R} is bounded for any R > 0.

Let Ry = Ry = 3. Itis clear that (2.1) is satisfied. Since (0,9),(9,0) € D] N Dy and
B((0,9)/2 +(9,0)/2) = V4.5 + /4.5 > 3 = Ry, It follows that D} N Dy is nonconvex.
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