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ABSTRACT. The main aim of this paper is to establish some fixed point theorems for enriched Ćirić-Reich-Rus
contractions in Banach spaces and convex metric spaces, respectively.

1. INTRODUCTION

Let (X, d) be a metric space. Fifty years ago, in 1971, Ćirić [30], Reich [50] and Rus [52]
have established independently a fixed point theorem for mappings T : X → X satisfying
the following condition:

(1.1) d(Tx, Ty) ≤ ad(x, y) + b (d(x, Tx) + d(y, Ty)) , for all x, y ∈ X,

where a, b ≥ 0 and a+ 2b < 1.
We remark that, if b = 0, condition (1.1) reduces to Banach’s contraction condition

(1.2) d(Tx, Ty) ≤ a · d(x, y), for all x, y ∈ X,

where a ∈ [0, 1), while for a = 0 condition (1.1) reduces to Kannan’s contraction condition

(1.3) d(Tx, Ty) ≤ b (d(x, Tx) + d(y, Ty)) , for all x, y ∈ X,

where b ∈ [0, 1/2).

Therefore, the fixed point results established in [30], [50] and [52], under slightly diffe-
rent forms, are genuine generalizations of Banach’s contraction principle [7], [25] and of
Kannan’s fixed point theorem [38], [39], as shown by the next two examples.

Example 1.1 ([52]). Let X = [0, 1] with the usual distance and T : X → X given by

Tx =
7x

20
, for 0 ≤ x ≤ 1

2
and Tx =

3x

10
, for

1

2
< x ≤ 1. Then T satisfies (1.1) with a =

1

10

and b =
4

9
but T does not satisfy neither Banach’s contraction condition (1.2) (T is not

continuous) nor Kannan’s contraction condition (1.3) (too see that, just take x =
1

2
and

y = 1 in (1.3) to get the contradiction 14 ≤ 2b · 13 < 13).

Example 1.2 ([50]). Let X = [0, 1] with the usual distance and T : X → X given by

Tx =
x

3
, for 0 ≤ x < 1 and Tx =

1

6
, for x = 1. Then T satisfies (1.1) with a =

1

6
and b =

1

3
but T does not satisfy neither Banach’s contraction condition (1.2) (T is not continuous)

Received: 31.03.2021. In revised form: 20.04.2021. Accepted: 27.04.2021
2010 Mathematics Subject Classification. 47H10, 47H05, 47H09, 47H14, 47H19, 54H25.
Key words and phrases. Banach space, convex metric space, enriched Ćirić-Reich-Rus contraction, fixed point.
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nor Kannan’s contraction condition (1.3) (too see that, just take x =
1

3
and y = 0 in (1.3) to

get the contradiction 1 ≤ 2b < 1).

It is really amazing that, after a half century since the Ćirić-Reich-Rus contractions were
introduced, this class of mappings still attracts a remarkable interest amongst researchers
working in fixed point theory, see [4], [5], [6], [10], [28] [32]–[37], [40], [41], [44]-[47], [49],
[61] etc. From the above list, 13 papers having in their title the syntagm ”Ćirić-Reich-Rus”
- under various permutations of the names - were published in the last ten years.

On the other hand, in the recent papers [12]-[14], [17]-[19], [22] and [23], the authors
used the technique of enriching contractive type mappings in order to generalize, in the
setting of a Hilbert space, Banach space or convex metric space, well known and impor-
tant classes of contractive type mappings from the metric fixed point theory.

Starting from the above mentioned facts, the main aim of this paper is to establish
some fixed point theorems for enriched Ćirić-Reich-Rus contractions in Banach spaces
and convex metric spaces, respectively.

2. ENRICHED ĆIRIĆ-REICH-RUS CONTRACTIONS IN BANACH SPACES

The concept of enriched contraction has been introduced and studied in [17] as a natural
generalization of the classical concept of Banach contraction.

Definition 2.1 (Definition 2.1, [17]). Let (X, ‖·‖) be a normed linear space. A mapping T :
X → X is said to be a (k, a)-enriched contraction if there exist k ∈ [0,+∞) and a ∈ [0, k+1)
such that

(2.4) ‖k(x− y) + Tx− Ty‖ ≤ a‖x− y‖,∀x, y ∈ X.

Obviously, any Banach contraction satisfies (2.4) with k = 0. The next theorem is the
main result in [17] and represents an effective generalization of Banach’s fixed point the-
orem in the setting of a Banach space. In the following, we shall denote by Fix (T ) the set
of all fixed points of T , that is,

Fix (T ) = {x ∈ X : Tx = x}.

Theorem 2.1 ([17]). Let (X, ‖ · ‖) be a Banach space and T : X → X a (k, a)-enriched con-
traction. Then

(i) Fix (T ) = {p}, for some p ∈ X ;
(ii) There exists λ ∈ (0, 1] such that the iterative method {xn}∞n=0, given by

xn+1 = (1− λ)xn + λTxn, n ≥ 0,

converges to p, for any x0 ∈ X ;
(iii) The following estimate holds

‖xn+i−1 − p‖ ≤
ci

1− c
· ‖xn − xn−1‖ , n = 0, 1, 2, . . . ; i = 1, 2, . . . ,

where c =
a

k + 1
.

The concept of enriched Kannan contraction has been introduced and studied in [18] as a
natural generalization of that of Kannan mapping.

Definition 2.2 (Definition 2.1, [18] ). Let (X, ‖ · ‖) be a linear normed space. A mapping
T : X → X is said to be a (k, b)-enriched Kannan mapping if there exist k ∈ [0,∞) and
b ∈ [0, 1/2) such that

(2.5) ‖k(x− y) + Tx− Ty‖ ≤ b (‖x− Tx‖+ ‖y − Ty‖) , for all x, y ∈ X.
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Obviously, any Kannan mapping satisfies (2.5) with k = 0.
The next theorem, the main result in [18], is a genuine generalization of the Kannan

fixed point theorem in the setting of a Banach space.

Theorem 2.2 ([18]). Let (X, ‖ · ‖) be a Banach space and T : X → X a (k, b)-enriched Kannan
mapping. Then

(i) Fix (T ) = {p}, for some p ∈ X ;
(ii) There exists λ ∈ (0, 1] such that the iterative method {xn}∞n=0, given by

xn+1 = (1− λ)xn + λTxn, n ≥ 0,

converges to p, for any x0 ∈ X ;
(iii) The following estimate holds

‖xn+i−1 − p‖ ≤
δi

1− δ
· ‖xn − xn−1‖ , n = 0, 1, 2, . . . ; i = 1, 2, . . .

where δ =
b

1− b
.

Our aim in this section is to unify and extend Theorems 2.1 and 2.2 and thus obtain a
fixed point theorem for enriched Ćirić-Reich-Rus contractions in Banach spaces.

Definition 2.3. Let (X, ‖ · ‖) be a linear normed space. A mapping T : X → X is said
to be a (k, a, b)-enriched Ćirić-Reich-Rus contraction if there exist k ∈ [0,∞) and a, b ≥ 0,
satisfying a+ 2b < 1, such that

(2.6) ‖k(x− y) + Tx− Ty‖ ≤ a‖x− y‖+ b (‖x− Tx‖+ ‖y − Ty‖) , for all x, y ∈ X.

Obviously, any Ćirić-Reich-Rus contraction satisfies (2.6) with k = 0.
Also, if b = 0, then from (2.6) we obtain the contraction condition (2.4) satisfied by an

enriched contraction, while, if a = 0, from (2.6) we obtain the enriched Kannan contraction
condition (2.5).

Considering a self-mapping T on X , then, for any λ ∈ (0, 1], the so-called averaged
mapping Tλ given by

(2.7) Tλx = (1− λ)x+ λTx, for all x ∈ X,
has the property that Fix(Tλ) = Fix (T ).

The main result of this section is the next theorem.

Theorem 2.3. Let (X, ‖ · ‖) be a Banach space and T : X → X a (k, a, b)-enriched Ćirić-Reich-
Rus contraction. Then

(i) Fix (T ) = {p}, for some p ∈ X ;
(ii) There exists λ ∈ (0, 1] such that the iterative method {xn}∞n=0, given by

(2.8) xn+1 = (1− λ)xn + λTxn, n ≥ 0,

converges to p, for any x0 ∈ X ;
(iii) The following estimate holds

(2.9) ‖xn+i−1 − p‖ ≤
δi

1− δ
· ‖xn − xn−1‖ , n = 0, 1, 2, . . . ; i = 1, 2, . . .

where δ =
a+ b

1− b
.

Proof. We work in the case when k > 0 (the case k = 0 is immediate) and consider the

averaged mapping Tλ defined by (2.7) for λ =
1

k + 1
< 1.
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In this case we have that k = 1/λ− 1 and thus the contractive condition (2.6) becomes∥∥∥∥( 1

λ
− 1

)
(x− y) + Tx− Ty

∥∥∥∥ ≤ a‖x− y‖+ b (‖x− Tx‖+ ‖y − Ty‖) , for all x, y ∈ X,

which can be written equivalently as

‖Tλx− Tλy‖ ≤ aλ‖x− y‖+ b (‖x− Tλx‖+ ‖y − Tλy‖) , for all x, y ∈ X

and, because aλ ≤ a, this implies that

(2.10) ‖Tλx− Tλy‖ ≤ a‖x− y‖+ b (‖x− Tλx‖+ ‖y − Tλy‖) , for all x, y ∈ X,

which means that Tλ is a Ćirić-Reich-Rus contraction mapping.
By using triangle inequality in (2.10), we obtain that Tλ satisfies

(2.11) ‖Tλx− Tλy‖ ≤ δ · ‖x− y‖+ 2δ · ‖y − Tλx‖, for all x, y ∈ X,

where δ =
a+ b

1− b
< 1.

Consider the iterative process {xn}∞n=0 defined by (2.8), which is in fact the Picard
iteration associated to Tλ, that is,

(2.12) xn+1 = Tλxn, n ≥ 0.

and take x = xn−1 and y = xn in (2.11) to get

(2.13) ‖xn+1 − xn‖ ≤ δ‖xn − xn−1‖, n ≥ 1.

By (2.13) one obtains routinely the following two estimates

(2.14) ‖xn+m − xn‖ ≤ δn ·
1− δm

1− δ
· ‖x1 − x0‖, n ≥ 0,m ≥ 1

and

(2.15) ‖xn+m − xn‖ ≤ δ ·
1− δm

1− δ
· ‖xn − xn−1‖, n ≥ 1, m ≥ 1.

Now, by (2.14) it follows that {xn}∞n=0 is a Cauchy sequence and hence it is convergent in
the Banach space (X, ‖ · ‖). Let us denote

(2.16) p = lim
n→∞

xn.

We first prove that p is a fixed point of Tλ. We have

(2.17) ‖p− Tλp‖ ≤ ‖p− xn+1‖+ ‖xn+1 − Tλp‖ = ‖xn+1 − p‖+ ‖Tλxn − Tλp‖.

By (2.11) we deduce that

‖Tλxn − Tλp‖ ≤ δ‖xn − p‖+ 2δ‖p− xn+1‖,

and therefore, by (2.17) we obtain

(2.18) ‖p− Tλp‖ ≤ (2δ + 1)‖xn+1 − p‖+ δ‖xn − p‖, n ≥ 0.

Now, by letting n→∞ in (2.18) we get ‖p− Tλp‖ = 0, that is, p = Tλp.
So, p ∈ Fix (Tλ).
Now, in order to prove that p is the unique fixed point of Tλ, we note that by (2.10),

similarly to the way we have obtained (2.11), one obtains

(2.19) ‖Tλx− Tλy‖ ≤ δ · ‖x− y‖+ 2δ · ‖x− Tλx‖, for all x, y ∈ X,

where δ =
a+ b

1− b
.
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Assume, that q 6= p is another fixed point of Tλ. Then, by (2.19) with x = p and y = q it
follows

0 < ‖p− q‖ ≤ δ‖p− q‖ < ‖p− q‖,
a contradiction. Hence Fix (Tλ) = {p} and since Fix (T ) = Fix(Tλ), (i) is proven.

Conclusion (ii) follows by (2.16).
To prove (iii), we let m→∞ in (2.14) and (2.15) to get

(2.20) ‖xn − p‖ ≤
δn

1− δ
· ‖x1 − x0‖, n ≥ 1

and

(2.21) ‖xn − p‖ ≤
δ

1− δ
· ‖xn − xn−1‖, n ≥ 1,

respectively, and then we merge (2.20) and (2.21) to get the unifying error estimate (2.9).
�

Remark 2.1. Theorem 2.3 includes as particular cases Theorem 2.1 and Theorem 2.2,
which are obtained from Theorem 2.3 for b = 0 and a = 0, respectively.

A more general fixed point result can be obtained by allowing the coefficients a and b

in the contraction condition (2.6) to depend on x and y, like in Theorem 2.5 of Ćirić [30].

Definition 2.4. Let (X, ‖·‖) be a linear normed space. A mapping T : X → X is said to be
a generalized (k, a, b)-enriched Ćirić-Reich-Rus contraction if, for every x, y ∈ X , there exist
k ∈ [0,∞) and the non-negative functions a, b : X2 → [0,∞) satisfying

sup
x,y∈X

(a(x, y) + 2b(x, y)) = θ < 1

such that, for all x, y ∈ X ,

(2.22) ‖k(x− y) + Tx− Ty‖ ≤ a(x, y)‖x− y‖+ b(x, y) (‖x− Tx‖+ ‖y − Ty‖) .

The following theorem is a generalization of Theorem 2.3. Its proof follows the same
pattern like that of Theorem 2.3 and is omitted.

Theorem 2.4. Let (X, ‖ · ‖) be a Banach space and T : X → X a generalized (k, a, b)-enriched
Ćirić-Reich-Rus contraction. Then

(i) Fix (T ) = {p}, for some p ∈ X ;
(ii) There exists λ ∈ (0, 1] such that the iterative method {xn}∞n=0, given by

xn+1 = (1− λ)xn + λTxn, n ≥ 0,

converges to p, for any x0 ∈ X ;
(iii) The following estimate holds

‖xn+i−1 − p‖ ≤
θi

1− θ
· ‖xn − xn−1‖ , n = 0, 1, 2, . . . ; i = 1, 2, . . .

Similarly to the proof of Theorem 2.3 one can prove a local variant of Theorem 2.4:

Theorem 2.5. Let (X, ‖ · ‖) be a Banach space and x ∈ X . Denote

B = B(x, r) = {x ∈ X : ‖x− x‖ ≤ r}, r > 0

and let T : B → X be a generalized (k, a, b)-enriched Ćirić-Reich-Rus contraction which satisfies
the condition

‖x− Tx‖ ≤ (1− θ)r.
Then

(i) T has a unique fixed point p ∈ B;
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(ii) There exists λ ∈ (0, 1] such that the iterative method {xn}∞n=0, given by

xn+1 = (1− λ)xn + λTxn, n ≥ 0,

converges to p, for any x0 ∈ X ;
(iii) The following estimate holds

‖xn+i−1 − p‖ ≤
θi

1− θ
· ‖xn − xn−1‖ , n = 0, 1, 2, . . . ; i = 1, 2, . . .

where θ = supx,y∈X (a(x, y) + 2b(x, y)).

We remark that, due to the particular form of the contractive conditions (2.4), (2.5), (2.6)
and the corresponding ones in [12], [13], [14], [17], [18], [19], [22], which involve explicitly
the linearity of the spaceX , all those results were established in the case of a Banach space
or of a Hilbert space.

On the other hand, the basic fixed point theorems established in literature for Picard-
Banach contractions [25], Kannan mappings [38, 39], Chatterjea mappings [26], Ćirić-
Reich-Rus contractions [30], [50], [52] etc. are usually stated in the setting of a metric
space.

Therefore, the main aim of the next section is to extend the results presented in the
current section for enriched Ćirić-Reich-Rus contractions to the more general case of a
convex metric space in the sense of Takahashi.

3. ENRICHED ĆIRIĆ-REICH-RUS CONTRACTIONS IN CONVEX METRIC SPACES

In 1970, Takahashi [60] introduced a structure of convexity outside linear spaces which
turned out to be very useful in fixed point theory.

Definition 3.5 ([60]). Let (X, d) be a metric space. A continuous function W : X × X ×
[0, 1]→ X is said to be a convex structure on X if, for all x, y ∈ X and any λ ∈ [0, 1],

(3.23) d(u,W (x, y;λ)) ≤ λd(u, x) + (1− λ)d(u, y), for any u ∈ X.
A metric space (X, d) endowed with a convex structure W is called a Takahashi convex

metric space and is usually denoted by (X, d,W ).

Obviously, any linear normed space and each of its convex subsets are convex metric
spaces, with the natural convex structure

(3.24) W (x, y;λ) = λx+ (1− λ)y, x, y ∈ X,λ ∈ [0, 1],

but the reverse is not valid: there are various examples of convex metric spaces which
cannot be embedded in any Banach space (see [60], Example 1; [1], Examples 1 and 2; [2],
[29], [42] etc.).

The next lemmas present some fundamental properties of a convex metric space in the
sense of Definition 3.5 (see [60, 2] for more details and [23] for their proofs).

Lemma 3.1. Let (X, d,W ) be a convex metric space. For all x, y ∈ X and any λ ∈ [0, 1],

(3.25) d(x, y) = d(x,W (x, y;λ)) + d(W (x, y;λ), y).

Lemma 3.2. Let (X, d,W ) be a convex metric space. For all x, y ∈ X and any λ ∈ [0, 1], we have

d(x,W (x, y;λ)) = (1− λ)d(x, y) and d(W (x, y;λ), y) = λd(x, y).

Lemma 3.3. Let (X, d,W ) be a convex metric space. For each x, y ∈ X and λ, λ1, λ2 ∈ [0, 1],
we have the following:

(i)W (x, x;λ) = x; W (x, y; 0) = y and W (x, y; 1) = x;
(ii) |λ1 − λ2|d(x, y) ≤ d(W (x, y;λ1),W (x, y;λ2)).
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Let (X, d,W ) be a convex metric space and T : X → X be a self mapping.
The next lemma is a partial extension of a result given as a Corollary to Theorem 5 in

[24], from the setting of Banach spaces to that of convex metric spaces.

Lemma 3.4. Let (X, d,W ) be a convex metric space and T : X → X be a self mapping. Define
the mapping Tλ : X → X by

(3.26) Tλx =W (x, Tx;λ), x ∈ X.
Then, for any λ ∈ [0, 1),

(3.27) Fix (T ) = Fix (Tλ).

Definition 3.6. Let (X, d,W ) be a convex metric space. A mapping T : X → X is said
to be a (k, a, b)-enriched Ćirić-Reich-Rus contraction if there exist k ∈ [0,∞) and a, b ≥ 0
satisfying a+ 2b < 1 such that for all x, y ∈ X
(3.28) d(W (x, Tx;λ),W (y, Ty;λ)) ≤ ad(x, y) + b (d(x,W (x, Tx;λ)) + d(y,W (y, Ty;λ))).

Example 3.3. Let (X, ‖ · ‖) be a linear normed space and W (x, y;λ) the natural convex
structure on X , that is,

W (x, y;λ) = λx+ (1− λ)y, x, y ∈ X, λ ∈ [0, 1].

Then, a (k, a, b)-enriched Ćirić-Reich-Rus contraction T : X → X in the sense of Definition
3.6 is a (k, a, b)-enriched Ćirić-Reich-Rus contraction in the sense of Definition 2.3.

The next theorem is an extension of Theorem 2.3 from Banach spaces to convex metric
spaces.

Theorem 3.6. Let (X, d,W ) be a complete convex metric space and let T : X → X be a (k, a, b)-
enriched Ćirić-Reich-Rus contraction. Then,

(i) Fix (T ) = {p}, for some p ∈ X .
(ii) The sequence {xn}∞n=0 obtained from the iterative process

(3.29) xn+1 =W (xn, Txn;λ), n ≥ 0,

converges to p, for any x0 ∈ X .
(iii) The following estimate holds

(3.30) d(xn+i−1, p) ≤
δi

1− δ
· d(xn, xn−1) n = 1, 2, . . . ; i = 1, 2, . . .

where δ =
a+ b

1− b
.

Proof. By the enriched contractive condition (3.28), we have that the mapping Tλ : X → X
defined by (3.26) satisfies

(3.31) d(Tλx, Tλy) ≤ a · d(x, y) + b (d(x, Tλx) + d(y, Tλy)) , for all x, y ∈ X,
that is, Tλ is a Ćirić-Reich-Rus contraction. We note that the Picard iteration associated to
Tλ is actually the Krasnoselskij iterative process {xn}∞n=0 associated to T and defined by
(3.29), i.e.,

(3.32) xn+1 = Tλxn, n ≥ 0.

By using triangle inequality from (3.31) we get

(3.33) d(Tλx, Tλy) ≤ δ · d(x, y) + 2δd(y, Tλx), for all x, y ∈ X,
and

(3.34) d(Tλx, Tλy) ≤ δ · d(x, y) + 2δd(x, Tλx), for all x, y ∈ X,
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where δ =
a+ b

1− b
< 1, which shows that Tλ is an almost contraction, see [8], [21] for more

details.
Now, we take x = xn and y = xn−1 in (3.33) to get

(3.35) d(xn+1, xn) ≤ δ · d(xn, xn−1), n ≥ 1,

which inductively implies

(3.36) d(xn+1, xn) ≤ δn · d(x1, x0), n ≥ 1.

By (3.35) one obtains routinely the following two estimates

(3.37) d(xn+m, xn) ≤ δn ·
1− δm

1− δ
· d(x1, x0), n ≥ 0,m ≥ 1

and

(3.38) d(xn+m, xn) ≤ δ ·
1− δm

1− δ
· d(xn, xn−1), n ≥ 1, m ≥ 1.

Now, by (3.37) it follows that {xn}∞n=0 is a Cauchy sequence and hence it is convergent in
the complete convex metric space (X, d). Let us denote

(3.39) p = lim
n→∞

xn.

We first prove that p is a fixed point of Tλ. We have

d(p, Tλp) ≤ d(p, xn+1) + d(xn+1, Tλp) = d(xn+1, p) + d(Tλxn, Tλp)

≤ (2δ + 1)d(xn+1, p) + δd(xn, p)

and by letting n→∞we get d(p, Tλp) = 0, that is, p = Tλp.
So, p ∈ Fix (Tλ).
Now, in order to prove that p is the unique fixed point of Tλ, just assume that q 6= p is

another fixed point of Tλ. Then, d(p, q) > 0 and from (3.34) with x = p and y = q we get

0 < d(p, q) ≤ δd(p, q) < d(p, q),

a contradiction. Hence Fix (Tλ) = {p} and since Fix (T ) = Fix(Tλ), (i) is proven.
Conclusion (ii) follows by (3.39).
To prove (iii), we let m→∞ in (3.37) and (3.38) to get

(3.40) d(xn, p) ≤
δn

1− δ
· d(x1, x0), n ≥ 1

and

(3.41) d(xn, p) ≤
δ

1− δ
· d(xn, xn−1), n ≥ 1,

respectively, and then by merging (3.40) and (3.41) we obtain the unifying error estimate
(3.30).

The remaining case k = 0 is similar to k > 0 with the only difference that in this case
λ = 1 and hence, by Lemma 3.3,

W (x, Tx, 0) = Tx; W (y, Ty, 0) = Ty

and so the contraction condition (3.28) reduces to (1.1), for which we run the proof in the
well known manner. Note that Krasnoselskij iteration (3.29) reduces in this case to the
simple Picard iteration

xn+1 = Txn, n ≥ 0.

�

Remark 3.2. By Theorem 3.6 we obtain in particular the first main result in [23].
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Corollary 3.1 ([23], Theorem 1). Let (X, d,W ) be a complete convex metric space and let T :
X → X be a (λ, c)-enriched contraction. Then,

(i) Fix (T ) = {p}, for some p ∈ X .
(ii) The sequence {xn}∞n=0 obtained by the iterative process

xn+1 =W (xn, Txn;λ), n ≥ 0,

converges to p, for any x0 ∈ X .
(iii) The following estimate holds

d(xn+i−1, p) ≤
ci

1− c
· d(xn, xn−1) n = 1, 2, . . . ; i = 1, 2, . . .

Proof. We apply Theorem 3.6 for the case b = 0 in condition (3.28). �

The following result is an extension of Theorem 2.2 in [18], from Banach spaces to
convex metric spaces.

Corollary 3.2. Let (X, d,W ) be a complete convex metric space and let T : X → X be a (k, b)-

enriched Kannan contraction, that is, a mapping for which there exist k ∈ [0,∞) and b ∈
(
0,

1

2

)
such that

(3.42) d(Tλx, Tλy) ≤ b (d(x,W (x, Tx;λ)) + d(y,W (y, Ty;λ))), for all x, y ∈ X.

Then,
(i) Fix (T ) = {p}, for some p ∈ X .
(ii) The sequence {xn}∞n=0 obtained by the iterative process

xn+1 =W (xn, Txn;λ), n ≥ 0,

converges to p, for any x0 ∈ X .
(iii) The following estimate holds

d(xn+i−1, p) ≤
ci

1− c
· d(xn, xn−1) n = 1, 2, . . . ; i = 1, 2, . . .

where c = 2b.

Proof. We apply Theorem 3.6 for the case in which we have a = 0 in condition (3.28). �

We end the paper by stating a fixed point result that extends Theorem 2.4 from Banach
spaces to convex metric spaces. We need the following concept.

Definition 3.7. Let (X, d,W ) be a convex metric space. A mapping T : X → X is said
to be a generalized (k, a, b)-enriched Ćirić-Reich-Rus contraction if, for every x, y ∈ X there
exist k ∈ [0,∞) and the non-negative functions a, b : X2 → [0,∞) satisfying

sup
x,y∈X

(a(x, y) + 2b(x, y)) = θ < 1

such that for all x, y ∈ X
(3.43)
d(W (x, Tx;λ),W (y, Ty;λ)) ≤ a(x, y)d(x, y)+b(x, y) (d(x,W (x, Tx;λ)) + d(y,W (y, Ty;λ))).

Obviously, any (k, a, b)-enriched Ćirić-Reich-Rus contraction is a generalized (k, a, b)-
enriched Ćirić-Reich-Rus contraction but the reverse is not valid in general.

Therefore, the following result is a generalization of Theorem 2.3.
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Theorem 3.7. Let (X, d,W ) be a complete convex metric space and T : X → X a generalized
(k, a, b)-enriched Ćirić-Reich-Rus contraction. Then

(i) Fix (T ) = {p}, for some p ∈ X ;
(ii) The sequence {xn}∞n=0 obtained from the iterative process

xn+1 =W (xn, Txn;λ), n ≥ 0,

converges to p, for any x0 ∈ X .
(iii) The following estimate holds

d(xn+i−1, p) ≤
θi

1− θ
· d(xn, xn−1) n = 1, 2, . . . ; i = 1, 2, . . .

where θ = supx,y∈X (a(x, y) + 2b(x, y)).

4. CONCLUSIONS

1. Based on the technique of enriching contractive type mappings T by means of the
averaged operator Tλ, we introduced the concept of enriched Ćirić-Reich-Rus contraction in
Banach spaces and convex metric spaces.

2. We established fixed point theorems for enriched Ćirić-Reich-Rus contractions and
generalized enriched Ćirić-Reich-Rus contractions in both settings (Banach spaces and
convex metric spaces).

3. The obtained results are important generalizations of the corresponding results for
enriched contractions and enriched Kannan mappings in Banach spaces and also for en-
riched contractions in convex metric spaces, respectively. For other possible directions of
research we refer to [3], [8], [9], [11], [16], [20], [21], [31], [43], [48], [53]-[59], [62],...

4. Most of the authors of the recent papers that bear in their title the names of the three
mathematicians Ćirić, Reich and Rus to which we owe the important class of contractions
we studied in this paper are using the alphabetical order ”Ćirić-Reich-Rus”. However, if
we look to the submission dates, we can see that the paper by Rus [52] has been submit-
ted in February 1971, the one by Ćirić [30] in June 1971, while Reich’s paper [50] has no
submission information.

So, if we would use the chronological order for the concept we were dealing with, it
should be called ”Rus-Ćirić-Reich”, but we adopted the alphabetical order which is usu-
ally accepted. Other combinations we can find: ”Reich-Rus-Ćirić” ([32], [45]), ”Rus-Reich-
Ćirić” ([37], [40], [41]) etc.

Acknowledgments. The paper is a modest but sincere homage to our esteemed PhD
supervisor, Professor Emeritus Ioan A. Rus, Honorary member of Romanian Academy,
who guided both authors in their very first and later steps in the wonderful world of
Fixed Point Theory.
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[15] Berinde, V. and Păcurar, M., Coupled fixed point theorems for generalized symmetric Meir-Keeler contractions in

ordered metric spaces, Fixed Point Theory Appl., 2012, 2012:115, 11 pp.
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