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Application of a fixed point theorem on infinite cartesian
product to an infinite system of differential equations

MARCEL-ADRIAN ŞERBAN

ABSTRACT. In the paper Operators on infinite dimensional cartesian product, (Analele Univ. Vest Timişoara,
Mat. Inform., 48 (2010), 253–263), by I. A. Rus and M. A. Şerban, the authors give a generalization of the Fibre
contraction theorem on infinite dimensional cartesian product. In this paper we give an application of this
abstract result to an infinite system of differential equations.

1. INTRODUCTION

For a triangular operator A : X × Y → X × Y , A = (B,C), where B : X → X and
C : X × Y → Y we can formulate the following problem:

Problem 1.1 (Fibre Picard operator problem). Let
(
X,

1→
)

and
(
Y,

2→
)

be two L-spaces.
Let B : X → X be a WPO and C : X × Y → Y be such that C (x, ·) : Y → Y is a WPO for

every x ∈ X .
In which conditions the operator A = (B,C) is a WPO ?

Results concerning this problem in different settings were obtained by M. W. Hirsch,
C. C. Pugh [5], J. Sotomayor [16], I. A. Rus [6], [7], [8], S. Andrász [1], C. Bacoţiu [2], I. A.
Rus and M. A. Şerban [13], [15], M. A. Şerban [17], [18], [19], [20].

In the paper I. A. Rus and M. A. Şerban [14], the authors give a generalization of the Fi-
bre contraction theorem for triangular operators defined on infinite dimensional cartesian
product spaces. The aim of this paper is to present an application of this abstract result to
an infinite system of differential equations.

2. PRELIMINARIES

In this paper we shall use the terminologies and notations from [10] and [11]. For the
convenience of the reader we shall recall some of them.

Let (X,→) be an L-space and f : X → X an operator. We denote by f0 := 1X , f1 := f ,
fn+1 := f ◦ fn, n ∈ N the iterate operators of the operator A. Also:

P (X) := {Y ⊆ X | Y 6= ∅}
Ff := {x ∈ X | f(x) = x}

By (X,→) we will denote an L-space. Actually, an L-space is any set endowed with a
structure implying a notion of convergence for sequences (for examples of L-spaces see
Fréchet [4], Blumenthal [3] and I. A. Rus [10]).

Let (X,→) be an L-space.
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Definition 2.1. f : X → X is called a Picard operator (briefly PO) if:
(i) Ff = {x∗};
(ii) fn(x)→ x∗ as n→∞, for all x ∈ X .

Definition 2.2. f : X → X is said to be a weakly Picard operator (briefly WPO) if the
sequence (fn(x))n∈N converges for all x ∈ X and the limit (which may depend on x) is a
fixed point of f .

If f : X → X is a WPO, then we may define the operator f∞ : X → X by

f∞(x) := lim
n→∞

fn(x).

Obviously f∞(X) = Ff . Moreover, if f is a PO and we denote by x∗ its unique fixed
point, then f∞(x) = x∗, for each x ∈ X .

For a triangular operator A : X × Y → X × Y , A = (B,C), where B : X → X and
C : X × Y → Y we have the following result:

Theorem 2.1 (Fibre contraction principle). ([5], [7], [8], [16]) We suppose that:
(i) (Y, dY ) is a complete metric space;

(ii) B is a WPO;
(iii) C (x, ·) : Y → Y is α− contraction for every x ∈ X ;
(iv) C : X × Y → Y is continuous.
Then

(a) A is a WPO;
(b) If B is a PO then A is a PO.

Theorem 2.1 was extended in [14] to the case of triangular operators defined on infinite
dimensional cartesian product spaces in the following way.

Let (Xi, di), i ∈ N∗, be metric spaces and (X0,→) an L-space and we denote by X =∏
i∈N

Xi, the cartesian product of Xi, i ∈ N. We organize X =
∏
i∈N

Xi as an L-space by

termwise convergence, i.e.

xk
t→ x, as k → +∞⇔

{
xk0 → x0, as k → +∞,
xkn

dn→ x as k → +∞, ∀n ∈ N∗.

We consider the operators Ak : X0 ×X1 × . . .×Xk → Xk, k ∈ N, and

(2.1) A : X → X
A (x0, x1, . . . , xn, . . .) = (A0 (x0) , A1 (x0, x1) , . . . , An (x0, x1, . . . , xn) , . . .)

Theorem 2.2. [14] Suppose that:
(i) (Xk, dk) is a complete metric space for every k ∈ N∗;

(ii) A0 is WPO;
(iii) Ak (x0, x1, . . . , xk−1, ·) : Xk → Xk is αk−contraction, for every k ∈ N∗;
(iv) A is continuous.
Then A is WPO. Moreover, if A0 is PO then A is PO.

3. CAUCHY PROBLEM FOR A SYSTEM OF INFINITE DIFFERENTIAL EQUATIONS

We consider the Cauchy problem:

(3.2)

 x′i (t) = fi (t, x1 (t) , . . . , xm (t)) , t ∈ [a; b], i = 1,m
x′m+k (t) = fm+k (t, x1 (t) , . . . , xm+k (t)) , t ∈ [a; b], k ∈ N∗

x (a) = x0
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where x = (x1, x2, . . .) and x0 =
(
x01, x

0
2, . . .

)
∈ R∞.

The Cauchy problem (3.2) is equivalent with the following infinite system of integral
equations:

(3.3)



 x1 (t)
...

xm (t)

 =

 x01
...
x0m

+


t∫
a

f1 (s, x1 (s) , . . . , xm (s)) ds

...
t∫
a

fm (s, x1 (s) , . . . , xm (s)) ds

 ,

xm+k (t) = x0m+k +
t∫
a

fm+k (s, x1 (s) , . . . , xm+k (s)) ds, k ∈ N∗, t ∈ [a; b].

We consider the Banach spaces X0 =
(
C ([a, b] ,Rm) , ‖·‖τ0

)
, Xk =

(
C [a, b] , ‖·‖τk

)
, k ∈

N∗, where ‖·‖τk are the corresponding Bielecki norms:

‖y‖τ0 = max
i=1,m

max
t∈[a,b]

{
|yi (t)| · e−τ0(t−a)

}
, y ∈ C ([a, b] ,Rm) ,

‖z‖τk = max
t∈[a,b]

{
|z (t)| · e−τk(t−a)

}
, z ∈ C [a, b] , k ∈ N∗,

and the operators A0 : X0 → X0,

(3.4) A0 (x1, . . . , xm) (t) =

 x01
...
x0m

+


t∫
a

f1 (s, x1 (s) , . . . , xm (s)) ds

...
t∫
a

fm (s, x1 (s) , . . . , xm (s)) ds

 ,

and Ak : X0 ×X1 × . . .×Xk → Xk, k ∈ N∗,

(3.5) Ak (x1, . . . , xm+k) (t) = x0m+k +

t∫
a

fm+k (s, x1 (s) , . . . , xm+k (s)) ds.

It is clear that for operator A : X → X , where X =
∏
i∈N

Xi and A = (A0, A1, . . . , Ak, . . .),

the infinite system of integral equations (3.3) is equivalent with fixed point equation in X :

x = A (x) .

We have the following result:

Theorem 3.3. We consider the Cauchy problem (3.2) and we suppose that:
(i) fi are continuous functions, i ∈ N∗;

(ii) there exists L0 > 0 such that

|fi (t, u1, . . . , um)− fi (t, v1, . . . , vm)| ≤ L0

m∑
j=1

|uj − vj | ,

for all t ∈ [a; b], u1, . . . , um, v1, . . . , vm ∈ Rm, i = 1,m;
(iii) there exist Lk > 0, k ∈ N∗, such that:

|fm+k (t, u1, . . . , um+k−1, v1)− fm+k (t, u1, . . . , , um+k−1, v2)| ≤ Lk |v1 − v2| ,

for all t ∈ [a; b], uj ∈ R, j = 1,m+ k − 1, v1, v2 ∈ R.
Then the Cauchy problem (3.2) has a unique solution in X .
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Proof. Condition (i) ensures the well definition of the operators A0, A1, . . ., Ak, ..., and the
continuity of the operator A. From condition (ii) we get

‖A0 (x)−A0 (y)‖τ0 ≤
L0

τ0
‖x− y‖τ0 ,

for every x = (x1, . . . , xm) ,y = (y1, . . . , ym) ∈ X0. If we choose τ0 > 0 such that L0

τ0
< 1,

(for example τ0 = L0 + 1), then A0 is an α0− contraction, with α0 =
L0

τ0
, therefore A0 is

PO.
Also, for k ∈ N∗, we have

‖Ak (x0, . . . , xm+k−1, y1)−Ak (x0, . . . , xm+k−1, y2)‖τk ≤
Lk
τk
‖y1 − y2‖τk

for every (x0, . . . , xm+k−1) ∈ X0 × . . .×Xk−1 and y1, y2 ∈ Xk, which shows that
Ak (x0, . . . , xm+k−1, ·) : Xk → Xk is an αk−contraction, for a suitable choice of τk > 0, (for
example τk = Lk + 1), thus we apply Theorem 2.2 and we obtain that A : X → X is PO,
therefore the system (3.3) has a unique solution in X , so the Cauchy problem (3.2) has a
unique solution. �

Example 3.1. Let consider the Cauchy problem:
(3.6) x′i (t) = gi (t, x1 (t) , . . . , xm (t)) , t ∈ [a; b], i = 1,m

x′m+k (t) = gm+k (t, x1 (t) , . . . , xm+k−1 (t)) + k cos (xm+k) , t ∈ [a; b], k ∈ N∗
x (a) = x0

x0 ∈ R∞. We suppose that:
(i) gi are continuous functions, i ∈ N∗;

(ii) there exists L0 > 0 such that

|gi (t, u1, . . . , um)− gi (t, v1, . . . , vm)| ≤ L0

m∑
j=1

|uj − vj | ,

for all t ∈ [a; b], u1, . . . , um, v1, . . . , vm ∈ Rm, i = 1,m.
Then the Cauchy problem (3.6) has a unique solution.

Proof. We apply Theorem 3.3 for fi, i ∈ N∗,
fi (t, u1, . . . , um) = gi (t, u1, . . . , um) , i = 1,m,

fm+k (t, u1, . . . , um+k−1, um+k) = gm+k (t, u1, . . . , um+k−1) + k cos (um+k) , k ∈ N∗.
It is easy to see that fi is lipschitz with constantL0, i = 1,m , and fm+k (t, u1, . . . , um+k−1, ·)
is lipschitz with Lk = k, k ∈ N∗, therefore all the condition from Theorem 3.3 are satisfied,
so we get the conclusion. �
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[4] Fréchet, M., Les espaces abstraits, Gauthier-Villars, Paris, 1928
[5] Hirsch, M. W. and Pugh, C. C., Stable manifolds and hyperbolic sets, Proc. Symp. in Pure Math., 14 (1970), A.

M. S., 133–143
[6] Rus, I. A., A fibre generalized contraction theorem and applications, Mathematica, 41 (1999), No. 1, 85–90
[7] Rus, I. A., Fibre Picard operators and applications, Studia Univ. Babeş-Bolyai Math., 44 (1999), 89–98
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[13] Rus, I. A. and Şerban, M. A., Basic problems of the metric fixed point theory and the relevance of a metric fixed point

theorem, Carpathian J. Math., 29 (2013), No. 2, 239–258
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