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A new complex generalized Bernstein-Schurer operator

NURSEL ÇETIN

ABSTRACT. In this paper, we consider the complex form of a new generalization of Bernstein-Schurer opera-
tors. We obtain some quantitative upper estimates for the approximation of these operators attached to analytic
functions. Moreover, we prove that these operators preserve some properties of the original function such as
univalence, starlikeness, convexity and spirallikeness.

1. INTRODUCTION

In 1912, the classical Bernstein polynomials

(1.1) Bn (f, x) =

n∑
k=0

f

(
k

n

)(
n

k

)
xk (1− x)

n−k
, x ∈ [0, 1]

for any n ∈ N and f ∈ C[0, 1], the space of all real valued continuous functions on [0, 1],
were proposed by Bernstein [2] as one of the simplest way to prove Weierstrass Approx-
imation Theorem. Then, considering many advantages in terms of their elegant struc-
ture, simplicity and useful approximation properties, a large number of researchers have
studied intensively the discovery of their various generalizations and modifications in
different ways.

In 1962, considering a given non-negative integer p, Schurer [9] introduced and studied
the following generalization of Bernstein operators Bn,p : C[0, 1 + p]→ C[0, 1] defined as

(1.2) Bn,p (f, x) =

n+p∑
k=0

f

(
k

n

)(
n+ p

k

)
xk (1− x)

n+p−k
, x ∈ [0, 1]

for any n ∈ N and f ∈ C[0, 1 + p]. The special case p = 0 gives the classical Bernstein
polynomials.

In 1981, by using a probabilistic method, Stancu [10] constructed a new family of linear
positive operators which is called as Stancu operators, is given by

(1.3) Ln,r (f ;x) =

n−r∑
k=0

pn−r,k (x)

[
(1− x) f

(
k

n

)
+ xf

(
k + r

n

)]
,

where f ∈ C[0, 1], r is a non-negative integer, n ∈ N such that n > 2r, x ∈ [0, 1] and
pn,k (x) =

(
n
k

)
xk (1− x)

n−k and investigated some approximation properties of these op-
erators. Note that for the special cases r = 0 and r = 1 they reduce to the Bernstein
polynomials. In [3], Bustamante and Quesada obtained an asymptotic property related
to Voronovskaja type theorem for the Stancu operators Ln,r. In [12], Yang et al. studied
multivariate Stancu operators on a simplex. The authors gave a symmetric property and
proved that Lipschitz property of the original function is preserved by the multivariate
Stancu operators.
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Recently, Gal [6] presented the overconvergence properties of complex Bernstein poly-
nomials. In [6], the author obtained the order of simultaneous approximation and a
Voronovskaja-type theorem with a quantitative estimate for these operators on compact
disks. Also, Gal compiled similar results for the well-known complex operators in his
book [6]. Later on, the problem of approximation of complex operators has attracted the
attention of many researchers. Recently, Jiang et al. [8] introduced a complex form of
Stancu type Bernstein-Schurer polynomials and their Kantorovich variants and obtained:
quantitative upper estimates for simultaneous approximation, quantitative Voronovskaja-
type results and the exact order of approximation by these operators attached to analytic
functions in closed disks. In this paper, inspired by the real case in [10] and the above
works concerning the operators in complex domains, we introduce the new complex gen-
eralized Bernstein-Schurer operators defined as follows

(1.4) Lrn,p (f ; z) =

n+p−r∑
k=0

(
n+ p− r

k

)
zk (1− z)n+p−r−k

[
(1− z) f

(
k

n

)
+ zf

(
k + r

n

)]
,

where r is a non-negative integer, n ∈ N such that n > 2r, p ∈ N ∪ {0} , z ∈ C and f
is a complex-valued analytic function in an open disk with R > 1 and centered at the
origin. We call the new operators Lrn,p as complex Stancu-Schurer operators. Note that
when r = 0 or r = 1 with p = 0, these operators reduce to the classical complex Bernstein
polynomials Bn(f ; z) = L0

n,0 (f ; z) = L1
n,0 (f ; z). For r = 0 or r = 1, the operators Lrn,p

give the complex Bernstein-Schurer operators Bn,p(f ; z) = L0
n,p (f ; z) = L1

n,p (f ; z). Also,
in the case of p = 0, these operators reduce to complex Stancu operators studied in [4].
Here, we obtain a quantitative upper estimate for the complex Stancu-Schurer operators
given in (1.4) and also investigate some geometric properties of these operators attached
to analytic functions.

2. APPROXIMATION BY COMPLEX STANCU-SCHURER OPERATORS

Throughout the paper, we use the indication ek (z) := zk, k ∈ N ∪ {0} , z ∈ C ,
DR = {z ∈ C : |z| < R, R > 1} , Dρ = {z ∈ C : |z| ≤ ρ, 1 ≤ ρ < R} and
‖f‖ρ = max {|f (z)| : |z| ≤ ρ} . Let ∆k

h denote the finite difference of order k with step h, that
is

(2.5) ∆k
hf (x) = k!hk[x, x+ h, · · · , x+ kh; f ]

(see p. 121 of [5]). By means of finite differences, we can easily deduce the following
representation as in the case of Stancu operators Ln,r given by the formula (1.7) in [11].
This formula holds in complex setting too.

Lemma 2.1. The operators Lrn,p (f ; z) defined by (1.4) have the representation formula

(2.6) Lrn,p (f ; z) =

n+p−r∑
k=0

(
n+ p− r

k

)[
(1− z) ∆k

1/nf (0) + z∆k
1/nf

( r
n

)]
zk,

where ∆k
1/n is given by (2.5) with h = 1

n .

Lemma 2.2. Suppose that r is a non-negative integer, n ∈ N such that n > 2r, p, k ∈ N ∪ {0}
and z ∈ C. Then, we have

Lrn,p (ek+1; z) =
z (1− z)

n

(
Lrn,p (ek; z)

)′
+

[
z +

(r − 1) (1− z) + pz

n

]
Lrn,p (ek; z)

+
(1− r) (1− z)

n

(
n− r
n

)k
Bn−r,p (ek; z) ,(2.7)
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where Bn,p is the complex Bernstein-Schurer operator.

Proof. From (1.4), we can write

Lrn,p (ek; z) =

n+p−r∑
j=0

(
n+ p− r

j

)
zj (1− z)n+p−r−j

[
(1− z)

(
j

n

)k
+ z

(
j + r

n

)k]
.

Differentiating Lrn,p (ek; z) with respect to z 6= 0, by some calculations we have

(
Lrn,p(ek;z)

)′
=

n+p−r∑
j=0

(
n+p−r
j

)[
jzj−1(1−z)n+p−r−j−(n+p−r−j)zj(1−z)n+p−r−j−1

]
×

[
(1−z)

(
j

n

)k
+z

(
j+r

n

)k]
+

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

[(
j+r

n

)k
−
(
j

n

)k]

=
1

z(1−z)

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−jj

[
(1−z)

(
j

n

)k]
+

1

z(1−z)

n+p−r∑
j=0

(
n+p−r
j

)
×

zj(1−z)n+p−r−jj

[
z

(
j+r

n

)k]
−(n+p−r)

(1−z)

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j×

[
(1−z)

(
j

n

)k
+z

(
j+r

n

)k]
+

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

[(
j+r

n

)k
−
(
j

n

)k]
.

Considering that j can be written as j+r−r, we get

(
Lrn,p(ek;z)

)′
=

n

z(1−z)

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

[
(1−z)

(
j

n

)k+1
]

+
n

z(1−z)
×

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

[
z

(
j+r

n

)k+1
]
− r

z(1−z)

n+p−r∑
j=0

(
n+p−r
j

)
zj×

(1−z)n+p−r−j
[
z

(
j+r

n

)k]
−(n+p−r)

(1−z)

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j×

[
(1−z)

(
j

n

)k
+z

(
j+r

n

)k]
+

1

z

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

[
z

(
j+r

n

)k]

−
n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

(
j

n

)k
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=
n

z(1−z)

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

[
(1−z)

(
j

n

)k+1

+z

(
j+r

n

)k+1
]

+
(1−z−r)
z(1−z)

×

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

[
z

(
j+r

n

)k]
−(n+p−r)

(1−z)

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j×

[
(1−z)

(
j

n

)k
+z

(
j+r

n

)k]
−
n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

(
j

n

)k

=
n

z(1−z)
Lrn,p(ek+1;z)+

(1−z−r)
z(1−z)

Lrn,p(ek;z)−(1−z−r)
z(1−z)

n+p−r∑
j=0

(
n+p−r
j

)
(1−z)n+p−r−j×

zj

[
(1−z)

(
j

n

)k]
−(n+p−r)

(1−z)
Lrn,p(ek;z)−

n+p−r∑
j=0

(
n+p−r
j

)
zj(1−z)n+p−r−j

(
j

n

)k

=
n

z(1−z)
Lrn,p(ek+1;z)− [(n+p−r)z−1+z+r]

z(1−z)
Lrn,p(ek;z)+

(
r−1

z

)n+p−r∑
j=0

(
n+p−r
j

)
×

zj(1−z)n+p−r−j
(
j

n

)k
=

n

z(1−z)
Lrn,p(ek+1;z)− [(n+p−r)z+r+z−1]

z(1−z)
Lrn,p(ek;z)+

(
r−1

z

)(
n−r
n

)k
Bn−r,p(ek;z),

which gives the desired statement. �

Theorem 2.1. Suppose that r is a non-negative integer, n ∈ N such that n > 2r and f : DR → C

is analytic in DR, for fixed p ∈ N ∪ {0} and R > p+ 1 with f(z) =
∞∑
k=0

ckz
k.

(i) Let 1 ≤ ρ and ρ (p+ 1) < R be arbitrary fixed. For all |z| ≤ ρ and n ∈ N, we have∣∣Lrn,p (f ; z)− f (z)
∣∣ ≤Mr

ρ,n,p (f) ,

where

0 < Mr
ρ,n,p (f) =

∞∑
k=1

|ck|

{
(3ρ+ 3 + r) (1 + ρ)

k (k + 1)

2

[(p+ 1) ρ]
k−1

n

+ (3ρ+ 2) [r (1 + ρ) + pρ] k
[(p+ 1) ρ]

k−1

n
+ 4k (k − 1)

[(p+ 1) ρ]
k

n+ p− r

}
<∞.

(ii) Also, if 1 ≤ ρ < ρ1 ≤ ρ1 (p+ 1) < R, then for all |z| ≤ ρ and n, j ∈ N, we have∣∣∣(Lrn,p (f ; z)
)(j) − f (j) (z)

∣∣∣ ≤ Mr
ρ1,n,p (f) j!ρ1

(ρ1 − ρ)
j+1

,

where Mr
ρ1,n,p (f) is given as in (i).

Proof. As in the case of Bernstein polynomials (see, p. 9 in [6]), we easily obtainLrn,p (f ; z) =
∞∑
k=0

ckL
r
n,p (ek; z) , which follows

∣∣Lrn,p (f ; z)− f (z)
∣∣ ≤ ∞∑

k=0

|ck|
∣∣Lrn,p (ek; z)− ek (z)

∣∣ .
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In order to estimate
∣∣Lrn,p (ek; z)− ek (z)

∣∣ for fixed n ∈ N, we consider the cases : 0 ≤ k ≤
n+ p− r and k > n+ p− r.

Case 1: For k = 0, we have Lrn,p (ek; z) − ek (z) = 0. So, we consider the case 1 ≤ k ≤
n+ p− r. Denoting πrn,p,k (z) = Lrn,p (ek; z) , by the recurrence formula in (2.7) we get

πrn,p,k (z) − ek (z) =
z (1− z)

n

[
πrn,p,k−1 (z)− zk−1

]′
+

[
z +

(r − 1) (1− z) + pz

n

]
×

[
πrn,p,k−1 (z)− zk−1

]
+

(1− r) (1− z)
n

(
n− r
n

)k−1 [
Bn−r,p (ek−1; z)− zk−1

]
+

[(k + r − 2) (1− z) + pz]

n
zk−1 +

(1− r) (1− z)
n

(
n− r
n

)k−1
zk−1.(2.8)

Using the Bernstein’s inequality (see p. 3 of [6]) in the above recurrence, by some calcula-
tions, for |z| ≤ ρ, ρ ≥ 1, we have∣∣πrn,p,k (z)− ek (z)

∣∣ ≤ ρ (1 + ρ)

n

(k − 1)

ρ

∥∥πrn,p,k−1 − ek−1∥∥ρ +

[
ρ+

(1 + r) (1 + ρ) + pρ

n

]
×

∣∣πrn,p,k−1 (z)− ek−1 (z)
∣∣+

(1 + r) (1 + ρ)

n

(
n− r
n

)k−1
|Bn−r,p (ek−1; z)− ek−1 (z)|

+
[(k + r) (1 + ρ) + pρ]

n
ρk−1 +

(1 + r) (1 + ρ)

n

(
n− r
n

)k−1
ρk−1

≤ [(k + r) (1 + ρ) + pρ]

n

∥∥πrn,p,k−1 − ek−1∥∥ρ + ρ
∣∣πrn,p,k−1 (z)− ek−1 (z)

∣∣
+

(1+r) (1+ρ)

n
|Bn−r,p (ek−1; z)− ek−1 (z)|+ [(k+r) (1+ρ)+pρ]

n
ρk−1+

(1+r) (1+ρ)

n
ρk−1

≤ ρ
∣∣πrn,p,k−1 (z)− ek−1 (z)

∣∣+
[(k + r) (1 + ρ) + pρ]

n

[∥∥πrn,p,k−1∥∥ρ + ‖ek−1‖ρ
]

+
(1+r) (1+ρ)

n
|Bn−r,p (ek−1; z)− ek−1 (z)|+ [(k+r) (1 +ρ)+pρ]

n
ρk−1+

(1+r) (1+ρ)

n
ρk−1.

According to the estimates obtained in the proof of Theorem 2.1, p. 736 in [1], the last
inequality follow s that∣∣πrn,p,k (z)− ek (z)

∣∣ ≤ ρ ∣∣πrn,p,k−1 (z)− ek−1 (z)
∣∣+

[(k + r) (1 + ρ) + pρ]

n
×[∥∥πrn,p,k−1∥∥ρ + ‖ek−1‖ρ

]
+

(1 + r) (1 + ρ)

n

{
(k − 1) (k − 2)

n− r + p
[(p+ 1) ρ]

k−1

+
1

n− r
[(p+ 1) ρ]

k−1 − ρk−1

n− r

}
+

[(k + r) (1 + ρ) + pρ]

n
ρk−1 +

(1 + r) (1 + ρ)

n
ρk−1

≤ ρ
∣∣πrn,p,k−1 (z)−ek−1 (z)

∣∣+ [(k + r) (1 +ρ) + pρ]

n

∥∥πrn,p,k−1∥∥ρ+
(1 + r) (1 +ρ)

n
{(k −1)×

[(p+1) ρ]
k−1

+[(p+ 1) ρ]
k−1− ρk−1

}
+

2 [(k + r) (1 + ρ) + pρ]

n
ρk−1 +

(1 + r) (1 + ρ)

n
ρk−1

= ρ
∣∣πrn,p,k−1 (z)−ek−1 (z)

∣∣+ [(k + r) (1+ρ)+pρ]

n

∥∥πrn,p,k−1∥∥ρ +
2 [(k + r) (1 + ρ) + pρ]

n
ρk−1

+
k (1 + r) (1 + ρ)

n
[(p+ 1) ρ]

k−1
.(2.9)
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Now, let us obtain an upper estimate for
∥∥∥πrn,p,k−1∥∥∥

ρ
. For this aim, using the operator’s

representation via divided difference in (2.6), by some arrangements we get

∣∣πrn,p,k (z)
∣∣ ≤ k∑

j=0

(
n+ p− r

j

)
j!

nj

{
(1+ρ)

[
0, ...,

j

n
; ek

]
+ ρ

[
r

n
,
r + 1

n
, ...,

r + j

n
; ek

]}
ρj

≤ ρk
(1 + ρ)

n+p∑
j=0

(
n+ p

j

)
j!

nj

[
0, ...,

j

n
; ek

]
+ ρ

n+p−r∑
j=0

(
n+ p− r

j

)
j!

nj

[
r

n
, ...,

r + j

n
; ek

]
= ρk

{
(1 + ρ)Bn,p (ek; 1) + ρLrn,p (ek; 1)

}
(2.10)

for |z| ≤ ρ with 1 ≤ ρ < R. Since Bn,p(f ; 1) = f(n+pn ) for the Bernstein-Schurer operators
and Lrn,p (f ; 1) = f(n+pn ) for the new operator, (2.10) reduces to

∣∣πrn,p,k (z)
∣∣ ≤ ρk

{
(1 + ρ)

(
n+ p

n

)k
+ ρ

(
n+ p

n

)k}

≤ ρk (1 + 2ρ)
(

1 +
p

n

)k
≤ 3ρk+1 (1 + p)

k ≤ 3ρ [(1 + p) ρ]
k
.

Substituting the last inequality into (2.9), the followings can be easily obtained∣∣πrn,p,k(z)−ek(z)∣∣ ≤ ρ
∣∣πrn,p,k−1(z)−ek−1(z)∣∣+[(k+r)(1+ρ)+pρ]

n
3ρ[(p+1)ρ]

k−1

+
2[(k+r)(1+ρ)+pρ]

n
ρk−1+

k(1+r)(1+ρ)

n
[(p+1)ρ]

k−1

≤ρ
∣∣πrn,p,k−1(z)−ek−1(z)∣∣+{(3ρ+2)[(k+r)(1+ρ)+pρ]+k(1+r)(1+ρ)} [(p+1)ρ]

k−1

n

≤[(p+1)ρ]
∣∣πrn,p,k−1(z)−ek−1(z)∣∣+{(3ρ+3+r)(1+ρ)k+(3ρ+2)[r(1+ρ)+pρ]} [(p+1)ρ]

k−1

n
.

By writing k=1,2,... in the last inequality, step by step, one has

∣∣πrn,p,k(z)−ek(z)∣∣≤ [(p+1)ρ]
k−1

n

k∑
j=1

[(3ρ+3+r)(1+ρ)j+(3ρ+2)[r(1+ρ)+pρ]]

≤ [(p+1)ρ]
k−1

n

[
(3ρ+3+r)(1+ρ)

k(k+1)

2
+(3ρ+2)[r(1+ρ)+pρ]k

]
.

Case 2 : For k>n+p−r≥1 and |z|≤ρ with 1≤ρ≤ρ(p+1)<R, from (2.6) we have∣∣πrn,p,k(z)−ek(z)
∣∣≤∣∣πrn,p,k(z)

∣∣+|ek(z)|

≤
n+p−r∑
j=0

(
n+p−r

j

)
j!

nj

{
(1+ρ)

[
0,

1

n
,...,

j

n
;ek

]
+ρ

[
r

n
,...,

r+j

n
;ek

]}
ρj+ρk

≤ρn+p−r
(1+ρ)

n+p∑
j=0

(
n+p

j

)
j!

nj

[
0,

1

n
,...,

j

n
;ek

]
+ρ

n+p−r∑
j=0

(
n+p−r

j

)
j!

nj

[
r

n
,...,

r+j

n
;ek

]+ρk

=ρn+p−r
{

(1+ρ)Bn,p(ek;1)+ρLrn,p(ek;1)
}

+ρk.
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Using the factBn,p(f ;1)=f(n+pn ) for the Bernstein-Schurer operators andLrn,p(f ;1)=f(n+pn )
for the new operator, the last inequality gives

∣∣πrn,p,k(z)−ek(z)
∣∣ ≤ ρn+p−r

{
(1+ρ)

(
n+p

n

)k
+ρ

(
n+p

n

)k}
+ρk

≤ 3ρn+p−r+1
(

1+
p

n

)k
+ρk≤3ρn+p−r+1(1+p)

k
+ρk

≤ 3ρk(1+p)
k
+ρk≤4[(p+1)ρ]

k≤4(n+p−r)[(p+1)ρ]
k

≤ 4(k−1)
k

n+p−r
[(p+1)ρ]

k
=

4k(k−1)

n+p−r
[(p+1)ρ]

k
.

As a consequence, combining Case 2 with the above Case 1, we arrive at the desired
inequality.

(ii) It can be easily obtained by the method used for the Bernstein operator (see p.8 in
[6]). So we omit the details. �

3. SHAPE PRESERVING PROPERTIES OF THE COMPLEX STANCU-SCHURER OPERATORS

In this section, we prove that beginning with an index, the complex Stancu-Schurer
operators Lrn,p (f ; z) preserve some geometric properties such as starlikeness, convexity
and spirallikeness in the unit disk.

Theorem 3.2. Suppose that G ⊂ C is open such that D1 ⊂ G and f : G → C is analytic in G.
Also, let γ ∈

(
−π2 ,

π
2

)
.

(i) If f is univalent in D1, then there exists an index n0 depending on f such that for all
n ≥ n0, the complex Stancu-Schurer operators Lrn,p (f ; z) are univalent in D1.

(ii) If f(0) = f ′(0)− 1 = 0 and f is starlike (convex, spirallike of type γ, respectively) in D1,

that is for all z ∈ D1

Re

(
zf ′(z)

f(z)

)
> 0

(
Re

(
zf ′′(z)

f ′(z)

)
+ 1 > 0, Re

(
eiγ

zf ′(z)

f(z)

)
> 0, resp.

)
,

then there exists an index n0 depending on f (and on γ for spirallikeness) such that for all n ≥
n0, the complex Stancu-Schurer operators Lrn,p (f ; z) are starlike (convex, spirallike of type γ,
respectively) in D1.

Proof. i) If f is univalent in D1, from the uniform convergence in Theorem 2.1 and the
result concerning sequences of analytic functions converging locally uniformly to a uni-
valent function, it is immediate that for sufficiently large n, the complex Stancu-Schurer
operators Lrn,p (f ; z) are univalent in D1 (see, e.g., p. 194 Theorem 6.1.18 in [7]).

(ii) Firstly, suppose that f(0) = f ′(0)−1 = 0 and f is starlike inD1. By Theorem 2.1 (ii),

we get that Lrn,p (f ; z) → f(z),
(
Lrn,p (f ; z)

)′ → f ′(z) and
(
Lrn,p (f ; z)

)′′ → f ′′(z) as n →
∞, uniformly in D1. Now, set P rn,p(f ; z) =

Lr
n,p(f ;z)

(n+p−r)f( 1
n )+f( r

n )
, well defined for sufficiently

large n. Taking into account f(0) = f ′(0)− 1 = 0 and the univalence of f, we get

(n+ p− r) f
(

1

n

)
+ f

( r
n

)
6= 0, P rn,p(f ; 0) =

f(0)

(n+ p− r) f
(
1
n

)
+ f

(
r
n

) = 0,

(
P rn,p

)′
(f ; 0) =

(
Lrn,p

)′
(f ; 0)

(n+ p− r) f
(
1
n

)
+ f

(
r
n

) = 1,
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and

(n+ p− r)f
(

1

n

)
+ f

( r
n

)
=
f
(
1
n

)
− f(0)
1
n

(n+ p− r)
n

+
f
(
r
n

)
− f(0)
r
n

r

n
→ f ′(0)

= 1 as n→∞,

which means that for n → ∞, we obtain P rn,p(f ; z) → f(z),
(
P rn,p

)′
(f ; z) → f ′(z) and(

P rn,p
)′′

(f ; z)→ f ′′(z) uniformly in D1.

From the hypothesis we obtain |f(z)| > 0 for all z ∈ D1 with z 6= 0,which from the uni-
valence of f in D1, implies that we can write f(z) = zg(z), with g(z) 6= 0, for all z ∈ D1,

where g is analytic in D1 and continuous in D1.
Writing P rn,p(f ; z) in the form P rn,p(f ; z) = zQrn,p(f ; z), obviously Qrn,p(f ; z) is a polyno-
mial of degree ≤ n+ p− r − 1. Let |z| = 1. Then we get∣∣f(z)− P rn,p(f ; z)

∣∣ = |z|
∣∣g(z)−Qrn,p(f ; z)

∣∣ =
∣∣g(z)−Qrn,p(f ; z)

∣∣ ,
which by the uniform convergence in D1 of P rn,p(f) to f and the maximum modulus
principle, gives the uniform convergence in D1 of Qrn,p(f ; z) to g(z).

Because g is continuous in D1 and |g(z)| > 0 for all z ∈ D1, there exists an index n1 ∈ N
and a > 0 depending on g, such that

∣∣Qrn,p(f ; z)
∣∣ > a > 0, for all z ∈ D1 and all n ≥ n0.

Also, for all |z| = 1, we obtain∣∣∣f ′(z)− (P rn,p)′ (f ; z)
∣∣∣ =

∣∣∣z [g′(z)− (Qrn,p)′ (f ; z)
]

+
[
g(z)−Qrn,p(f ; z)

]∣∣∣
≥

∣∣∣∣∣∣g′(z)− (Qrn,p)′ (f ; z)
∣∣∣− ∣∣g(z)−Qrn,p(f ; z)

∣∣∣∣∣ ,
which gives the uniform convergence of

(
Qrn,p

)′
(f) to g′ by the uniform convergence of(

P rn,p
)′

(f) to f ′and of Qrn,p(f) to g, with the help of the maximum modulus principle. So,
for |z| = 1, we have

z
(
P rn,p

)′
(f ; z)

P rn,p(f ; z)
=

z
[
z
(
Qrn,p

)′
(f ; z) +Qrn,p(f ; z)

]
zQrn,p(f ; z)

=
z
(
Qrn,p

)′
(f ; z) +Qrn,p(f ; z)

Qrn,p(f ; z)
→ zg′(z) + g(z)

g(z)
=
f ′(z)

g(z)
=
zf ′(z)

f(z)
,

which again by the maximum modulus principle, follows

z
(
P rn,p

)′
(f ; z)

P rn,p(f ; z)
→ zf ′(z)

f(z)
as n→∞, uniformly in D1.

Since Re
(
zf ′(z)
f(z)

)
is continuous in D1, there exists ξ ∈ (0, 1) such that

Re

(
zf ′(z)

f(z)

)
≥ ξ, for all z ∈ D1.

Thus,

Re

(
z
(
P rn,p

)′
(f ; z)

P rn,p(f ; z)

)
→ Re

(
zf ′(z)

f(z)

)
≥ ξ > 0

uniformly on D1, i.e. for any 0 < µ < ξ, there is n0 such that for all n ≥ n0, we get

Re

(
z
(
P rn,p

)′
(f ; z)

P rn,p(f ; z)

)
> µ > 0, for all z ∈ D1.
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Since P rn,p(f ; z) differs from Lrn,p(f ; z) only by a constant, this proves the starlikeness of
Lrn,p(f ; z).

The proofs in the cases when f is convex or spirallike of order γ are similar and follow
from the following uniform convergences (on D1 or on Dρ with 0 < ρ < 1) as n→∞

Re

(
z
(
P rn,p

)′′
(f ; z)(

P rn,p
)′

(f ; z)

)
+ 1→ Re

(
zf ′′(z)

f ′(z)

)
+1 and Re

(
eiγ

z
(
P rn,p

)′
(f ; z)

P rn,p(f ; z)

)
→Re

(
eiγ

zf ′(z)

f(z)

)
.

�
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