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Application of a fixed point theorem on infinite cartesian
product to an infinite system of differential equations

MARCEL-ADRIAN SERBAN

ABSTRACT. In the paper Operators on infinite dimensional cartesian product, (Analele Univ. Vest Timisoara,
Mat. Inform., 48 (2010), 253-263), by I. A. Rus and M. A. Serban, the authors give a generalization of the Fibre
contraction theorem on infinite dimensional cartesian product. In this paper we give an application of this
abstract result to an infinite system of differential equations.

1. INTRODUCTION

For a triangular operator A : X xY — X xY, A = (B,C), where B: X — X and
C: X xY — Y we can formulate the following problem:

Problem 1.1 (Fibre Picard operator problem). Let (X , —1>> and (Y, 3>) be two L-spaces.

Let B: X — XbeaWPOand C: X xY — Y besuch that C (z,-) : Y — Y isa WPO for
every x € X.
In which conditions the operator A = (B, C') isa WPO ?

Results concerning this problem in different settings were obtained by M. W. Hirsch,
C. C. Pugh [5], ]. Sotomayor [16], I. A. Rus [6], [7], [8], S. Andrasz [1], C. Bacotiu [2], I. A.
Rus and M. A. Serban [13], [15], M. A. Serban [17], [18], [19], [20].

In the paper I. A. Rus and M. A. Serban [14], the authors give a generalization of the Fi-
bre contraction theorem for triangular operators defined on infinite dimensional cartesian
product spaces. The aim of this paper is to present an application of this abstract result to
an infinite system of differential equations.

2. PRELIMINARIES

In this paper we shall use the terminologies and notations from [10] and [11]. For the
convenience of the reader we shall recall some of them.

Let (X, —) be an L-space and f : X — X an operator. We denote by 0 :=1x, f! :=f,
[t i= fo f", n € N the iterate operators of the operator A. Also:

P(X):={YCX |Y #0}

Fpi={zeX | f(x) =z}
By (X, —) we will denote an L-space. Actually, an L-space is any set endowed with a
structure implying a notion of convergence for sequences (for examples of L-spaces see

Fréchet [4], Blumenthal [3] and I. A. Rus [10]).
Let (X, —) be an L-space.
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Definition 2.1. f: X — X is called a Picard operator (briefly PO) if:
(i) Fy = {z"};
(ii) f™(x) = a* asn — oo, forall z € X.

Definition 2.2. f : X — X is said to be a weakly Picard operator (briefly WPO) if the
sequence (f"(z))nen converges for all z € X and the limit (which may depend on z) is a
fixed point of f.

If f: X — X is a WPO, then we may define the operator f* : X — X by
f=(x) = lim f"(z).
Obviously f>(X) = Fy. Moreover, if f is a PO and we denote by z* its unique fixed
point, then f*°(z) = z*, for each z € X.

For a triangular operator A : X xY — X xY, A = (B,C), where B: X — X and
C: X xY — Y we have the following result:

Theorem 2.1 (Fibre contraction principle). ([5], [7], [8], [16]) We suppose that:
(i) (Y,dy) is a complete metric space;
(ii) B isa WPO;
(iii)) C (z,-) : Y — Y is a— contraction for every x € X;
(iv) C: X xY — Y is continuous.
Then

(a) Aisa WPO;
(b) If Bisa PO then Aisa PO.

Theorem 2.1 was extended in [14] to the case of triangular operators defined on infinite
dimensional cartesian product spaces in the following way.

Let (X;,d;), ¢ € N*, be metric spaces and (X, —) an L-space and we denote by X =
[T X, the cartesian product of X;, i € N. We organize X = ][] X, as an L-space by
ieN ieN
termwise convergence, i.e.
rk — x9,as k — 400,

¢
2 5z, ask — +oo < %
xy = xask — +oo, Vn € N*.

We consider the operators Ay : Xo x X1 x ... x X = X, k€N, and

A: X —>X
A(Io,xl,...75€n,...) = (Ao(Io),Al ($0,$1)7...,An(Io,xl,...7l‘n),...)

Theorem 2.2. [14] Suppose that:
(i) (Xk,dy) is a complete metric space for every k € N*;
(ii) Ao is WPO;
(iii) Ay (zo,x1,...,%k—1,") : Xp — X} is ay—contraction, for every k € N*;
(iv) A is continuous.
Then A is WPO. Moreover, if Ag is PO then A is PO.

2.1)

3. CAUCHY PROBLEM FOR A SYSTEM OF INFINITE DIFFERENTIAL EQUATIONS

We consider the Cauchy problem:
) = filtw () (1), telab), i=Tm

K2

(32) x;n+k (t) = fm-‘rk (taxl (t) s Tmtk (t)) , te [Cl; b]? ke N*
z(a)= 2V




Application of a fixed point theorem on infinite cartesian product to an infinite system of differential equations 261

where z = (21, 22,...) and 2° = (29, 29,...) € R™.

The Cauchy problem (3.2) is equivalent with the following infinite system of integral
equations:

21 (8) 29 {fl (s,21(8),...,m (5))ds
: = : + ’
3.3
(3.3) m (1) T ffm (s,21(8), ..., Tm (s8))ds
Tk (B) = 20+ ft Stk (8,21 (8) ooy Tk (8)) ds, k € N*, t € [a; b].

We consider the Banach spaces X = (C ([a,b],R™),[-||.), Xx = (C[a, 0], |ll,,), k €
N*, where |||, are the corresponding Bielecki norms:

lyl,, = max max {Iyi (t)] -e‘TO(t‘“)}7 y € C([a,b],R™),

i=1,m t€la,b]

= . o~ Tk(t—a) *
E tren[%]{p(m e } 2 e Cla,b], ke N,

and the operators 4, : Xo — Xy,

20 [ fi(ssz1(s),...,xm (s))ds
1 a
20 t
m S fn (ss21(8) 5., (8)) ds
and Ay : Xo x X1 x ... x X — X, k€ N¥,
t
(3.5) A (1, .. Zmgr) (B) = x?nJrk + /mec (8,21 (8) .., Tmar (8)) ds.
It is clear that for operator A : X — X, where X = [[ X; and A = (Ao, A1,..., 4s,...),
ieN
the infinite system of integral equations (3.3) is equivalent with fixed point equation in X:

r=A(x).
We have the following result:

Theorem 3.3. We consider the Cauchy problem (3.2) and we suppose that:

(i) f; are continuous functions, i € N*;
(ii) there exists Ly > 0 such that

m
‘fi(t7U1,...,Um)_fi<t,1]1,...7’l}m)| SI’OZ|U/J_UJ )
j=1

forallt € [a;b], u1, ..., Um,v1,...,0m ER™, i =1,m;

(iii) there exist Ly, > 0, k € N*, such that:
|fm+k (tvuh sy Umtk—1, Ul) - fm-‘rk (taula ceesy Umtk—1, U2)| < Ly ‘vl — U2],
forallt € [a;b], u; € R,j=1,m+k—1v,v € R

Then the Cauchy problem (3.2) has a unique solution in X.
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Proof. Condition (i) ensures the well definition of the operators Ay, A, ..., A, ..., and the
continuity of the operator A. From condition (ii) we get

Lo
[ Ao (x) — Ao (V)l,, < - Ix =¥l

forevery x = (z1,...,Zm),¥ = (Y1,...,Um) € Xo. If we choose 75 > 0 such that I;—g <1,
(for example 79 = Lo + 1), then Ay is an ap— contraction, with ay = i—g, therefore Ay is
PO.

Also, for k € N*, we have

Ly
Ak (205 -+ s Tmak—1,Y1) — Ak (Tos - -+, Tmgk—1,Y2) [, < p lyr —v2ll,
for every (zo,...,Tmyk—1) € Xo X ... X Xp_1 and y1, y2 € X, which shows that
Ak (2o, .., Tmtk—1,) : X — X} is an ag—contraction, for a suitable choice of 7, > 0, (for

example 7, = Lj + 1), thus we apply Theorem 2.2 and we obtain that A : X — X is PO,
therefore the system (3.3) has a unique solution in X, so the Cauchy problem (3.2) has a

unique solution. O
Example 3.1. Let consider the Cauchy problem:
(3.6)
i) = gi(t,z1(t),...,zm (1)), tefa;b], i=1,m
T ()= Gmyr (o (), Tgk—1 (1) + kcos (Tmyr), t€[a;b], k€ N*
r(a)= 2°

z° € R>®. We suppose that:

(i) g; are continuous functions, i € N*;
(ii) there exists Lg > 0 such that

m
|gl (t7u15"'7um)_gi (t7U1>"'7vm)| SLOZ'”J_UJ )
=1

forallt € [a;b], u1, ..., Um,V1,...,0;m € R™, i=1m.
Then the Cauchy problem (3.6) has a unique solution.

Proof. We apply Theorem 3.3 for f;, i € N*¥,

fi (t,ul,...,um) :gi(t,ul,...,um), 1= l,m,

f7n,+k (t, ULy noy Umtk—1, um,—i—k) = 9m+k (t, Ugy .- 7um+k’—1) + k cos (um-‘rk) ) k € N*
Itis easy to see that f; is lipschitz with constant Lo, i = 1,m, and fr1x (¢, w1, - - s Umtk—1, )
is lipschitz with L, = k, k € N*, therefore all the condition from Theorem 3.3 are satisfied,
so we get the conclusion. O
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