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Ulam-Hyers stability and exponentially stable evolution
equations in Banach spaces

ADRIANA BUICĂ

ABSTRACT. We show that uniformly exponentially stable abstract linear evolution equations are Ulam-Hyers
stable on [a,∞). Moreover, we prove that this property is maintained when perturbing this type of equations
with a nonlinear term having a small Lipschitz constant. These results complement the literature on Ulam-Hyers
stability, a special relation having with some works of I. A. Rus.

1. INTRODUCTION

There is a huge literature on Ulam-Hyers (UH) stability of functional equations, inclu-
ding, of course, both ordinary and partial differential equations. Most of the studies are
made on linear equations. But some nonlinear equations which, in some sense are very
close to be linear, are UH stable, too. It is also very important to distinguish whether this
type of stability holds on compact intervals, or unbounded intervals. It seems that UH
stability on a compact interval is a property of any linear differential system and of the
most of the nonlinear ones. I. A. Rus emphasized and proved this using the Gronwall
Lemmas technique and other techniques in [5, 6, 7, 8]. Here we deal with abstract evolu-
tion equations in Banach spaces, both linear and nonlinear perturbations of linear ones,
on unbounded intervals of the form [a,∞). In this framework are included the finite di-
mensional differential systems, delay differential systems, very general parabolic partial
differential equations, both autonomous and nonautonomous. The main assumption on
the linear evolution equation is its exponential stability. For the nonlinear perturbation
we assume that it has a sufficiently small Lipschitz constant. We also use the Gronwall
Lemmas technique. Moreover, our results complement Theorem 4.2 in [6]. Namely, we
show that uniformly exponentially stable abstract linear evolution equations are Ulam-
Hyers stable on [a,∞). We also prove that this property is maintained when perturbing
this type of equations with a nonlinear term having a small Lipschitz constant.

2. MAIN RESULTS

Let (X, | · |) be a real or complex Banach space. The zero vector in X will be denoted
by 0. L(X) will stand for the space of bounded linear operators from X into itself. The
corresponding norm in L(X) will also be denoted by | · |. The identity operator on X is
I ∈ L(X). For notations and the next two notions we used [2, 3].

Definition 2.1. A family of operators {U(θ, τ)}θ≥τ ⊂ L(X), with θ, τ ∈ R, is called an
evolution family if

(i) U(θ, s)U(s, τ) = U(θ, τ) and U(θ, θ) = I for all θ ≥ s ≥ τ ; and
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(ii) for each x ∈ X , the function (θ, τ) 7→ U(θ, τ)x is continuous for θ ≥ τ .

Definition 2.2. An evolution family {U(θ, τ)}θ≥τ is called uniformly exponentially stable
if there exist real constants M ≥ 1 and ω > 0 such that

|U(θ, τ)| ≤Me−ω(θ−τ), θ ≥ τ.

In the proof of the main result we will use the following Gronwall-type Lemma. We
include its proof for completeness.

Lemma 2.1. Fix a ∈ R. Take the functions u ∈ C([a,∞)), α ∈ C1([a,∞)), and the real constant
β > 0. If

u(t) ≤ α(t) + β

∫ t

a

u(s)ds, t ≥ a

then

u(t) ≤ α(a)eβ(t−a) +
∫ t

a

α′(s)eβ(t−s)ds, t ≥ a.

Proof. Denote v(t) = α(t) + β
∫ t
a
u(s)ds. Then

u ≤ v, v′ = α′ + βu ≤ α′ + βv, v(a) = α(a).

From here we obtain v′ − βv ≤ α′ on [a,∞). First we multiply this last relation with e−βt,
then integrate from a to t. After some small computations, using eventually that u ≤ v,
one obtains the conclusion. �

Now we state and prove the most general result of this work. This theorem concludes
the Ulam-Hyers stability of mild solutions of abstract nonautonomous evolution equa-
tions, but we preferred to not give such a notion. Anyway, in subsections 2.1 and 2.2
we stated results that conclude the UH stability of finite dimensional differential systems
and, respectively, of an abstract evolution equation whose linear part is the generator of a
C0-semigroup. Of course, these results are consequences of the next theorem.

Theorem 2.1. Let {U(θ, τ)}θ≥τ be a uniformly exponentially stable evolution family on X . Let
the constants M ≥ 1 and ω > 0 be like in Definition 2.2. Fix a ∈ R, ε > 0, L > 0 and the
continuous functions g : [a,∞)→ X and f : [a,∞)×X → X . Assume that

(i) |g(s)| ≤ ε, s ∈ [a,∞).
(ii) |f(s, y)− f(s, x)| ≤ L|x− y|, s ∈ [a,∞), x, y ∈ X .

(iii) L < ω/M.

Let η ∈ X . Then, each of the integral equations

y(t) = U(t, a)η +

∫ t

a

U(t, s)[f(s, y(s)) + g(s)]ds,(2.1)

x(t) = U(t, a)η +

∫ t

a

U(t, s)f(s, x(s))ds,(2.2)

has a unique solution in C([a,∞), X), denoted ϕ and, respectively, ψ. Moreover, they satisfy

(2.3) |ϕ(t)− ψ(t)| ≤ ε M

ω − LM
, t ∈ [a,∞).
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Proof. Consider b > a arbitrary but fixed and the operator

B : C([a, b], X)→ C([a, b], X)

defined for any x ∈ C([a, b], X) and for any t ∈ [a, b] by

B(x)(t) = U(t, a)η +

∫ t

a

U(t, s)[f(s, x(s)) + g(s)]ds.

It is known that C([a, b], X) with the norm ||x|| = max
t∈[a,b]

|x(t)| is a Banach space. We claim

that B is a contraction with the Lipschitz constant LM/ω. For any x1, x2 ∈ C([a, b], X)
and t ∈ [a, b] we have

|B(x1)(t)−B(x2)(t)| =

∣∣∣∣∫ t

a

U(t, s)[f(s, x1(s))− f(s, x2(s))]ds
∣∣∣∣

≤ L

∫ t

a

|U(t, s)| · |x1(s)− x2(s)|ds

≤ LM ||x1 − x2||
∫ t

a

e−ω(t−s)ds

≤ LM

ω
||x1 − x2||.

Then

||B(x1)−B(x2)|| ≤
LM

ω
||x1 − x2||.

Thus, the claim is proved. The Contraction Mapping Principle assures the existence of
a unique fixed point of B in C([a, b], X). Thus, equation (2.1) has a unique continuous
solution defined on the interval [a, b]. Since b > a is arbitrary, we deduce the existence
of a unique continuous solution defined on the interval [a,∞), denote it by ϕ. Note that
equation (2.2) can be seen as a particular case of (2.1) (with g = 0). Denote the solution
of (2.2) by ψ. In the sequel we intend to estimate the distance between ϕ and ψ. For any
t ∈ [a,∞) we have

|ψ(t)− ϕ(t)| =

∣∣∣∣∫ t

a

U(t, s)[f(s, ψ(s))− f(s, ϕ(s))]ds+
∫ t

a

U(t, s)g(s)ds

∣∣∣∣
≤

∫ t

a

|U(t, s)| · |f(s, ψ(s))− f(s, ϕ(s))|ds+
∫ t

a

|U(t, s)| · |g(s)|ds

≤ LM

∫ t

a

e−ω(t−s)|ψ(s)− ϕ(s)|ds+ εM

∫ t

a

e−ω(t−s)ds.

With the following notations

u(t) = |ψ(t)− ϕ(t)|eωt, α(t) = εM

∫ t

a

eωsds, β = LM

we obtain that

u(t) ≤ β
∫ t

a

u(s)ds+ α(t), t ∈ J.

Now we apply Lemma 2.1, use the relations α(a) = 0, α′(t) = εMeωt and obtain

u(t) ≤ εMeLMt

∫ t

a

e(ω−LM)sds.

After we multiply with e−ωt, compute the integral, and replace the expression of u(t), we
obtain (2.3). �
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Remark 2.1. We consider that it is worth to point out here the connections between three
notions of asymptotic stability of evolution families, see [3].

We say that an evolution family {U(θ, τ)}θ≥τ is asymptotically stable if lim
t→∞

U(t, τ)x = 0

for all x ∈ X and, respectively, it is uniformly asymptotically stable if given any ε > 0 there
exists a T (ε) > 0 such that |U(t, τ)| < ε wherever t > T (ε) + τ . It is not difficult to see
that uniform exponential stability implies uniform asymptotic stability which implies as-
ymptotic stability. It is known from [3] that uniform asymptotic stability implies uniform
exponential stability. However, asymptotic stability does not in general imply uniform
asymptotic stability, a property which is true if X is finite-dimensional.

2.1. Differential systems in Rn or Cn. Let the Banach space X be either Rn or Cn. Let
A ∈ C(R,L(X)). For each a ∈ R let U(t, a) be the fundamental matrix solution of the
system x′ = A(t)x such that U(a, a) is the identity matrix. Then {U(θ, τ)}θ≥τ is an evo-
lution family. In addition, we have that U(θ, τ) is well defined for θ < τ and we have
[U(θ, τ)]−1 = U(τ, θ) for all θ, τ ∈ R. We say that the system x′ = A(t)x is uniformly expo-
nentially stable whenever {U(θ, τ)}θ≥τ is uniformly exponentially stable. In the particular
case when A is a constant function, we have that the autonomous system x′ = Ax is (uni-
formly) exponentially stable if and only if <(λ) < 0 for all λ ∈ σ(A). Here σ(A) ⊂ C is
the spectrum of the matrix A and <(λ) denotes the real part of λ. Moreover, a constant
ω > 0 such that <(λ) < −ω for all λ ∈ σ(A), can appear in Definition 2.2. All the above
are known results from the classical theory of ordinary differential equations, as can be
found, for example, in [1].

In addition, let f ∈ C([a,∞)×X,X) and m > 0. We say that the system

(2.4) x′ = A(t)x+ f(t, x)

is Ulam-Hyers stable on the interval [a,∞) with constant m if for any ε > 0 and for any
solution ψ ∈ C1([a,∞), X) of

|x′ −A(t)x− f(t, x)| ≤ ε

there exists a solution ϕ ∈ C1([a,∞), X) of system (2.4) such that

|ψ(t)− ϕ(t)| ≤ mε, t ∈ [a,∞).

As a consequence of Theorem 2.1 we obtain the following result.

Theorem 2.2. Assume that the system x′ = A(t)x is uniformly exponentially stable and let
M ≥ 1 and ω > 0 be like in Definition 2.2. Assume that there exists 0 < L < ω/M such that

|f(s, y)− f(s, x)| ≤ L|x− y|, for all s ∈ [a,∞), x, y ∈ X.

Then system (2.4) is Ulam-Hyers stable on the interval [a,∞) with constant
m =M/(ω − LM).

Corollary 2.1. A uniformly exponentially stable system in Rn or Cn

x′ = A(t)x

is Ulam-Hyers stable on the interval [a,∞) with constant m = M/ω, where M ≥ 1 and ω > 0
are like in Definition 2.2.
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2.2. Semigroups. For the definition of a C0-semigroup and other useful results we used
[4, 3].

Definition 2.3. If the evolution family {U(θ, τ)}θ≥τ on the Banach space X satisfies in addition

U(θ, τ)x = U(θ − τ, 0)x, θ ≥ τ, x ∈ X,
then it is called a C0-semigroup.

Assume from now that {U(θ, τ)}θ≥τ is a C0-semigroup. An important remark is that
there exists a dense set D ⊂ X and a linear operator A : D → X such that if x ∈ D,

lim
θ↓0

1

θ
U(θ, 0)x = Ax.

The mapping A is in general unbounded and is called the infinitesimal generator of the
semigroup. Sometimes the following notation is used

etA := U(t, 0), t ≥ 0

and it is said that {etA}t≥0 is a one-parameter C0-semigroup.
Let f ∈ C([a,∞)×X,X) and consider the abstract evolution equation

(2.5) x′ +Ax = f(t, x),

and the abstract evolution inequation

(2.6) |x′ +Ax− f(t, x)| ≤ ε.
We say that ϕ ∈ C([a,∞), X) is a mild solution of equation (2.5) if ϕ is a solution of the
integral equation (2.2) with η = ϕ(a).

We say that ψ ∈ C([a,∞), X) is a mild solution of inequation (2.6) if there exists g ∈
C([a,∞)) with |g(s)| ≤ ε, s ∈ [a,∞) such that ψ is a solution of the integral equation (2.1)
with η = ψ(a).

Let m > 0. We say that the evolution equation (2.5) is Ulam-Hyers stable on the interval
[a,∞) with constant m if for any ε > 0 and for any mild solution ψ ∈ C([a,∞), X) of
inequation (2.6) there exists a mild solution ϕ ∈ C([a,∞), X) of (2.5) such that

|ψ(t)− ϕ(t)| ≤ mε, t ∈ [a,∞).

As a consequence of Theorem 2.1 we obtain the following result.

Theorem 2.3. Let A : D ⊂ X → X be the infinitesimal generator of a uniformly exponentially
stable C0-semigroup {U(θ, τ)}θ≥τ . Let M and ω be like in Definition 2.2. Assume that there
exists 0 < L < ω/M such that

|f(s, y)− f(s, x)| ≤ L|x− y|, for all s ∈ [a,∞), x, y ∈ X.
Then the abstract evolution equation (2.5) is Ulam-Hyers stable on the interval [a,∞) with

constant m =M/(ω − LM).

Corollary 2.2. Let A : D ⊂ X → X be the infinitesimal generator of a uniformly exponentially
stable C0-semigroup {U(θ, τ)}θ≥τ . Let M and ω be like in Definition 2.2. Then the abstract
evolution equation

x′ = Ax

is Ulam-Hyers stable on the interval [a,∞) with constant m =M/ω.
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