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Existence of fixed points of weak enriched nonexpansive
mappings in Banach spaces

SUTHEP SUANTAI, DAWAN CHUMPUNGAM and PANITARN SARNMETA

ABSTRACT. In this work, we introduce and study a new class of weak enriched nonexpasive mappings which
is a generalization of enriched nonexpansive mappings provided by Berinde [Approximating fixed points of en-
riched nonexpansive mappings by Krasnoselskij iteration in Hilbert spaces, Carpathian J. Math., 35 (2019), No. 3,
293-304]. This class of mappings generalizes several important classes of nonlinear mappings. We prove some
fixed point theorems regarding this kind of mappings which extend some important results in [Berinde, V., Ap-
proximating fixed points of enriched nonexpansive mappings by Krasnoselskij iteration in Hilbert spaces, Carpathian J.
Math., 35 (2019), No. 3, 293-304]. Moreover, some examples, to ensure the existence of these mappings and
support our main theorems, are also given.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is one of the most important field of research in mathematics. Many
real world problems in physics, engineering and economics can be formulated as fixed
point problems which in turn can be solved with various methods in fixed point theory.

Throughout this section, unless otherwise stated, we denote X to be a metric space, C
a nonempty subset of X, and Fiz(T) a set of all fixed points of T'.

A mapping T : C — C is said to be a contraction if

(1.1) d(Tz,Ty) < cd(z,y),

for some ¢ € [0,1) and for all z,y € C. The famous Banach contraction mapping principle
states that in a complete metric space, any contraction has a unique fixed point which can
be approximated by Picard iteration.

Over the past decades, many mathematicians have investigated important classes of
contractive-like mappings.

In 1968, Kannan [17] introduced a Kannan mapping T : C — C which satisfies

d(Tz,Ty) < cld(z, Tx) + d(y, Ty)],

for some ¢ € [0, 3) and for all 2,y € C. The Kannan fixed point theorem ensures that in
a complete metric space, any Kannan mapping has a unique fixed point which can be
approximated by Picard iteration.

In 1996, Osilike [19] considered the class of mappings 7" : C' — C satisfying

(1.2) d(Tz,Ty) < cd(z,y) + Ld(z, Tz),
for some L > 0, ¢ € [0,1) and for all z,y € C. He provided the T-stability of various

iterations namely Mann, Ishikawa and Kirk iteration. However, these mappings do not
have a fixed point, in general.
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In 2004, Berinde [2] defined a weak contraction (also called almost contraction) T : C' — C
by
d(Tx,Ty) < cd(z,y) + L(y, Tx),
for some L > 0, ¢ € (0,1) and for all z,y € C. Existence as well as existence and
uniqueness results were established in [2] for almost contractions.

In 2008, Qing and Rhoades [20] studied a quasi (L, m)-contrative mapping defined as
follows: T': C' — C such that

d(Tz,p) < cd(z,p) + Ld(z, Tx),

for some L > 0, c € [0,1) and for all z € C, p € Fiz(T). They proved the T-stability of
Picard iteration for this kind of mappings.

Another important class of mappings, which have been introduced and studied in-
tensely, is that of demicontractive mappings which are defined as follows: a mapping 7' :
C — C, where C is a nonempty subset of a Hilbert space H, is demicontrative if Fiz(T') #
0, and

1Tz = pl|* < llv — pl* + kllz — T[],
for some k > 0 and for all z € C, p € Fiz(T). Some mild conditions such as I — T is
demiclosed at zero and k£ < 1, ensure that Mann iteration converges weakly to a fixed
point of a demicontractive mapping 7' under some suitable control sequences, for more
information see [10, 13, 14, 16] and the references therein.

In 2015 Maéruster and Rus [18] studied a subclass of demicontrative mappings called
strongly demicontractive mappings satisfying the following:

1Tz = pl* < cllz — p|* + kllz — Ta||?,

for some k > 0,c € [0,1) and for all z € C, p € Fiz(T). They proved the relation between
strongly demicontractive and quasi (L, m)-contractive mappings as well as Kannan type
mappings.

In the particular case ¢ = 1 in (1.1), we obtain the important class of nonexpansive
mappings as follows.

A mapping T': C — X is said to be nonexpansive if

|2 =Tyl < |z —y|, foralla,ye X.

However, the existence of a fixed point of a nonexpansive mapping in a complete met-
ric space might not be ensured, in general. For example, Tz = z + 1,z € Ris obviously a
nonexpansive mapping but is fixed point free.

In 1955, Krasnoselskij [17] established the following theorem which ensures the exis-
tence of a fixed point of a nonexpansive mapping.

Theorem 1.1. Let C be a closed subset of a uniformly convex Banach space X. If T : C — C'is
nonexpansive and T(C') is compact, then a sequence defined by x,, 11 = 1z, + 1T, converges
to a fixed point of T.

In 1965, Browder [5] proved the following theorem:

Theorem 1.2. Let X be a uniformly convex Banach space, T a nonexpansive mapping of the
bounded closed convex subset C of X into C. Then T has a fixed point in C.

More works regarding both contractive and nonexpansive mappings can be found in
[6,7,8,11,12, 21] and the references therein.

In 2019, Berinde [3] introduced a new class of enriched nonexpansive mappings which
is a generalization of that of nonexpansive mappings. It is defined as follows:
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Let C be a nonempty subset of a normed space X. A mapping T': C' — X is said to be
enriched nonexpansive if there exists b € [0, co) such that

Ib(x —y) + Tz —Ty|| < (b+ 1|z —y||, forallz,ye X.

Some fixed point theorems and convergence results regarding this type of mappings,
which extended some results of Browder and Petryshyn [6] in 1967, were also investigated
in [3].

Motivated by all these works, especially from [2, 3], we aim to introduce a new class
of mappings which extends the class of enriched nonexpansive mappings. We provide
existence theorems for this new class of mappings under some suitable conditions and
give examples support the theoretical results.

Throughout this work, we denote x,, — z as weak convergence and z,, — x as strong
convergence.

The followings are crucial to the main results.

Definition 1.1 ([1]). A Banach space (X, | - ||) is said to have the Opial property if for any
sequence {z,} in X with z,, — z, the inequality

limsup [z, — | < limsup [z, — y,
n—oo n— o0

holds for any y # z.

Definition 1.2 ([1]). Let C' be a nonempty subset of a Banach space (X, ||-||[)and [ : C — C
an identity mapping. Alsolet T : C — C be a mapping and {z,} C C a sequence. A
mapping I — T is demiclosed at 0 if z, — = and ||z, — Tz, || — 0 imply that Tz = z.

The following theorem was established by Berinde [2]

Theorem 1.3 ([2]). Let (X, d) be a complete metric space and T : X — X a weak contraction
with ¢ € (0,1) and L > 0. Then
1) FT)={zeX:Te=x}#10,
2) for any xy € X, the Picard iteration {x,}, defined by x,+1 = Tx,, foralln € N,
converges to some x* € F(T),
3) The following estimates

CTL

d(zp,z*) < T d(zg,21), n=0,1,2, ...

CTL

1—c

d(xp,x*) < d(xp_1,z,), n=1,2,3, ...

hold.

2. MAIN RESULTS

In this section, we introduce the notion of weak enriched nonexpansive mappings,
and prove some results on the existence of fixed points of weak enriched nonexpansive
mappings. We also provide some examples of such mappings which are not enriched
nonexpansive.

Definition 2.3. Let C be a nonempty subset of a normed space (X, | -||) and o € C. A
mapping T : C' — X is called a (b, L)-weak enriched nonexpansive mapping with respect to x.
If there exists a € (0,1) and b, L > 0 such that

(2.3) [lo(z —y)+ Tz —Ty| < (b+Dllz —yll+ LI (1 — ) (b+1)zo + a(br +Tz) — (b+1)yl|,
forallz,y € C'and « € [a, 1).
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We note that, if T : C' — C'is an enriched nonexpansive mapping, then T'is (b, 0)-weak
enriched nonexpansive with respect to z, for all z € C.

We provide some examples of (b, L)-weak enriched nonexpansive mappings with re-
spect to  which are not enriched nonexpanive.

Example 2.1. Let C = [3,4] C R. Define T : C — C by
2 €[5V,
4, ze (V2.4

Then T is not enriched nonexpansive mapping but it is (16,200)-weak enriched nonex-
pansive mapping with respect to 3.

Proof. Case 1: x,y € (v/2,4], is obvious.
Case 2: z,y € [, v/2] with z < y. Then, we obtain

1 1
16(z —y)+ — — | = |z —
16z ~3) + 13— 5l =le

yl,

1
<NM—|+MﬂfQWﬂ +a(16x + —) — 17y,
where o € [£55,1].
Case3:z € [3,V2]and y € (\/5, 4]. Then, we have the following inequalities.

|(1—a)(17)( )+a(16x+ - —) — 17yl > V2 -1/2 >0, and

|(1— a)(l?)( )+ a(léy+4) — 17z > 1,
where a € [{55,1].

Now, since [16(z — y) + -5 — 4| < 100, for all = € [4, \/5] and y € (V2, 4} we have

|16(z — )+——4|<17|x—y|+200\(1—a)(17)( )+a(16$+ ) 17y|, and

[16(y — ) +4 — —| <17y — x| + 200|(1 — a)(l?)( ) + a(l6y +4) — 17|,

forall a € [%%,1]. Hence T is (16, 200)-weak enriched nonexpansive mapping. Next, we

show that T is not enriched nonexpansive. We consider two elements v/2 and 3 in C. We
note that

b(V2—-3)+2—4]=bB—-V2)+2> (b+1)(3—+V2), forall b>0.

That is, T is not enriched nonexpansive. O

Example 2.2. Let C = [§,1] C R. Define T : C — R by

1

2

Ty = —

Then T is not enriched nonexpansive but it is (1,30)-weak enriched nonexpansive with
respect to 1.

Proof. Let z,y € C, we have

(1= a)(2)5 + (e~ —5) ~ 2] > 09,
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forall o € [, 1]. We know that [z —y — 5 + y%| > 20. By setting L = 30, we get
1 1 1 1
o=y == + 31 < 2z =yl + 30/(1 - @)(2)5 + ale — 23) 24l

forall z,y € C. Hence T is (1, 30)-weak enriched nonexpansive with respect to 3. In order
to show that 7" is not enriched nonexpansive, we consider the following two points § and
1in C. We note that

1 1
S o) 441 =b1-=
b(5 —1) =4+ 1 =b(1~5)+3

1
> (b+ 1)|§ — 1], forall b>0.
Hence T is not enriched nonexpansive. O
Example 2.3. Let C = [r, 2%] x [0, 1] € R? under I, norm. Define T : C — R? by
T(x1,22) = (x1]sina| + 7,29 + 4).

Then T is (1,%F)-weak enriched nonexpansive with respect to (, 1) but T is not enriched
nonexpansive.
Proof. Let (z1,22), (y1,y2) € C. Using elementary computation, we have
[(1 =) (2)(m, 1) + (21, 32) + (21| sinzs | + 7, 22 +4)) — 2(y1, y2) |

= max{|(1 — a)27 + a(z1 + z1|sinz1| + 7) — 2y1|, [(1 — a)2 + a (222 + 4) — 2y»|}

9

> =

~5
where o € [, 1], and
(w1, 22) = (y1,y2)+T (21, 22) — T(y1,y2) || < [[(z1,72) — (y1, 92)|| + | T(21, 22) — T'(y1,32)||

< 2||(w1, w2) — (Y1, y2) || + max{|z1|sinzq| — y1|sinyi], [v2 — yal}

3
< 20|21, 22) = (1, )l + -

By setting L = %, we get
(@1, 22) = (y1,92) + (21, 22) = Ty, o)l

< 2f|(21, w2) = (y1, v2) || + 5%Il(l —@)2)(m, 1) + af(w1, 22) + T(x1, 22)) = 2(y1,v2)],

where a € [, 1]. Hence T is (1,2F)-weak enriched nonexpansive with respect to (m,1).

Next, we show that T is not enriched nonexpansive. We consider at the points (, 0), (2,0) €
C. We see that

Ib((7,0) — (2, 0)) + T, 0) ~ T2, 0) = 65,0+ (3, 0)]
>(b+1)\\(7r,0)7(3§,0)||, forall b > 0.
Hence T is not enriched nonexpansive. O
Remark 2.1. Let C' be a nonempty convex subset of a normed space (X, | - ||), zo € C and

T :C — C amapping. An element 2* € C'is a fixed point of 7" if and only if it is a fixed
point of a mapping T : C' — C defined by

The=(1—Nz+ ATz, forallz e C,

_ 1
where \ = -
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Proof. Let x* € Fix(T), then Thz* = (1 — N)z* + A\Tz* = z*. On the other hand, let
z* € Fiz(Ty), then Tz* = $Tha* — (§ — 1)z* = 2, and the proof is complete. O

Next, we prove a fixed point theorem for a weak enriched nonexpansive mapping.

Theorem 2.4. Let C be a nonempty compact convex subset of a Banach space (X, || - ||), and
T : C — C amapping. If there exists xy € C such that T is (b, L)-weak enriched nonexpansive
with respect to xq, then T has a fixed point in C.

Proof. Let A = 315, then (2.3) becomes
24) [(1=Nz+ATz—(1-Ny=ATy[| < [lz—yl[+L[[(1-a)zo+a((1-A)z+ATz) -yl
forall z,y € Cand « € [a,1). Set Taxw = (1 — A)a + ATz, then T} satisfies the following,
forall z,y € C and a € [a, 1),
2.5) 1Tz — Tygll < lle — yll + LI1 — a)zo + aThz — gl
Let {cv, } be a sequence in [a, 1) converging to 1. For each n € N, we define
Tox=(1—ay)ze+a,The, forallz e C.
So, T, : C — C. Moreover, the following holds, for all n € N,
|Thx — Tyl = anl|Trz — Thy||
< apllz =yl + anLl|(1 — an)xo + anThx — yl|
<aplz =yl + L|| Tz —yl|, forallz,yc C.

Hence, T;, is a weak contraction, so from Theorem 1.3, T}, has a fixed point z,, € C, for all
n € N. Thus, z,, = (1 — a,,)z0 + @, Thzy, thatis

lzn — Thanl = (1 — an)l|zo — Tazn| — 0, as n — co.
Since C' is compact, there exists a subsequence {xz,, } of {z,} such that {x,, } converges
strongly to some z* € C. Next, we show that z* € Fiz(T)). In order to achieve this, we
first note that

zn, — Taz™[| < [z — Taan, | + | Tazn, — Tha™||

< Nz, = Daan ||+ llon, — 2%+ LI(1 = an, )zo + an, Tan, — 27|

= [[en, = Dawn [l + o0, — 27| + Ll|wn, — 27| =0, ask — oo.
Hence, Thx* = z*, thatis * € Fiz(T)). From Remark 2.1, we have 2* € Fix(T), and the
proof is complete. U
Remark 2.2. Let C be a nonempty convex subset of a normed space (X, || - ||), zo € C, and
T : C — C amapping. Define a mapping T : C — C by

The=(1—Na+ Tz, Vz € C,

where A\ = b% Then I — T is demiclosed at 0 if and only if 7 — T is demiclosed at 0.
Proof. Suppose that I —7 is demiclosed at 0, let {x,, } be a sequence in C such that z,, — z,
for some = € C, and ||z, — Thx,| — 0. Since ||z, — Thxn| = A|zn — Tx,| and A > 0,
we have ||z, — Tz,| — 0. Hence Tx = z, from Remark 2.1, we also have Thz = z, that

is I — T) is demiclosed at 0. The proof of the converse can be obtained using the same
argument. 0

We note that T’ is nonexpansive when T is enriched nonexpansive. So, it follows di-
rectly from Remark 2.2 that a mapping I — T is demiclosed at 0 whenever T is enriched
nonexpansive.
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Theorem 2.5. Let C be a nonempty weakly compact convex subset of a Banach space (X, ||-||), and
T : C — C amapping. If there exists o € C such that T is (b, L)-weak enriched nonexpansive
with respect to xo, and in addition I — T is demiclosed at 0, then T has a fixed point in C.

Proof. Let A = -, define Thx = (1 — \)x + AT'x. Following the proof of Theorem 2.4, we

T
obtain the following
(2.6) ITaz — Toyll < |lz — yll + LII(1 — @)zo + aTaz — y||, foralla,y e C,

and there exists a sequence {z,} € C such that z,, = (1 — a;,)xo + @, Thxy, foralln € N,
where {«, } be a sequence in [a, 1) converging to 1. Moreovet, ||z, — Tz, || — 0,as n — oo.
Since C' is weakly compact, there exists a subsequence {z,, } of {z,,} converging weakly
to some z* € C. Since I — T is demiclosed at 0, we have, from Remark 2.2, that I — T is
also demiclosed at 0. Hence Thz* = z*, again using Remark 2.1, we have Tz* = z*, and
the proof is complete. O

We note that Example 2.1 satisfies all the hypotheses of Theorem 2.5.

The following corollary is directly obtained by Theorem 2.5, and it is a result of one
part of Theorem 2 in [3].

Corollary 2.1. Let C be a bounded closed convex subset of a Hilbert space H and T : C— C a
b-enriched nonexpansive and demicompact mapping. Then the set Fix(T') of fixed points of T is
nonempty.

Proof. It follows directly from Remark 2.2 and Theorem 2.5 that 7" has a fixed point in H.
O

In the next theorem, we provide some sufficient conditions for /-7 to be demiclosed at 0.
Theorem 2.6. Let C be a nonempty convex subset of a Banach space B satisfying the Opial
condition, xy € C,and T : C — C a (b, L)-weak enriched nonexpansive mapping with respect to
xo. If there exist L* > 0 such that
(2.7) bz —y) +Tx —Ty|| < (b+ )|z —y|| + L*||[Tx — z||, forallz,y e C,
then I — T is demiclosed at 0.

Proof. Let{x,} be a sequence in C such that x,, — z, for some = € C, and ||z, — Tz, | — 0.
Set The = (1 — Nz + XT'z, Vx € C, where A = then ||z, Tn — x| — 0, as n — occ.
Moreover, from (2.7), we obtain

(2.8) |Tae — Tyl < ||z —y|| + L*|| Tz — =, foralla,y e C.

We show that Thz = 2. Suppose by the contrary that Th\xz # x, then we consider the
following:

1
b+17

[#n = Taz|| < [lon — Taan | + [[Tazn — Ta|l
< l#n = Tan|| + l2n = 2|l + LY [ Than — zall.
So, liminf ||z,— Thz| < liminf||z,— |/, a contradiction. Hence Thz = z, that is I —T)
n—oo n— oo
is demiclosed at 0. From Proprosition 2.2, we have I—T is demiclosed at 0, and the
proof is complete. O

We note that if T : C — C is an enriched nonexpansive mapping, then T is a (b,0)-
weak enriched nonexpansive mapping with respect to z € C, and T satisfies (2.7) with
L* = 0. Moreover, condition (2.7) extends Osilike mapping (1.2) when b = 0. So, Theorem
2.6 provides some suitable conditions for such mappings to have a fixed point.

In 2020, Berinde employed Krasnoselskij iteration to approximate fixed points of b-
enriched nonexpansive mapping on uniformly Banach spaces [4] under Condition I and
some suitable control parameters, see Theorem 3.2 in [4] for more details. However, Kras-
noselskij iteration does not converge to a fixed point of Example 2.3. So, what kind of
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methods which can be used to approximate a fixed point of a weak enriched nonexpan-
sive mapping? This is a very challenging problem. Thus, we would like to state a problem
for the readers to investigate further as follows.

Open problem: Let C be a nonempty bounded closed convex subset of a uniformly con-
vex Banach space (X,|-||), and T: C— C a (b, L)-weak enriched nonexpansive with respect
to o with Fiiz(T)# (). What approximation methods can be used to find a fixed point of 72
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