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Implicit functional differential equations with linear
modification of the argument, via weakly Picard operator
theory

ANTON S. MURESAN and VIORICA MURESAN

ABSTRACT. LetK:=RorC, 0< X< land f € C([0,}] x K3,K).
In this paper we use the weakly Picard operator theory technique to study the following functional-differential
equation
Y (@) = f(2,y(@),y (@), yOa)), @ € [0,b]-

1. INTRODUCTION

The theory of functional-differential equations and of functional-integral equations are
both active fields in mathematics.

Many problems from physics, chemistry, astronomy, biology, engineering, social sci-
ences lead to mathematical models described by functional-differential and functional-
integral equations (see [7], [8], [10], [13], [15], [19], [21]). The theory of this kind of equa-
tions has developed very much.

For the monographs in this field we quote here [1]-[4], such as a large number of papers,
which contain a lot of techniques, ideas and applications.

LetK:=RorC, 0<\X<1land f € C([0,b] x K3 K).

In this paper we use the weakly Picard operator theory technique to study the follow-
ing functional differential equation

Y (@) = f(@,y(x),y' (), y(Az)), x € [0, b].
We obtain existence, uniqueness and data dependence results for the solution.

2. PRELIMINARIES

2.1. Notations and terminology. Let X be a nonempty set and A : X — X an operator.
We denote by AY :=1x, Al ;= A, ..., A"l := Ao A" n € N, the iterate operators of A.
Also:

P(X) : ={Y CX|Y #£0},
I(4) : ={Y eP(X)|AY)cCY}
the family of all nonempty invariant subsets of A,
Fa={x € X |A(z) = z},

the fixed point set of the operator A.
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Let (X, —) be an L— space (see [14],[18]).
Following Rus I. A. ([11], [14], [15]), we have:

Definition 2.1. A is a Picard operator if there exists z* € X such that
1) Fa={z"};
2) the successive approximation sequence (A" (z¢))nen converges to z*, for all zp € X

Definition 2.2. A is a weakly Picard operator if the sequence (A" (x¢))nen converges for
all zp € X and the limit (which generally depends on ) is a fixed point of A.

Definition 2.3. If A : X — X is a weakly Picard operator then we define the operator A>
as follows:
A®: X - X, A®(z):= lim A"(z), forallz € X.
n—0o0

We remark that A>°(X) = F4. So A* is an retract of X on F4.
2.2. Weakly Picard operators. We have the following theorems:

Theorem 2.1. (Contraction mapping principle). Let (X, d) be a complete metric space and
A : X — X acontraction. Then A is a Picard operator.

Theorem 2.2. (Characterization theorem). Let (X, d) be a metric spaceand A : X — X an
operator. The operator A is a weakly Picard operator if and only if there exists a partition of X,
X = Unea X\, such that:

(’L) Xyel (A),

(#7) Alx, : Xx — X is a Picard operator, for all A € A.

Fibre generalized contraction theorem is a fixed point theorem for operators on cartezian
product. This theorem is useful for proving solution of operatorial equations to be diffe-
rentiable and it is a generalization of a result given by Hirsch and Pugh in [5]. See also
[12], [20], [21].

Theorem 2.3. (Fibre contraction theorem). Let (X, d) be a metric space, (Y, p) be a complete
metric spaceand T : X xY — X x Y. We suppose that:
(1) T(x,y) = (T1(x), Ta(z,y)), forallz € X,y € Y;
(#9) Ty : X — X is a weakly Picard operator;
(141) there exists ¢ €]0, 1], such that
p(Ta(z, 1), To(x,y2)) < cp(y1,y2),

forallx € X, y1,y2 € Y.
Then the operator T' is a weakly Picard operator. Moreover, if T is a Picard operator, then T'is
a Picard operator.

We will use the previous result to study the differentiability with respect to parameter
A for the solution of our equation.

3. CAUCHY PROBLEM: EXISTENCE AND UNIQUENESS

LetK:=RorC, 0 <)X <1land f € C([0,b] x K3 K).
We consider the following Cauchy problem:

(3.1) y/(x) = f(:v,y(:c),y'(:c)y()w)), T e [0’ b]a

(3.2) y(0) = vo,
where 1y € K.
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The problem (3.1)+(3.2) is equivalent to the following:

y'(z) = v(x)
(33) o(z) = f(x y0+f 5)ds, o ),yo-l—zxv(s)ds)
y(0) = o,
or
o) = o+ [u(s)ds, 2 € 0.3
G4 o) = f <x o+ [ v(s)ds,v(e). oo + mes)ds),

x €10,0].
Let T : C([0,b], K) —C([0, ], K) be the operator defined by

T Az
(T())(x) := f (x,yo+/v(8)d8,v(x),yo+/v(3)d8) :

0 0
So we obtain a fixed point problem
(3.5) v(z) = (T'(v))(x), v e C([0,b],K).
The problem (3.1)+(3.2) has a unique solution if and only if the problem (3.5) has a

unique solution, v* € C([0, b], K).
Consequently, in our paper, we will study the fixed point problem (3.5).
By using Contraction principle we give an existence and uniqueness theorem.

Theorem 3.4. We suppose that there exist L1 > 0,0 < Ly < 1, L3 > 0 such that
|f(2, u1,u2,u3) — f(2, ua, us,u6)| < La|ur — ua| + La|ug — us| + La|uz — ue|

forall x € [0,b] and all uy, € K, k =1,6.
Then
(a) the problem (3.5) has a unique solution v* € C([0, b], K);
(b) for all vy € C([0,b], K) the sequence (vy,)nen defined by

T Az
vnsa(e) = f (xy + [ vno)ds. o)+ | vn<s>ds) ,
0 0
converges uniformly to v* on [0, b].

Proof. Let|| - || be a Bielecki norm on C([0, b], K) defined by

llv]|B = m[%)z] |v(z)|e”™, where 7 > 0.
xe|0,

Consider the above operator 7" : (C([0,6],K), || - || 5) =(C([0,0],K),|| - || 5)-
We have

(T(0))(x) — (T(w))()| < Ly / [u(s) — w(s)|ds+

+L2|1}( | + Lj / |v(s) s)lds <
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x

<L / [v(s) —w(s)le”"*e™®ds + Lao|v(z) — w(x)le” " e ™+
0
ho / [u(s) —w(s)[le” e ds <
0

Ly +L TX
——=(™" = )|jv —w||p+

L+ L3
T

+Lolfv —wl[pe™ < ( + La)lfo — wl[pe™,

forall z € [0, b].
Therefore,

[(T(0)(2) = (T(w))(2)|e”™ < (

L1+ L
S 4 Ly)llo —wl,

for all z € [0, b].
This implies that

1T (v) = T(w)]|z < (

Li+L
S Lo il

for all v, w € C([0,b], K).
We can choose 7 large enough such that Litls +Ly < 1.
T
By applying Contraction principle we obtain (a) and (b). O

Remark 3.1. Let us consider the operator
A+ 0([0,5], K)x C([0,5],K) —C([0, 5, K)x C([0, 5. K)
defined by

T T Az
Ay, v)(x) = <y<o>+ / v(s)ds,f(x,y<o>+ / v(s)ds), v(x), y(0) + / v(s)ds>>.

From the Theorem 3.4. it is clear that the operator A4, in the conditions of Theorem 3.4.,
is a weakly Picard operator. Indeed, let for yp € K

Xy, :=A{y € C([0,0], K) | y(0)=yo}.

Then

C([0,0], K)x C([0,0], K) = U (Xyo x C([0,8], K))
yo€EK

is an invariant partition of C([0, b], K)x C([0,b],K), i.e.,
A(X,, x C([0,b],K)) C X,, x C([0,b],K), for all yo € K.

From a similar proof as in Theorem 3.4. we have that 4, Xy % C([0,], K) is a Picard ope-
rator for each yy € K. So, from Theorem 2.2., the operator A is a weakly Picard operator.
From the definition of operator A we have that:
e if y is a solution of the equation 3.1., then (y,y’) € Fa;
e if (y,v) € F4, then y is a solution of (3.1).
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4. DATA DEPENDENCE

By using Fibre contraction theorem we give a data dependence theorem for the solution
of the following equation:

(4.6) v(z,\) = (T'(v))(x,N), veC([0,b]x]0,1[, K).
We have

Theorem 4.5. We suppose that:
(i) f(z,- ) € CLK3), forall z € [0,b];
(i7) there exist My, > 0, k = 1, 3, such that
of

afwc(x,ul,u%u?,) S Mk7 k' :1,737

forall x € [0,b] and all u, € K, k =1, 3;
(#91) 0 < My < 1.
Then
(a) the equation (4.6) has a unique solution v* € C([0,b]x]0, 1], K);
(b) for all vy € C([0,b]x]0, 1[, K) the sequence (v, )nen defined by

0 0

T Az
Ung1(x,N) = f (m,yo +/vn(s7)\)ds,vn(a:,/\),y0—|—/vn(s, )\)ds)

converges uniformly to v* on each compact of [0, b]x]0, 1] ;
(c) the sequence (wy,)nen defined by

wnJrl(xv )‘) =
8 x Az xT
E 67‘}[ (x,yo +/'Un(87 )\)dS,’l)n(xv)‘)7y() +/vn(sv>‘)d8) / U}n(S, )\)d8+
U1 0
0 0

z Az
+§Tf (a:,yo+/vn(s,/\)ds,vn(x,/\),yo+/vn(s,>\)ds) wn (7, \)+
2

0 0

: Az
+837f (x,yo+/vn(s,)\)ds,vn(x,)\),yo—i-/vn(s,A)dg) .
3

0 0
Az
. (/ wp (s, \)ds +xvn()\:p,)\)> )
0
Ovg . ov*

where wy = . converges uniformly to oy " each compact of [0, b] x]0, 1[.
Proof. For 0 < A1 < Ay < 1, we denote X = (C([0,b] X [A1, A2],K),||-]],), where

T = 7/\ _Tma

[Vl = max - fv(z, Alle
AE[A1 2]

and 7 > 0.
Consider the operator S; : X — X, defined by

T Az
(S1(0)(z, A) = f <$7y0 +/v(s7)\)ds,v(;v,)\),yo —l—/v(s,)\)ds) .

0 0
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The operator S, is a Lipchitz operator with the constant

My + M

le + M.

Because of condition (iii), and by choosing 7 large enough we have that Lg, < 1.
By applying Contraction principle to the operator S; we obtain (a) and (b).
/U*

1))
(z,-) € C([\1, 2], K), forallz € [0,b)].

Let us prove that there exists and

ov*
O\

We have

T Az
(4.7) v (x,\) = f (x,yo +/v*(s,)\)ds,v*(m,)\),y0 —I—/v*(s,/\)ds) .

0 0
*

0
If we suppose that there exists a—v)\, then from (4.7) we obtain

T Az

ov* of . . R T ov*

@ =5 (x,yo+ [ Nds. v @+ [0 <s,A>ds) [ G s Vs
0 0

z Az
of . i . Sv*
+a—u2 (:c,yo +/v (s, N)ds,v (1'7>\),y0+/v (s,A)ds) ) (z, \)+

0 0
T Az
aJC * * *
+8— z,y50 + [ v*(s,N)ds,v*(z,A), 50+ [ v*(s,\)ds | -
U

’ 0 0

Az *
: ( | %(s,)\)ds +xv*()\x,)\)> .

The previous relationship suggests us to consider the operator S, : X x X — X, defined
by
(SQ(Ua y))(m, )‘) =

z Az
_ ;7]0 (m,yo +/v(s,)\)ds7v(a?,>\),yo+/v(s,)\)ds) / y(s, \)ds+
! 0

0 0

T Az
0
+auf (xuy0+/v(87)‘)dsvv(x7)‘)>y0+/U(37/\)d8> y(ac, )‘)+
2
0

0

z Az
+§Tf (myyo+/v(s,/\)ds,v(x,/\),yo +/1;(57>\)d5) )
3

0 0

Az
: (/0 y(s, \)ds + xv(Am,A)) .

By using (i) and(ii) we obtain that
M; + M-
I52(0.m) = Satv )l < (2D

+ M2> lly1 — vzl
-
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for all ¥,y € X.

Because of condition (iii), and by choosing 7 large enough, we have that S, is a con-
traction with respect to the second argument.

If we take the operator S : X x X — X x X, S = (51, 52) then we are in the conditions
of Fibre contraction theorem. Let (v*, w*) the unique fixed point of the operator S.

0
If we take vy = 0, wy = 0 then wy = %
0
By mathematical induction method we can prove that w,, = %
. 0 .
Thus (v, )nen converges uniformly to v* and ( ;;) converges uniformly to w*.
neN*
* *

By using a Weiestrass argument we obtain that a—v)\ exists and 87”)\ = w*, and w* is a
continuous function.

So, we have (c). O
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