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Univalence criteria for a general integral operator

CAMELIA BARBATU and DANIEL BREAZ

ABSTRACT. The main object of this paper is to give sufficient conditions for the general integral operator
Tr, to be univalent in the open disk U, when g;, hi, k; € Gy, for all i = 1,n. This general integral operator
was considered in a recent work [Barbatu, C. and Breaz, D., Classes of an univalent integral operator, Studia Univ.
Babes-Bolyai Math., accepted]. The results derived in this paper are shown to follow upon specializing the
parameters involved in our results. Several corollaries of the main results are also considered.

1. INTRODUCTION AND PRELIMINARIES
Let A denote the class of the functions of the form:

(1.1) fR) =2+ anz",

n=2

which are analytic in the open unit disk
U={zeC:|z|<1}

and satisfy the following usual normalization conditions:
f(0)=f(0) -1 =0,

C being the set of complex numbers. We denote by S the subclass of A consisting of
functions f € A, which are univalent in U.
Let 0 < b < 1. In [19] Silverman introduced the class G, defined by

1" !/ !
SUCIE (TP
We consider the integral operator

1+ f'(z)  f(z) 7(2)
— Z 6—1 n L(t) a;—1 . 8 hi(t) i hil(t)) & 3
(1.3) %(z)—{(s/ot 1;[1 < t) (g(1)) (ki(t)) (k/(t)) b
where fi, gi, hi, k; are analytic in U and «, B;,7:,0; € Cforalli = 1,n,n € N\ {0}, € C,
with Reéd > 0.

(1.2) Gy = {fGA:

Remark 1.1. The integral operator 7,, defined by (1.3), introduced by Barbatu and Breaz
in the paper [1] is a general integral operator of Pfaltzgraff, Kim-Merkes and Ovesea types
which extends also the other operators as follows:
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i)Forn=1,6 =1, a1 —1 = oy and 51 = 11 = §; = 0 we obtain the integral operator
which was studied by Kim-Merkes [7],

Fulz) = /O (@)a dt.

if) Forn =1, = 1and oy — 1 = 71 = 0; = 0 we obtain the integral operator which was
studied by Pfaltzgraff [18],

Galz) = / () dt

iii) For o; — 1 = «o; and B; = 7; = 0; = 0 we obtain the integral operator which was
defined and studied by D. Breaz and N. Breaz [2],

Dy (z2) = [5/Ozt51ﬁ (ﬁf))a dtr.

This integral operator is a generalization of the integral operator introduced by Pascu and
Pescar [14].

iv) For o; — 1 = v; = §; = 0 we obtain the integral operator which was defined and
studied by D. Breaz, Owa and N. Breaz [3],

Tn(z) = [5/02 t‘s‘lH[fé(t)]a"' df]

This integral operator is a generalization of the integral operator introduced by Pescar
and Owa in [17] .

v) For a; — 1 = o and «; = §; = 0 we obtain the integral operator which was defined
and studied by Frasin [6],

Fale) = [5 [T (5) gy dt]

This integral operator is a generalization of the integral operator introduced by Ovesea in
[10].
vi) For a; — 1 = ; = 0 we obtain the integral operator which was defined and studied

by Pescar [15],
» n i / 3; 3
5/ | (fi(t)) fz; M) 4
0 = \gi(t) 9;(t)
Thus, the integral operator 7, introduced here by the formula (1.3), can be considered as
an extension and a generalization of these operators above mentioned.

1
5

Zn(z) =

In the present paper, we derive the univalence conditions for the integral operator 7,,,
when g;, hi, k; € Gy, and f; € Afor all i = 1,n, by using three univalence criteria, which
were derived by Pascu [11], [12], and Pescar [14], respectively.

Theorem 1.1. (Pascu [11]) Let f € Aand v € C. If Rey > 0 and

2f"(2))
f'(2)

1 _ |Z|2R€"/

<1
Rey ‘
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forall z € U, then the integral operator

B = (v [ otrom)
0
is in the class S.

Theorem 1.2. (Pascu [12]) Let § € C with Red > 0. If f € A satisfies

L— 2] | 2£"(2)
Red f'(2)
forall z € U, then, for any complex ~ with Rey > Red, the integral operator

B

1

e = (o[ otrom)

Pescar [14], on the other hand, proved another univalent condition asserted by Theo-
rem 1.3.

is in the class S.

Theorem 1.3. (Pescar [14]) Let v be complex number, Rey > 0 and c a complex number, |c| < 1,
c#—Land f € A, f(z) =2+ ax2® + ... If

+(1—z|2’*)m‘ <1

)

forall z € U, then the integral operator
F,(2) = (7 / t”‘lf’(wdt) .
0

Finally, in our present investigation, we shall also need th familiar Schwarz Lemma [8].

is in the class S.

Lemma 1.1. (General Schwarz Lemma [8]) Let f be the function regular in the disk Up =
{z€ C:|z| < R,R > 0} with |f(z)| < M for a fixed number M > 0 fixed. If f(z) has one zero
with multiplicity order bigger than a positive integer m for z = 0, then
FE) < ™ 2 €Un
The equality for z # 0 can hold only if
0o M
f(z) = elgRimZma
where § is constant.

2. THE MAIN UNIVALENCE CRITERION

Our main results give sufficient conditions for the general integral operator 7,, defined
by (1.3) to be univalent in the open disk U.

Theorem 2.4. Let 7,9, a;, Bi, i, 0; be complex numbers, c = Rey > 0, with

(2.4) Z ‘O‘z_”"’ 2b +1) |ﬂz|+2|%|+(4b +2)|5 H
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Ifforalli=1,n, g;,hi, ki € Gy, 0 < b; <1, f; € Aand

2fi(2) 29;(2) zhi(2) 2ki(2)
fiz) 9i(2) hi(2) ki(z)
forall z € U, i = 1,n, then the integral operator T, defined by (1.3) is in the class S.

(2.5) <1

<1,

)

—1’<1,

Proof. We define the function

= [ TI[(4)" s () (358

foralli =1,n, gi,hi, ki € Gp,, 0 < b; <1, f; € Aso, that obviously

=49 wor (5)" (53]

and
e =3[ (G ) oo o (i -5 )+
oo () =Xy (75 ) oo (g )

2 (5E ) - GE )

Since g;, hi, ki € Gp,, 0 < b; < 1foralli =1, n from (1.2) and (1.5) we obtain:

SISl -l
B o o w38 253
o szfii?—zﬁii? T ! '“i -1 <

SZ i ’(‘1‘““ A1 G |5 - 1”*
E_I[ o e | e [T | )+

*Z‘” o ‘ Z[l B e [ e +
+¥{ =1 [ =1 e hz<z>)‘1‘“)]+
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lodt (|5 -1 +1) 101|505 1]+

n

Z{M ki(2)

e

-1

Bl o]
+i{'@" rrem ML ve e R LT 7o |
+§{|5i|bi ﬁg—l‘+|5i|2bi+|éi|’w—1‘+I6 Z:i/((z)) 1” -

_ Z o = U[EEED g+ 10| 2 ]+

n

zki(z) 2h(2)
+;[(le+l&lbi+l&)< 5() —1‘+ e _1D+|/8i|bi+25i|bi:| <

which readily shows that

1= 2% [zH"(2)| _1— |2/ (&
n < i — 1 4+ (20, + 1) |Bil + 2 v 4b; + 2) |9;
e . gla [+ (26 + 1) Bl + 2|l + (40 +2) 5]
1 n
(2.7) <2 (Z[Iai — 1+ (2b; + 1) [Bi] + 2|yl + (4b; +2) 6i|]> <1
=1

By Theorem 1.1 it results that the integral operator 7,, given by (1.3) is in the class S. [

Theorem 2.5. Let o, B;, i, 0; be complex numbers, M; > 1, N; > 1, P, > 1, Q; > 1 are real
numbers, for all i = 1,n and v € C with ¢ = Rey

Z llov: — 1] (2M; + 1) + (b: |Bi] + |Bi]) (2N; + 1)] +

(2.8) +Z (vl 4 16:] bi + [6:]) (2P + 2Q; + 2) + bi |Bi] + 2b; 4] -

Ifforalli =1,n, g;, hi, ki € Gp,, 0 < b; <1 f; € Asatisfy

(2.9) ZQf"/(Zg - 1| <1, zzg?(zg - 1| 1, Z”Wg - 1’ <1, ZWZQ 1| <1,
[fi(2)] [9i(2)] [hi(2)] [ki(2)]
(2.10) Ifi(2)| < M, |g:(2)] < Ny, [hi(2)] < Py, |ki(2)] < Qi

forall z € U, i = 1,n, then for any complex number § with Red > Re~y, the integral operator Ty,
given by (1.3) is in the class S.
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Proof. From the proof of Theorem 2.4, we have

ﬁzé? Sé;hm 353)_4+WWHM+U%)iﬁ%)—1H+
+§1WM+M@+WD(Z£?_4+iﬁg_4)+m@+2mm}

Thus, we obtain
1—|2[* | 2H}/(2)
c H! (z)

SHOND PN
) | oo+ 181)

2%@)1H+

< 1_|Z‘26i |a_

=1

2¢ n

+ LSt i+ )

i=1

zki(z)
ki(z)

< 1_|Z|26271: |o; — 1]
—= c 2

i=1

zhi(2)

fi(2)

z

- 1’) + | B3] b +2|5ibi:| <

2

Md+g

hi() 4—1)

V4
+ 1) + M’sz —|—2|5Hb;| .

4*
2 fi(2)
[fi(2)]
22gi(2)
[gi(z)]z
22hi(2)
[hi(2))?

+

2c n

+FfZMMMHm%
2

+

2c

_|_

(Ivil + 163] bs + [d3]) (

1— o & ki(2) || ki(2)
(211) +——
;;; EORIE
Since | f;(2)| < My, |gi(2)] < Ny, [hi(2)] < By, |ki(2)] < Q4,2 € U, 4 = 1,n and for each f;,
gi, hi, k; satisfy conditions (2.9) and (2.10) , then applying General Schwarz Lemma, we
obtain

(Ivil + 163] bs + [d3]) (

[fi(2)| < Mi |z, [gi(2)] S Nilz|,  [ha(2)] < Pylz],  [ki(2)] < Qile],
forallze U,i=1,n. Using these inequalities from (2.11) we have

2Hy ()| _ 2 2fz)
) | Z" (m@fl

G
[gi(z)]2
22hi()
[hi(2))?

1 _ |Z|26
C

MiJrMiJrl)Jr

2¢c n
+1f'2@%wmn<

i=1

Ni+Ni+1>+

-1

1— |2 &
+l|ZMWMM+M%

i=1

PiJrPiJrl)Jr

_ 2¢c n 27
Pt z:VM+W@+WD<ZM2—1@+QHJ)+%W+2@M]g
i=1 [k:l(z)]
< 13 s — 1] (2M; + 1) 4 (b |5+ 18:]) (2 + 1)) +
C

=1
n

1
2 Z [(1vil 4+ 10:] bi + 16:]) (2F; + 2Q; +2) + bi |Bi] + 2b; 4]
=1
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forall z € U, i = 1, n and from the hypothesis, we get

1— 2™ | 2H}/(2)
<1 .
. () | =t zeU
Applying Theorem 1.2 for the function H,,, we prove that 7,, defined by (1.3) is in the class
S. O
Theorem 2.6. Let oy, B3;, i, 0; be complex numbers, § € C with
(212) Red >y " [low — 1] + (2bs + 1) 8] + 2 |yl + (4bi + 2) 6]
i=1
and let ¢ € C be such that
1 n
(2.13) lef <1-— Res (i = 1|+ (2bi + 1) [Bs] + 2 || + (4bi +2) [d4]] -
i=1
Ifforalli =1,n, g;,hi, ki € Gp,, 0 <b; <1 f; € Aand
2fi(z) 2g(2) ‘ zhi(z) ’ zki(2) ’
2.14 s , S 1< 1, S 1< 1, S 1< 1,
S e 0:(2) e k()
forall z € U, i = 1,n, then the integral operator Ty, given by (1.3) is in the class S.
Proof. From (2.6), we deduce that
2 25 2H1(2) L— |2 | 2H;(2)
1- < <
(112 SH ) | S TS ) S
1 _ n
< e [F L S 11 2+ 1) 81+ 2l + (454 2) 6] <
i=1
<lel+ 52 Z llow — 1] + (2b; + 1) 8] + 2 il + (4b; +2) |6:]] <
<l + 25 5 - [Iai — 1+ (2bi + 1) [Bi] + 2 |yl + (4b; +2) [6:]] < 1
Finally by applying Theorem 1.3, we conclude that 7, is in the class S. O

Theorem 2.7. Let oy, §;, i, §; be complex numbers, M; > 1, N; > 1, P, > 1, Q; > 1 are real
numbers, for all i = 1,n and 6 € C with

MZZ [Jag — 1] (2M; + 1) + (b; |Bi| + | Bi]) (2N; + 1)] +

(2.15) + Z (vl + 03] b; + [6:]) (2P5 + 2Q; + 2) + by | Bi] + 2b; |64]
=1
and let ¢ € C be such that

n

el 1= e > lla — 11 2M; + 1)+ (b6l + 18:]) (2N; + 1) +
=1

(2.16) + > [l 4 18i] bi + 16i]) (2P; + 2Q; + 2) + b [ 8] + 205 [64]] -
=1
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Ifforalli =1,n, g;,hi, ki € Gp,, 0 < b; <1 f; € Asatisfy

21i(2) 2gi(2) 2hi(2) 2k (2)
2 2 2 1 L, 2

[fi(2)] [9:(2)] [2i(2)] [i(2)]

forall z € U, i = 1,n, then the integral operator T,, given by (1.3) is in the class S.

Proof. From the proof of Theorem 2.5, we have

zH](z
el + (1= 1) 5 Ez))

2.17) 1

b

)

<1,

1 n
< — L 1(2M; +1
_\c|+R65;|a | ( +1)+

+ Y [0 1Bs] + 1Bil) (2Ns + 1) + [yl + 82| bi + [8]) (2P: + 2Qs +2) + by |Bi] + 26, [65]]
i=1

forall z € U, i = 1, n and from the hypothesis, we get
26 25 2H} (%)
1- —| <1
el + (1~ I )5H,g(z)
Applying Theorem 1.3 for the function H,,, we prove that 7, is in the class S. O

3. COROLLARIES AND CONSEQUENCES

First of all, upon setting 6 = 1 in Theorem 2.4, we immediately arrive at the following
corollary:

Corollary 3.1. Let v, a;, B;, i, 0; be complex numbers, 0 < Rey < 1, ¢ = Rey, with

¢ > flai — 1+ (2b; + 1) |Bi] + 2|y| + (4b; +2) |61 -

i=1
Ifforalli=1,n, gi,hi ki € Gp,, 0<b; <1, f; € Aand

zfi(2) 29i(2) ’ zhi(2) ‘ zki(2) ‘

Z) | <1, —1 <1, |2 g <, 1 <1,

fi(2) 9i(2) hi(z) ki(2)

forall z € U, i = 1, n, then the integral operator F,,, defined by
O e (O (B )Y
1 n(2) = I (1)) :

e A= 1] [( ) wor (5g) Gog) |

is in the class S.

Letting 6 = 1 and ¢; = 0 in Theorem 2.4, we obtain the following corollary:

Corollary 3.2. Let v, «;, B;,y; be complex numbers, 0 < Rey < 1, ¢ = Rery, with
¢ >3 lo — 1+ (2bi + 1) [Bi] + 2 il -
i=1

IffOTﬂlli = 1,771, g; € gbi, 0<b; <1, fz‘, hi k; € A and
2f1(2) 20!(2) b (2)
fi(2) gi(2) hi(z)
forall z € U, i = 1,n, then the integral operator S,,, defined by

(3.19) Su(z) = /Of[1 l(fiit))m_l (g/(6)" (Zg)ﬂ dt,

is in the class S.

zki(2)
ki(2)

—1‘<1,

—1’<1,

—1‘<1,

—1‘<17
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Remark 3.2. On the integral operator from Corollary 3.2, given by (3.19) if we take v; = 0,
we obtain a known result proven in [6].

Letting 6 = 1 and 3; = 0 in Theorem 2.4, we have the following corollary:

Corollary 3.3. Let v, a;, i, 6; be complex numbers, 0 < Rey < 1, ¢ = Revy, with
> flou — 1] + 2 |yl + (4bi +2) 6] -
i=1

Ifforallz' :1,7’/1, hi, k; € Qbi,() <b; <1, fi € Aand

i) () 2K (2)
fi(2) ‘“’ ha(2) 1’“’ ki(2)

forall z € U, i = 1, n, then the integral operator X,,, defined by

T ﬁ-(t))“” (w))“ (h/(t»)‘”
3.20 Xo(z) = / ( ; dt,
62 = [ T|(22)™ (" (3

is in the class S.
Remark 3.3. On the integral operator from Corollary 3.3, given by (3.20) if we take o; —1 =
0, we obtain another known result proven in [15].

—1‘<1,

Letting 06 = 1 and a; — 1 = 0 in Theorem 2.4, we have the next corollary:

Corollary 3.4. Let v, i, Vi, §; be complex numbers, 0 < Rey < 1, ¢ = Re~y, with

n

Z [(2b; + 1) |Bi] + 2| + (4b; + 2) [65]] -

Ifforalli=1,n, gi,hi, ki € Gp,, 0 < b; <1, and

29i(2) ‘ zhi(2) ‘ zki(2)
-1 <1, -1 <1, -1 <1,
9i(2) hi(z) ki(z)
forall z € U, i = 1,n, then the integral operator D,,, defined by
T (O (B )]
(3.21) D, (2) = / gi()” ( > ( dt,
@= | e (55) Gom) |

is in the class S.

Remark 3.4. If in (3.21) from Corollary 3.4, take 5; = 0, we obtain a result that was defined
in [15].

Letting 6 = 1 and +; = 0 in Theorem 2.4, we have the following corollary:

Corollary 3.5. Let v, o, B;, ; be complex numbers, 0 < Rey < 1, ¢ = Re~, with

¢S (s — 1+ (b + 1) 8] + (4b; +2) 5]

=1
Ifforalli =1,n, gi,hi, ki € Gy, 0 < b; <1, f; € Aand
zfi(2) zgi(2) ‘ zhi(2) ‘ zki(2) ’
L -1 <1, S -1 <1, S 1<, Sl -1 <,
fi(2) gi(2) hi(z) ki(2)
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forall z € U, i = 1,n, then the integral operator },,, defined by

(3.22) Vo(z) = /0 f[l [(ff))al (G0 (’Zi’/((i)))f] dt,

is in the class S.

Lettingn =1,0 =y = aand a; — 1 = f; = ; in Theorem 2.4, we obtain:
Corollary 3.6. Let o be complex number, Rea. > 0, with
Rea > | — 1] 4 (6b+5) |ay] .
Ifg,h, k€ Gy, 0<b<1fe Aand

zfi(2) 2g;(2)
fi(2) 9i(2)

then the integral operator T, defined by

zhi(2)
hl‘ (Z)

—1‘<1,

—1’<1,

—1‘<1,

(3.23) T(2) = [a /0 : (f(t)g/(t)zgf,:,((tt)))> ) dt] :

is in the class S.
Lettingn =1, a1 — 1 = 1 = 71 = o, by = bin Theorem 2.5, we have:

Corollary 3.7. Let « be complex number, M > 1, N > 1, P > 1, Q > 1, Reaw > 0 are real
numbers, with

Rea > [|a — 1| (2M + 1) + |a| b (2N + 2P + 2Q + 6) + |a| (2N + 4P + 4Q + 5)] .
Ifg,hk € G, 0 <b<1fe Asatisfy

2/ 2./ 21/ 27./
zf(z2)1|<1’zg(22)’ LZh(ZQ)‘ , zk(22)1|<1
[F(2)] [9(2)] [7(2)] [k(2)]
fRI<M, |g(z)[ <N, [n(z)| <P [k(z)] <Q,
forall z € U, then the integral operator T, given by (3.23) is in the class S.
Lettingn =1, a1 — 1 = 81 = 71, b1 = bin Theorem 2.6, we obtain:
Corollary 3.8. Let a € C* with
Rea > [Ja — 1] 4 (6b + 5) |v]]
and let ¢ € C be such that
1
<l——[la— .
el < 1= o lla— 1]+ (6b+5)]a]
Iffor g,h,k € Gy, 0 <b <1 fe Aand
2f'(2) ’ 2kl (2) ‘ zh/(z) ‘ 2K (2) ’
-1 <1, L1 <1, -1l <1, -1 <1,
f(2) ki(2) h(z) k(2)

forall z € U, then the integral operator T, given by (3.23) is in the class S.

Lettingn =1, ; — 1 = 1 = y1 = o, by = bin Theorem 2.7, we obtain:



Univalence criteria for a general integral operator 33
Corollary 3.9. Leta € C*, M > 1, N > 1, P >1,Q > 1 are real numbers, with
Rea > [la — 1| (2M + 1) + |a| b (2N 4+ 2P + 2Q + 6) + |o| (2N + 4P 4+ 4Q + 5)]
and let ¢ € C be such that

1
le] <1———1Jla—1(2M+1)+ |a|b(2N +2P +2Q + 6) + |a| (2N + 4P + 4Q + 5)].

Rea
Ifg,h,k € Gy, 0<b<1fe Asatisfy
[f(2))” " g(=)? | [nz)) | R2)) ’

forall z € U, then the integral operator T, given by (3.23) is in the class S.

4. CONCLUDING REMARKS AND OBSERVATIONS

Our present investigation was motivated essentially by several recent works dealing
with the interesting problem of finding sufficient conditions for univalence of normalized
analytic functions which are defined in terms of various families integral operators (see,
for example, [2-5, 9, 15-17]). In our study, we derive the univalence conditions for the
integral operator 7,, when g;,h;,k; € Gy, and f; € A for all i = 1,n, by using three
univalence criteria, which were derived by Pascu [11], [12], and Pescar [14], respectively.
Our main results are shown to yield several corollaries and consequences. Some of these
applications of our main results are started here as Corollaries 3.1 - 3.9. Derivations of
further corollaries and consequences of the results presented in this paper, including also
their connections with known results given in several earlier works, are being left here as
exercises for the interested reader.
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