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Amenability and Fan-Glicksberg theorem for set-valued
mappings

ABSTRACT.

In this paper, we begin by discussion of some well known results on the existence of left invariant means in the
spaces: LUC(S), AP(S) and W AP(S) with Hahn-Banach extension theorem. We then give a new and precise
proof of the well known Fan-Glicksberg fixed point theorem. This is then followed by a discussion on some
related open problems.

Acknowledgment. The authors would like to thank the referees for their recommendati-
ons. The first author is supported by NSERC Grant MS ZC912.

REFERENCES

[1] Agarwal, R. P, Huang, N.]J. and Cho, Y.]., Generalized nonlinear mixed implicit quasi-variational inclusions with
set-valued mappings, J. Inequal. Appl., 7 (2002), 807-828
[2] Alimohammady, M., Balooee, J., Cho, Y. J., and Roohi, M., Iterative algorithms for a new class of extended
general nonconvex set-valued variational inequalities, Nonlinear Anal., 73 (2010), No. 12, 3907-3923
[3] Berglund, J. F, Junghenn, H. D., and Milnes, P., Analysis on semigroups: Function Spaces, Compactifications,
Representations, Wiley-Interscience, New York, 1989
[4] Cho, Y. ], Fang, Y. P, Huang, N. J., and Kim, K. H., Generalized set-valued strongly nonlinear variational
inequalities in Banach spaces, J. Korean Math. Soc., 40 (2003), No. 2, 195-205
[5] Cowling, M. and Rodway, P., Restrictions of certain function spaces to closed subgroups of locally compact groups,
Pacific J. Math., 80 (1979), No. 1, 91-104
[6] Kaniuth, E. and Lau, A.T.-M., A separation property of positive definite functions on locally compact groups and
applications to Fourier algebras, J. Funct. Anal., 175 (2000), No. 1, 89-110
[7] Kaniuth, E. and Lau, A.T.-M., On a separation property of positive definite functions on locally compact groups,
Math. Z., 243 (2003), No. 1, 161-177
[8] Kaniuth, E. and Lau, A. T. M., Fourier and Fourier-Stieltjes algebras on locally compact groups, Mathematical
Surveys and Monographs, 231, American Mathematical Society, Providence, RI, 2018. xi+306 pp.
[9] Kaniuth, E. and Lau, A.T.-M., Fourier and Fourier-Stieltjes Algebras on Locally Compact Groups, American
Math. Society, Math Surveys and Monographs, 271 pages, in press
[10] Day, M. M., Fixed-point theorems for compact convex sets, Illinois J. Math., 5 (1961), 585-590
[11] Day, M. M., Semigroups and Amenability, Semigroups, (edited by K. W. Folley) Academic Press, (1969), 1-53
[12] Fan, K., Fixed-point and minimax theorems in locally convex topological linear spaces, Proc. Nat. Acad. Sci. U.S.A.,
38 (1952), 121-126
[13] Fan, K., Extension of invariant linear functionals, Proc. Amer. Math. Soc., 66 (1977), No. 1, 23-29
[14] Glicksberg, I. L, A further generalization of the Kakutani fixed theorem, with application to Nash equilibrium points,
Proc. Amer. Math. Soc., 3 (1952), 170-174
[15] Hewitt, E. and Ross, K. A., Abstract Harmonic Analysis: Volume I Structure of Topological Groups, Integration
Theory, Group Representations, Springer-Verlag, 1963

Received: 18.09.2017; In revised form: 13.06.2018; Accepted: 15.07.2018

2010 Mathematics Subject Classification. 46A03, 46A22.

Key words and phrases. amenability, Hahn-Banach extension, invariant mean, semigroup, Fan—Glicksberg theorem,
set-valued mapping, fixed point property.

Corresponding author: A. T.-M. Lau; anthonyt@ualberta.ca

341



342 A.T.-M. Lau and L. Yao

[16] Greenleaf, E. P., Invariant means on topological groups and their applications, Van Nostrand Math. Studies No.
16, Van Nostrand Rheinhold, Princeton, N. J., 1969

[17] Holmes, R. D. and Lau, A.T.-M., Non-expansive actions of topological semigroups and fixed points, ]. London
Math. Soc., 5 (1972), 330-336

[18] Kakutani, S., A generalization of Brouwer’s fixed point theorem, Duke Math. J., 8 (1941), 457459

[19] Lau, A.T.-M., Invariant means on almost periodic functions and fixed point properties, Rocky Mountain J. Math.,
3(1973), 69-76

[20] Lau, A.T.-M., Amenability and invariant subspaces, J. Austral. Math. Soc., 18 (1974), No. 2, 200-204

[21] Lau, A.T.-M., Invariant means on almost periodic functions and equicontinuous actions, Proc. Amer. Math. Soc.,
49 (1975), 379-382

[22] Lau, A.T.-M., Extension of invariant linear functionals: a sequel to Fan's paper, Proc. Amer. Math. Soc., 63 (1977),
No. 2, 259-262

[23] Lau, A.T.-M. and Yao, L., Common fixed point properties for a family of set-valued mappings, ]. Math. Anal. Appl.,
459 (2018), No. 1, 203-216

[24] Rudin, R., Functional Analysis, Second Edition, McGraw-Hill, 1991

[25] Silverman, R. J., Means on semigroups and the Hahn-Banach extension property, Trans. Amer. Math. Soc., 83
(1956), 222-237

[26] Wong, J. C. S., Topological invariant means on locally compact groups and fixed points, Proc. Amer. Math. Soc., 27
(1971), 572-578

L UNIVERSITY OF ALBERTA

DEPARTMENT OF MATHEMATICAL AND STATISTICAL SCIENCES
EDMONTON, ALBERTA, T6G 2G1 CANADA

E-mail address: anthonyt@ualberta.ca

2 INTERNATIONAL COLLEGE OF MANITOBA
WINNIPEG, MANITOBA, R3T 2N2 CANADA
E-mail address: 1iangjinyao@gmail.com



	References

