CARPATHIAN ] MATH. Online version at https://www.carpathian.cunbm.utcluj.ro/
Volume 37 (2021), No. 1, Print Edition: ISSN 1584 - 2851; Online Edition: ISSN 1843 - 4401
Pages 119 - 126 DOI https:/ /doi.org/10.37193/CJM.2021.01.12

On Hyper-Chordal graphs

MIHAI TALMACIU

ABSTRACT. Triangulated graphs have many interesting properties (perfection, recognition algorithms, com-
binatorial optimization algorithms with linear complexity). Hyper-triangulated graphs are those where each in-
duced subgraph has a hyper-simplicial vertex. In this paper we give the characterizations of hyper-triangulated
graphs using an ordering of vertices and the weak decomposition. We also offer a recognition algorithm for the
hyper-triangulated graphs, the inclusions between the triangulated graphs generalizations and we show that
any hyper-triangulated graph is perfect.

1. INTRODUCTION

Due to the properties of the triangulated (chordal) graphs (i.e., perfection, recognition
algorithms and ability to solve some combinatorial optimization problems (determining
the stability number and minimum number of covering cliques) with linear complexity
algorithms), various ways of generalizing this notion were introduced. Among these, we
quote the class of weakly triangulated graphs (R. Hayward [6], see [3]. A graph is weakly
triangulated if neither it nor its complement contains a chordless cycle with ve or more
vertices (ie {Cx,C},} ¢ G,Vk > 5)).

Another generalization is the class of slightly triangulated graphs (F. Maire [8]. A graph
G is slightly triangulated if it satisfies the two following conditions: 1. G contains no
chordless cycle with at least 5 vertices. 2. For every induced subgraph H of G, there is a
vertex in H with the neighborhood in H contains no chordless path of 4 vertices.).

Another generalization is the class of quasi-triangulated graphs (Ion Gorgos, Chinh T.
Hoang, and Vitaly Voloshin [4]. A graph is quasi-triangulated if each of its induced sub-
graphs has a vertex which is either simplicial (its neighbors form a clique) or cosimplicial
(its nonneighbors form an independent set). The authors prove that a graph G is quasi-
triangulated if and only if each induced subgraph H of G contains a vertex that does not
lie in a hole, or an antihole (A hole is an induced subgraf that is a chordless cycle with
at least 4 vertices and an antihole is complementary to a hole). In addition, the authors
present an algorithm that recognizes a quasi-triangulated graph in O(nm) time).

A graph G is hyper-triangulated if each of its induced subgraphs has a vertex which is
hyper-simplicial (ie, the connected components of its neighbors in the complement of G
(G) are modules).

2. PRELIMINARIES

According to ([2]), G = (V, E) is a connected, finite and undirected graph, without
loops and multiple edges, having V = V(G) as the vertex set and E = E(G) as the set
of edges. G (or co-G) is the complement of G. If U C V, by G(U) (or [U], or [U]) we
denote the subgraph of G induced by U. By G — X we mean the subgraph G(V — X),
whenever X C V, but we simply write G — v, when X = {v}. If e = 2y is an edge of a
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graph G, then = and y are adjacent, while = and e are incident, asare y and e. If zy € E, we
also use the property  ~ y, and « # y whenever z,y are not adjacentin G. If A,B C V
are disjoint and ab € E for every a € Aand b € B, we say that A, B are totally adjacent and
we denote by A ~ B, whileby A 4 B we mean that no edge of G joins some vertex of A to
a vertex from B and, in this case, we say A and B are fotally non-adjacent. Let G = (V, E)
and G’ = (V', E') be two graphs. We call G and G’ isomorphic, and write G ~ (', if there
exists a bijection ¢ : V' — V' with zy € E if and only if p(z)p(y) € E' forall z,y € V.

The neighborhood of the vertex v € V is the set Ng(v) = {u € V : uv € E}, while
Ng[v] = {v} U Ng(v); we denoteN (v) and N[v], when G appears clearly from the context.
The degree of v in G is dg(v) = |[Ng(v)| . The neighborhood of the vertex v in the comple-
ment of G will be denoted by N (v). If the degree of v in G is dg(v) = 0 then v is isolated
vertex.

The neighborhood of S C V is the set N(S) = UyesN(v) — S and N[S] = SUN(S). A
graph is complete if every pair of distinct vertices is adjacent.

A clique is a subset ) of V' with the property that G((Q)) is complete. A stable set is a
subset X of vertices where every two vertices are not adjacent.

By P,, C,, K, we mean a chordless path on n > 3 vertices, a chordless cycle on n > 3
vertices, and a complete graph on n > 1 vertices, respectively.

A hole is a chordless cycle with at least four vertices, and an antihole is the complement
of a hole.

Let F denote a family of graphs. A graph G is called F - free if none of its subgraphs
arein F.

The sum of the graphs G, G3 is the graph G = G + G4 having:

V(G) =V(G1) UV(G2),

E(G)=E(G1)UE(G2) U{uww :u e V(Gy)w e V(Ga)}.

A class H of graphs is called hereditary if every induced subgraph of a graph in H is in
H.

3. RESULTS ON HYPER-CHORDAL GRAPHS

3.1. The weak decomposition of a graph. We recall a characterization of the weak de-
composition of a graph.

Definition 3.1. ([10,11]) A set A C V(G) is called a weak set of the graph G if Ng(A) #
V(@) — Aand G(A) is connected. If A is a weak set, maximal with respect to set inclusion,
then G(A) is called a weak component. For simplicity, the weak component G(A) will be
denoted with A.

Definition 3.2. ([10,11]) Let G = (V, E) be a connected and non-complete graph. If A is a
weak set, then the partition {A, N(A),V — AU N(A)} is called a weak decomposition of
G with respect to A.

The name of weak component is justified by the following result.

Theorem 3.1. ([11]) Every connected and non-complete graph G = (V, E) admits a weak com-
ponent A such that G(V — A) = G(N(A)) + G(N(A)).

Theorem 3.2. ([11]) Let G = (V, E) be a connected and non-complete graph and A C V. Then
A is a weak component of G if and only if G(A) is connected and N(A) ~ N(A).

The next result, that follows from Theorem 3.2 , ensures the existence of a weak decom-
position in a connected and non-complete graph .

Corollary 3.1. If G = (V, E) is a connected and non-complete graph, then V admits a weak
decomposition (A, B, C), such that G(A) is a weak component and G(V — A) = G(B) + G(C).
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Theorem 3.2 provides an O(n + m) algorithm for building a weak decomposition for a
non-complete and connected graph.
Algorithm for the weak decomposition of a graph ([10], see [11])
Input: A connected graph with at least two nonadjacent vertices, G = (V, E).
Output: A partition V = (A, N, R) such that G(A) is connected, N = N(A),
R = N(A)and A%R.

Begin
A= any set of vertices such that AUN(A) #V
N:=N(A)

R:=V—-AUN(A)
While (3ne N, 3re R such that nr¢E) do
Begin

A:=AU{n}
N :=(N - {n})U(N(n)NR)
R:=R-(N(n)NR)

end

end

3.2. Hyper-triangulated graphs.

3.2.1. Definition of hyper-triangulated graphs.

Definition 3.3. A non-empty subset A of V(G) is called a module if Vx € V(G) — A either
x~ Aorx# A If Ais a proper subset of V(G) with at least two elements, then A is called
a homogeneous set.

Definition 3.4. A vertex z of G is called simplicial if [NV (z)], is complete.

Remark 3.1. If x is a simplicial vertex of G then the connected components of [N ()] are
modules.

Since N () is a stable set.

Definition 3.5. ([9]) Let H be a graph, x € V(H) and let [N1]5,--- ,[Npl5 (p > 1) be the
connected components of [N (x)]. The vertex x is called a hyper-simplicial vertex in H
if all sets Ny,- - -, N, are modules in H. Ny, - -, N, are called corresponding components of
x.

The definition is based on the observation according to which for a simplicial vertex,
the connected components of the subgraph induced by its neighborhood in G are mod-
ules.

3.2.2. Inclusions between the generalizations of the triangulated graphs.

Definition 3.6. We call hyper-triangulated graph, a graph G so that any induced subgraph
has a hyper-simplicial vertex.

Remark 3.2. Any simplicial vertex is a hyper-simplicial vertex.
If z is simplicial in H then the connected components of [N (x)]4; are isolated vertices.
Definition 3.7. A vertex x which is not interior to any P, in H is called P, — free.

Theorem 3.3. ([9], the result is also used and in [10]) A vertex x of a graph H is hyper-
simplicial of H if and only if it is P4 — free.
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Corollary 3.2. If x is hyper-simplicial in H then x is hyper-simplicial in any induced subgraph
that contains x.

Ifz is Py — freein H then z is Py — free in any induced subgraph.

Definition 3.8. A graph G is called sequential C}, — freeif VH C G as induced subgraph,
H has the property that 3z € V(H) so that z ¢ Cj (k > 5). A graph G is called sequential
Cy — free if VH C G as induced subgraph, H has the property that 3z € V(H) so that
z ¢ Cy (k>5).

We consider:

T the class of triangulated graphs;

Trr: the class of hyper-triangulated graphs;

Tgr: the class of weakly triangulated graphs;

T(C}): the class of sequentially Cj, — free (k > 5) graphs;
T(Cl): the class of sequentially C, — free (k > 5) graphs;
Te =T(Cr) N ((Ch).

Theorem 3.4. T' C Tyt C T = Tsr holds.

Proof. 1) Let G € T be and H be an induced subgraph of G. H is triangulated, so H has a
simplicial vertex v. Since all connected components of Ny (v) in H are isolated vertices, it
follows that each connected component of Ny (v) in H is a module in H. Therefore, v is a
hyper-simplicial vertex of H. So G € Tyr.

II) Let G € Typ. A) We show G € T(Cy). So, VH C G, H has at least one hyper-
simplicial vertex, i.e. 3z € V(H), x Py — freein H,i.e. z is not the inside vertex of any P,
of H. If G ¢ T(Cy) then 3H C G such thatH ~ Cy(k > 5). Any vertex ¢t of H is an inside
vertex of an induced P,, made of four consecutive vertices during a traversal of Cj, which
contained ¢ inside. So, Vt € V(H) isnot Py — free, i.e. not is hyper-simplicial, contrary to
the assumption that G € Tyr. Therefore G € T(Cy).

B) We show that Ty C T(Cy). Suppose G ¢ T(C}). There is H an induced subgraph
of GsothatVx € V(H): z € Cy (k>5),ie. H ~ Cy (k>5). For H = C}, (k > 5) with
the consecutive vertices 1,2, ...,k , where any two consecutive vertices are not adjacent,
we have: the vertex i(i = 1,..., k) is an inside vertex of Py : i — 2,i,i —3,i — 1,i = 1,..., k
modulo k. So, in H any vertex v is an inside vertex of P, i.e. v is not hyper-simplicial. So,
G is not hyper-triangulated, a contradiction.

III) Obviously Tsy C T¢. We show that T C Tgr. Let G € Te. If G ¢ Tgp then there is
H, an induced subgraph of G, so that H ~ Cj, or H ~ C|,. But then, either for Vz € V(H),
x € Cy or for Vo € V(H), z € C}, a contradiction. O

Below we shall some remarks showing the inclusion between the generalizations of the
triangulated graphs.

Remark 3.3. Let G be {Cy,C4} — free graph. If G is hyper-triangulated graph then G is
quasi-triangulated graph.

Proof. Let G be a hyper-triangulated graph. So VH C G, the H induced subgraph has at
least one hyper-simplicial vertex, i.e. 3z € V(H), z P4 — free in H, i.e. z is not an inside
vertex of any P, of H.

If G is not quasi-triangulated, as G is {Cy, C4} — free, 3Hy C G so that Hy ~ Ci(k > 5)
or Hy ~ Ci(k > 5). Let Hy ~ Ci(k > 5). Any vertex t of Hy is an inside vertex of an
induced P, made of four consecutive vertices during a traversal of Cj which contained
t in inside. So, V¢ € V(Hy) is not P4 — free, i.e. not is hyper-simplicial, contrary to the
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assumption that G is hyper-triangulated. For Hy ~ Cj(k > 5) the consecutive vertices
1,2,...,k, where any two consecutive vertices are not adjacent is checked : the vertex
i(i = 1,..., k) is the inside vertex of P, : i — 2,4,i— 3,1 — 1,4 = 1,...,k modulo k . So, in Hy,
any vertex v is interior of Py, i.e. v is not hyper-simplicial. So, G is not hyper-triangulated
which is a contradiction. O

Remark 3.4. There are hyper-triangulated graphs that are not slightly triangulated graphs.

Let G be the graph consisting of two Py : x1,22,x3,24 and Py : x5, 2, T7, 2 SO that
any vertex of a P, is adjacent to any vertex of the other P;. The neighborhood of any
vertex contains P4, so G is not slightly triangulated. On the other hand, there is the
sequence [x1,z2, T3, %4,Ts5, Te, T7, Tg] SO that the vertex z; is hyper-simplicial in G; =
[zi, -+ ,28]5,i=1,---,8. S0 G is hyper-triangulated (see Theorem 3.6).

Remark 3.5. There are slightly triangulated graphs that are not hyper-triangulated graphs.

Let G be the graph obtained from Cy : x4, - - - , 29 to which we add the edges z2x5, 573,
xgx2. Since Cy, ¢ G, (k > 5) and the neighborhood of any vertex in any induced subgraph
of G does not contain Py, it follows that G is slightly triangulated. For H = G — {3, x4},
as each vertex of H is inside a P, it follows that G is not hyper-triangulated.

Remark 3.6. Let G be a C4 — free graph. G is a triangulated graphs if and only if G is
hyper - triangulated graphs.

If G is triangulated, according to the Theorem 3.4 it follows that G is hyper-triangulated.
If G is hyper-triangulated then according to the Theorem 3.4, G is Cj, — free, (k > 5). Since
G is C4 — free, it results that G is triangulated.

Remark 3.7. Let Gbe a Cy — free graph. G is a slightly triangulated graph if and only if
G is a hyper- triangulated graph.

Let G be hyper-triangulated and Cy — free. From the Remark 3.6, it follows that G
is triangulated. So, Vk > 4, C, ¢ G and VH C G, 3z € V(H) so that P, ¢ Ny(x).
Therefore, Vk > 5, Cx, ¢ Gand VH C G, 3z € V(H) so that Py ¢ Ny(z), i.e. G is slightly
triangulated.

Let G be slightly triangulated and Cy — free. ThenVk > 4, C;, ¢ G and VH C G,
3z € V(H) so that P, ¢ Ny (). Thus, G is triangulated. According to the Theorem 3.4, it
follows that G is hyper-triangulated.

Theorem 3.5. Any quasi-triangulated graph is weakly triangulated.

Let G be a quasi-triangulated graph and VH, induced subgraph. Then 3z € V(H)
sothatz ¢ Cy(k > 4) and z ¢ Cy(k > 4). According to the Theorem 3.4, it follows that
Tst = Tc, where To = T(Cy)NT(Ck), (k > 5). Since, if z ¢ Ci(k > 4) then x ¢ Cy(k > 5)
and if z ¢ Cy(k > 4) then = ¢ Cr(k > 5), it follows that G is weakly triangulated.

3.2.3. Characterizatios of the hyper-triangulated graphs by using an ordering of vertices set.

Definition 3.9. Let G= (V,E) be a graph. A proper subset A C V is called hyper-stable
if the connected components of [A], are modules. A proper subset A C V is called a
hyper-clique if A is hyper-stable in G.

Remark 3.8. Any clique is hyper-clique.

Remark 3.9. A vertex v is hyper-simplicial if and only if the neighborhood of v, N(v), is a
hyper-clique.
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Theorem 3.6. AgraphG = (V, E) is hyper-triangulated if and only if there is an ordering of
vertices x1, %2, -+ , Ty 50 that the vertex x; is hyper-simplicial in the graph G; induced in G by
the set {x;, -+ ,xp}fori=1,...,n.

Proof. 1. 1If G is a hyper-triangulated graph then we note with z; the hyper-simplicial

vertex of G;=G-{x1, -+ ,x;_1}, for i = 1,...,n. The order z1, x5, - ,x, thus obtained
satisfies the condition from the enunciation.
2. We consider 1, z2, - - - , z,, an ordering of vertices of G satisfying the condition from

the enunciation, and H an induced subgraph of G. The order of the vertices in G induces
an order of vertices in H. We consider x € V(H), the first element in the order of vertices
of H, induced by the order of G. If z = x; then x is hyper-simplicial in G;. According to
the choice of =, we have V(H) C V(G;). Then x is hyper-simplicial in H, since z being
P, — freein G, is Py — freein H. O

3.2.4. Characterizatios of the hyper-triangulated graphs by using weak decomposition.

Remark 3.10. If A is hyper-clique in G then A is hyper-clique in any induced subgraph H
of Gwith A C V(H).

Theorem 3.7. ([10]) LetG = (V, E) be a connected and incomplete graph. G is triangulated if
and only if, for any weak decomposition (A; N; R) with G(A) weak component:

1) N is a clique

2) G(R) and G(V — R) are triangulated.

A result similar to the triangulated graphs, from Theorem 3.7, it follows and for hyper-
triangulated graphs, presented below.

Theorem 3.8. Let G = (V, E) be a connected and incomplete graph. G is hyper-chordal if and
only if for any weak decomposition (A, N, R) with G(A) weak component:

(1) N is hyper-clique

(2) G(R) and G(V — R) are hyper-chordal.

Proof. 1). Let G be a hyper-triangulated graph. Then G(R) and G(V — R) are hyper-
triangulated graphs. So, for every induced subgraph, F' of G(R), there is z € V(F), =
hyper-simplicial vertex. Thus, N(x) is hyper-clique. Since z € V(F) C Rand R ~ N, it
follows that N C N(z). So, N is the hyper-clique.

II) Suppose (1) and (2) hold. We show that G is a hyper-triangulated graph. If G is not
a hyper-triangulated graph, 3H C G, H as an induced subgraph, so that Vo € V(H), z is
not hyper-simplicial vertex in H, i.e. 3P, in H so that z is an interior vertex of Py.

Py does not exist in G(R) so that x is an interior vertex, Py does not exist in G(V — R)
so that z is an interior vertex. There could be P, with V(Py) N A # ¢, V(Py) NN # ¢
and V(P4) N R # ¢. The only possibilities would be (with z an interior vertex) Case I:
Py :a,an,n,nr,r,rn’,n', wherea € A,n,n’ € N,r € R;Casell: P, : a’,d’a,a,an,n,nr,r,
where a’,a € A,n € N,r € R. Since N is the hyper-clique, according to the Remark 3.9,
it results that 3v € A U R so that v is hyper-simplicial vertex and N C N(v). For veR,
since v is a hyper-simplicial vertex, it follows that v is not inside any P, i.e. case I does
not hold. For veA, since v is a hyper-simplicial vertex, it follows that v is not inside any
P,, i.e. case Il not hold. O

3.2.5. Recognition algorithm for hyper-triangulated graphs.

The above results lead to the following recognition algorithm.
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Consequence 1. Recognition algorithm for hyper-triangulated graphs
Input: A connected graph with at least two nonadjacent vertices, G = (V, E).
Output: An answer to the question: is G a hyper-chordal graph ?
begin
L :={G};//L alist of graphs
While (L # ¢)
Extract an element F from L;
Find a weak decomposition (A, N, R) for F;
If (N not hyper-clique in F) then
Return: G is not hyper-chordal
else introduce in L the connected components of G(R), G(V — R) incomplete
Return: G is hyper-chordal
end

The fact that NV is a hyper-clique is proved by using Remark 3.9 and Theorem 3.3 (i.e. N
is hyper-clique if and only if 3v € A U R such that v is not inside any P,). Since Theorem
3.2 provides an O(n+m) algorithm for building a weak decomposition for a non-complete
and connected graph and since the recognition of Ps-free graphs is performed in O(n+m)
([5]) time and finding of small cycles in undirected graphs in O(m! %) ([1]) time, then, the
algorithm is run in O(n(n + m!'93)).

3.2.6. Hyper-triangulated graphs are perfect.

Using Theorem 3.4, we show that any hyper-triangulated graph is perfect.

A graph is perfect if for all induced subgraphs H : x(H) = w(H), where x is the
chromatic number (the chromatic number of a graph is the minimum number of colours
needed to label all its vertices in such a way that no two vertices with the same color are
adjacent) and w is the size of a maximum clique.

A graph G is minimal imperfect if and only if G is not perfect and any subgraph G —
v(v € V(G)) is perfect. A graph G is unbreakable if it has at least three vertices and neither
G nor G no star cutset (A nonempty of vertices set 7' in the connected graph G = (V, E) is
called star cutset if G — T is non-connected and there is a vertex v of T' which is adjacent
to all the remaining vertices of 7T').

In ([7]) the author show that every vertex in an unbreakable graph is in a disc, where a
disc is a chordless cycle, or the complement of a chordless cycle, with at least five vertices.
A corollary is that every vertex in a minimal imperfect graph is in a disc.

Theorem 3.9. Any hyper-triangulated graph is perfect.

Proof. Let G be a hyper-triangulated graph. If G is minimal imperfect then G is unbreak-
able ([7]). So, any vertex of G is a disc ([7]). So, G & T(Cx) or G € T(Cy) (k > 5),
contradicting Theorem 3.4. So G is perfect. O

4. CONCLUSIONS

In this paper, we have shown several characterizations of the hyper-chordal graphs as
another generalization by using the ordering of vertices according to the Theorem 3.6 as
well as the weak decomposition based on the Theorem 3.8. Their properties also emerge
from the inclusions between the generalizations of the chordal graphs shown by several
theorems and remarks,such as the Theorem 3.4, Remark 3.3... 3.7 and Theorem 3.5. The
O(n(n + m"3)) recognition algorithm is a useful tool for identifying the hyper-chordal
graphs according to the Consequence 1. In addition, we have proven that any hyper-
chordal graph is perfect according to the Theorem 3.9.
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