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Resolvents of equilibrium problems on a complete
geodesic space with curvature bounded above

YASUNORI KIMURA

ABSTRACT. We consider equilibrium problems on a complete geodesic space with curvature bounded above
by one and propose the notion of resolvents for this problem. We prove its well-definedness as a single-valued
mapping whose domain is the whole space, and its geometric properties.

1. INTRODUCTION

Let K be a nonempty set and f: K x K — R be a bifunction on K. An equilibrium
problem for f is defined as to find zy € K such that

f(z0,y) >0

for every y € K. Equilibrium problems were first studied intensively by Blum and Oet-
tli [3] in the setting of topological vector spaces and Banach spaces. They also proposed
the notion of resolvents of a bifunction for an equilibrium problem and showed that its
domain is the whole space.

Further study of this problem and properties of resolvents in the setting of Hilbert
spaces have been done by Combettes and Hirstoaga [5]; they considered a countable sys-
tem of equilibrium problems and obtained several important properties of the resolvents.
Due to some nice properties of resolvents, we may apply many kinds of results in fixed
point theory to this problem such as existence theorems and approximation theorems of
its solutions.

In 2018, Kimura and Kishi [9] proposed the notion of resolvents of a bifunction defined
on a Hadamard space. They assumed the convex hull finite property for the underlying
space and, by using a similar technique to that in [3], they obtained several properties of
resolvents. For the study of equilibrium problems on Hadamard spaces, another approach
can be found in [13].

In this paper, we consider an equilibrium problem defined on an admissible com-
plete CAT(1) space. The class of CAT(1) spaces includes that of Hadamard spaces, how-
ever, geometric properties of CAT(1) spaces are totally different from those of Hadamard
spaces. We propose the notion of resolvents of a bifunction for an equilibrium problem
by using the logarithmic cosine function. We show its well-definedness as a single-valued
mapping defined on the whole space, and its spherical nonspreadingness of sum type,
under the assumption called the convex hull finite property. We also show several related
results obtained from fixed point theory on geodesic spaces.

2. PRELIMINARIES
A CAT(1) space is defined as a uniquely 7-geodesic metric space satisfying the CAT(1)

inequality with the two-dimensional unit sphere S? as a model space. Namely, any two
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464 Yasunori Kimura

points z,y in a CAT(1) space X with d(z,y) < 7 can be connected with a unique geodesic
c: [0,d(z,y)] = X, and for any z,y,z € X with d(z,y) + d(y,2) + d(z,2) < 27, p,q €
A(z,y,2) C X and their comparison points p,§ C A(Z,7,z) C S? satisfy

d(p, q) < dg2 (p7 6)

Since the geodesic c between z, y is uniquely defined if d(z,y) < 7, for any z € [z,y] =
¢([0,d(z,y)]), we can find ¢ € [0,1] such that d(z, z) = (1 — t)d(z,y) and d(z,y) = td(z,y).
We denote it by z = tz & (1 — ¢)y and we call it a convex combination of z and y. In what
follows, we usually suppose that X is an admissible CAT(1) space, that is, d(z,y) < 7/2
for every z,y € X. In an admissible CAT(1) space, every two points have a unique
geodesic [4, Proposition II.1.4].

For a subset A of a metric space X, we denote its closure by cl A and its diameter by

diam A. Suppose that X is an admissible CAT(1) space. The convex hull co A of A is
defined by

c0A = G Fy,
j=1

where F1 = Aand Fj1 = {tu; ® (1 — t)u; € X | uy,u} € Fj,t €[0,1]} for j € N.
The following result is a fundamental property of CAT(1) spaces derived from the
spherical law of cosines; see, for example, [4, 11].

Theorem 2.1. Let X be a CAT(1) space and suppose x,y,z € X satisfy d(z,y) + d(y, z) +
d(z,x) < 2m. Then,
cosd(tx @ (1 —t)y, z)sind(x,y) > cosd(x, z) sin(td(z,y)) + cosd(y, z) sin((1 — t)d(z,y))
fort € 0,1].
From this theorem, we can easily deduce the following inequalities.

Theorem 2.2 (Kimura—Kohsaka [10], Kimura-Satd [11]). Let X be a CAT(1) space and sup-
pose x,y,z € X satisfy d(x,y) + d(y, z) + d(z,x) < 2m. Then,

1 1 1 1 1
3 — — 3 — > — 3 — 3
CObd<2$@ 2y,Z> COs <2d(ﬂf,y)) 2CObd(.T,Z)+ 2CObd(’y,Z),

and
cosd(te @ (1 —t)y,z) > tcosd(x, z) + (1 — t) cosd(y, z)
fort € 0,1].
Let K be a nonempty closed convex subset of an admissible CAT(1) space X. For
x € X, there exists a unique point u, € K which is nearest to z, that is, d(z,u,) =
inf.c g d(x, z). We define a mapping Px: X — K by Pxx = u, for each z € X and call it
a metric projection onto K. In this case, we know that

cosd(z, Pgx)cosd(Pkx,z) > cosd(x, z)

for every z € K.
For more details of CAT(1) spaces and their properties, see [4] for instance.
Let X be an admissible CAT(1) space. A function g: X — R is said to be convex if

g(te ® (1 - t)y) <tg(z) + (1 - t)g(y)
forany z,y € X and ¢ € ]0,1].
It is shown in [7] that a function —logcosd(-, z) is convex on an admissible CAT(1)
space X. Indeed, by Theorem 2.2, we have
cosd(tx & (1 —t)y,z) > tcosd(x, z) + (1 — t) cosd(y, 2)
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and since s — — log s is decreasing and convex on |0, +oo|, we get
—logcosd(tx & (1 —t)y, z) < —log(tcosd(x,y) + (1 —t) cosd(z, 2))
< —tlogcosd(z,y) — (1 —t) logcosd(y, z)
forz,y € X and ¢ € ]0, 1].
A function g: X — R is said to be lower semicontinuous if
g(zo) < liminf g(xy,)
n— oo
for every {z,,} C X converging to o € X. We say that g is upper hemicontinuous if
9(y) > limsup g(tz & (1 - t)y)
t—0

for every z,y € X.
Theorem 2.3 (Kimura-Kohsaka [10]). Every lower semicontinuous convex function of an ad-
missible complete CAT (1) space into R is bounded below.

Let X be an admissible complete CAT(1) space. A mapping T': X — X is said to be
spherically nonspreading of product type [10] if

(2.1) cos? d(Tx, Ty) > cosd(Tx,y) cos d(Ty, x)

for every x,y € X. Notice that, in [10], they call it simply a spherically nonspreading map-
ping. Afterword, Kajimura and Kimura [7] proposed another type of nonspreadingness
as below and they distinguished them by putting product and sum types.

The other notion of spherical nonspreadingness they proposed is as follows: T is said
to be spherically nonspreading of sum type [7] if

(2.2) 2cosd(Tx, Ty) > cosd(Txz,y) + cosd(Ty, x)
for every z,y € X. Itis easy to see [7] that if T is spherically nonspreading of sum type,
then it is also that of product type; for T satisfying (2.2), we have

cosd(Tx,y) + cosd(Ty,x
2

cosd(Tx,Ty) > ) > /cosd(Tx,y) cosd(Ty, ),

which implies (2.1).
For a mapping T': X — X, the set of all fixed points of T" is denoted by Fix T, that is,

FixT={z€ X |z="Tz}.

T is said to be quasinonexpansive if Fix T # () and d(Tx, z) < d(z, z) for every € X and
z € FixT. It is known that Fix T is closed and convex if T' is quasinonexpansive. Since
every spherically nonspreading mapping of product type with a fixed point is quasinon-
expansive [10], so is that of sum type.

Let X be an admissible CAT(1) space and K a nonempty closed convex subset of X.
We consider an equilibrium problem for a bifunction f: K x K — R, thatis, to find zgp € K
such that

f(z0,y) 20
for every y € K. The set of solutions to the equilibrium problem for f is denoted by
Equil f, that is

Equil f = {ZGK

ylglf(f(zy) > 0} :

Following [3, 5], we suppose the four conditions for f as follows.

(E1) f(y,y) =0forally € K;

(E2) f(y,2) + f(z,y) <Oforally,z € K;

(E3) f(y,-): K — Ris lower semicontinuous and convex for every y € K;
(E4) f(-,2): K — Ris upper hemicontinuous for every z € K.
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3. THE KKM LEMMA ON CAT(1) SPACES

The Knaster—Kuratowski-Mazurkiewicz lemma, or the KKM lemma in short, is one of
the most important results in nonlinear analysis since it plays a crucial role in the proof of
the Brouwer fixed point theorem. This lemma has been considered also in the setting of
geodesic spaces; see [1, 8, 14] and references therein. We focus on the result of Niculescu
and Roventa [14], a generalized KKM lemma in the setting of complete CAT(0) spaces. To
obtain it, they assumed the convex hull finite property for the underlying space.

Using a similar technique to their proof, in this section, we prove three lemmas corre-
sponding to the KKM lemma in the setting of admissible complete CAT(1) spaces with
the convex hull finite property.

Let X be an admissible CAT(1) space. We say X has the convex hull finite property [15]
if every continuous selfmapping on cl co E has a fixed point for every finite subset I/ of X.

Lemma 3.1. Let E = {x1, x2,...,x} be a finite subset of an admissible complete CAT(1) space
X and {My, My, ..., M} be a finite family of nonempty closed convex subsets of X such that

ﬂ§:1 M; = 0. For given u € clco E, define g,,: clco E — [0, 4o00[ by

!
1
gu( :,W; (u, M;)log cos d(y, x;)

fory € X, where o(u) = 2221 d(u, M;). Then, g, has a unique minimizer y,, € clco E for

every uw € X, and the single-valued mapping T': clco E — clco E defined by Tu = y,, for every
u € clco E is continuous.

Proof. Fix u € X arbitrarily. Since ﬂilei = (), we have o(u) = Zfi:l d(u, M;) > 0.
Let {y,} be a sequence in clco E such that {g,(y,)} is nonincreasing and converges to
L =infyccicok gu(y). Let m,n € Nwith n < m. By Theorem 2.2, we have

1 1
—logcosd ( Ym D Zyn,xl> — log cos (2d(ym,yn)>

1 1
< —log (2 cos d(Ym, ;) + 3 cos d(yn,wi))

fori=1,2,...,1. Since t — —logt is convex on 0, +o0c[, we have

1
- log COs <2d(ym7 yn)>

1 1 1
< gu <2ym ® Qyn) — log cos <2d(ym,yn))

= (12_12 d(u, M;) (logcosd <1ym @ ;yn, > + log cos (;d(ym,yn)>>
1 < 1 1
< - m > d(u, M;) log (2 cos d(Ym, ;) + 5 c08 d(yn, xz)>
! !
< —2 Z (u, M;) log cos d(ym, x;) d(u, M;)log cos d(yn, x;)
= %gu(ym) + %gu(yn)-
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Since gu(Ym) < gu(yn), we obtain

1 1 1
0 < ~togeos (5l ) < 50u00m) + 50000) — L < gulon) — L 0

as n — oo. This shows that {y, } is a Cauchy sequence and hence it has a limit y € clco E.
Since g, is a continuous function, we have

which shows that y is a minimizer of g,. For the uniqueness of the minimizer of g,,
suppose that both y¢ and y{, minimize g,.. Then, by the same calculation above, we have

1

1 1
L —log cos (Qd(yo,y6)> < 29u(yo) +59u(y Yo)-

It follows that

1 1 1 1
0 < —logcos (Qd(yo,y6)> qu(yo) + qu(yo) L= §L + §L —L=0

and hence — log cos(d(yo,¥y)/2) = 0, which is equivalent to yy = y;. Therefore the mini-
mizer of g, is unique for every u € clco E.
To prove the continuity of T, we first show that the inequality

!
1 cosd(Tu, x;)
. d(Tu,Tv) > — d(u, M;) —————=
(3:3) cosd(Tu, Tv) = o(u) ; (, )cosd(Tv,xi)
holds for any u, v € clco E. If T'u = T'v, then (3.3) obviously holds with equality. Thus we
may assume Tu # Tv. From the definition of T, for ¢ € ]0, 1], we have

0<gu((1—t)TudtTv) — gu(Tu)

- %) d(u, M;) (= log cos d((1 — )Tu @ tTv, ;) + log cos d(T'u, z;))

< b
o(u) 4

LM~ ”M~

where
L;(t) = —log(cos d(Tu, ;) sin((1 — t)d(Tu, Tv)) + cos d(Tv, x;) sin(td(Tu, Tv)))
+ log sind(T'w, Tv) + log cos d(T'u, x;),

which is obtained by Theorem 2.1. Since lim; | o L;(t) = 0 fori = 1,2,...,1, by 'Hospital’s
rule, we have

(1o (w) Yoimy d(u, Mi)Li(t) _ 1
0< i ; Pi%dt<(z (ML )

l

= LS (g, i 0

o(u) — tlo dt

Further, we have

dL;(t)
dt

—cosd(Tu, ;) cos((1 — t)d(Tu, Tv)) + cosd(Tv, z;) cos(td(Tu, Tv))
cos d(Tu, z;)sin((1 — t)d(Tu, Tv)) + cos d(Tv, x;) sin(td(Tu, Tv))

. d(Tu, Tv)(cos d(Tu, x;) cos d(Tu, Tv) — cosd(Tv, z;))

cos d(Tu, x;) sin d(Tu, Tv)

= —d(Tu,Tv)
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ast } 0. Hence we have
1

1 dLi(t)
0% st 2 (v 0 )

L i (d(u MA)d(T“»TU)(COS d(Tu,x;) cosd(Tu, Tv) — cos d(Tv,xi)))

~ o(u) P cos d(Tu, x;) sind(Tu, Tv)
d(Tu,Tv) cosd(Tv, x;)
- M) Tu, Tv) — <2820 Ti)
o(u)sind(Tu, Tv) ;d “ (COS d(Tu, Tv) cosd(Tu, ;)
d(Tu,Tv) cos d(Tv, ;)
= 0—— Tu,Tv) —_—
sind(Tu, Tv) (COS d(Tu, Tv) Zd Cosd(Tu x;)

Since d(Tu, Tv)/sind(Tu,Tv) > 0, we obtain the desired inequality (3.3).
Now we prove the continuity of T'. Let {u,} be a sequence in clco E and suppose that
U — ug € clco E. Then, by (3.3) we have

l

cosd (Twp, ;) Z d( un, i) cos d(Tuy, ;)
o(u

cos d(Tup, Tug) > cos d(Tug, x;)

cosd (Tug, ;) —
i1 i—

We also have

1 1
1 cos d(T'ug, ;) d(ug, M;) cos d(Tug, x;)
d(ug, My) =10 11
Z (o, )cos d(Tuy,, x;) Z o(ug) cosd(Tuy,,x;)

1
d(un, M;) cos d(Tug, ;)

= ——— — A(up, —_—
Z ( (u uO)) cos d(Tuy, ;)

where
d(unaMi) d(u07M1)

A (tn, ug) = o(un)  o(ug)

From these inequalities, we have

1> cosd(Tupn, Tug)
!

1 d(tp, M;) (cosd(Tun,x;)  cosd(Tug,x;) 1 cos d(Tug, x;)
-1y ( 3 Ay ug) AT 0 )

o(un) cosd(Tug,x;)  cosd(Tun,x;) 2 P cos d(Tup, x;)

! !
> Z d(un, M;) \/cos d(Tuy, z;) cosd(Tug, z;) 1 ZAi(Um ) cos d(Tug, x;)

o(up) cos d(Tug, ;) cos d(Tun, x;) 2 4 cos d(Tup, x;)

i=1

1 cos cos d(Tug, z;)
=1-= Az n o
2 Z (ttn o) cosd(Tun, ;)"

Since Ai(un, uo) —0asn — ooforany i =1,2,...,1, we get cos d(T'u,, Tup) — 1, which
is equivalent that T'u,, — T'ug. Therefore T is continuous and we complete the proof. [

Lemma 3.2. Let X be an admissible complete CAT (1) space having the convex hull finite property.
Let M : X — 2% be a mapping such that M (x) is a nonempty closed convex subset of X for every
x € X and that
clcoE C U M(x)
zel
for every finite subset E of X. Then, {M (z) € 2% | x € X} has the finite intersection property.
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Proof. We prove it by contradiction. Suppose that there exists a finite subset
E={xy,za,...,2;} C X
such that ﬂézl M (x;) = 0. Then, for u € clco E, we can define g,,: clco E — [0, +o0[ by

!
1
gu(y) = (—Z (u, M (z;)) log cos d(y, x;)

fory € X, where o(u) = 22:1 d(u, M(x;)). By Lemma 3.1, g,, has a unique minimizer
Tu € clcoE for every u € X, and the single-valued mapping T': clcoE — clco I is
continuous. By the convex hull finite property of X, T has a fixed point ug € clco E.
Since ﬂézl M(z;) = 0, we get d(ug, M (x;)) > 0 for some ¢ = 1,2,...,1. By permutation,
we may assume that d(ug, M(z;)) > 0fori = 1,2,...,1ly and d(ug, M(z;)) = 0 for i =
lo+1,l0+2,...,0. Let By = {1,29,...,25,} C Eand P: clco E — clco Ey be the metric
projection onto clco Ey. Then, from the property of P, we have
cos d(ug, v) < cosd(ug, Pug) cos d(Pug,v) < cos d(Pug,v)

for all v € clco Ey. In particular, cosd(ug, z;) < cosd(Pug,z;) fori =1,2,...,1l. It implies
that

1
Guo (Pug) = —ﬁ Z d(ug, M(x;))log cos d(Pug, x;)
lo
- —(%0) > d(uo, M(x) log cosd(Pug, )

lo
1
< _ . . —
< 70(%) ;:1 d(ug, M (2;))log cos d(ug, ;) = Gu, (o)

and hence Puy minimizes g,,, on clco E. From the uniqueness of the minimizer of g,,,, we
obtain ug = Pug, and by assumption we have
lo
= Pug € clco Ey C U M (z;).
i=1
On the other hand, since d(ug, M (x;)) > 0fori = 1,2,...,lp, we have uy ¢ Ui“:l M (z;).
This is a contradiction and we finish the proof. O

Before proving the next result, we remark several facts about A-compactness of a subset
of admissible complete CAT(1) space X. Let {z,} be a net in X with a directed index set
D. Then, its asymptotic center A({z,}) is defined by

A({za}) = {z eX

If every subnet of {z,} has an identical asymptotic center {z¢}, then we say {z,} is A-
convergent to zop € X.
Kirk and Massa [12] showed the following.

limsup d(z,,2) = inf limsup d(ma,y)} .
a€D yeX aeD

Theorem 3.4 (Kirk-Massa [12]). Let {x} be a universal net in a Banach space X. Then, every
subnet of {x .} has an identical asymptotic center, that is,

A({za}) = A{za,})
for every subnet {xq,} of {xa}.
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They proved this result in the setting of Banach spaces, however, the proof is valid
also in a general metric space. Further, if C is a subset of a complete CAT(1) space such
that infycc sup,eco d(z,y) < /2, then the asymptotic center of a net in C' is always a
singleton [6]. Since every net in C has a universal subnet, we conclude that {z,} in C has
a A-convergent subnet.

We also know that if a net {x,} of an admissible CAT(1) space X is A-convergent to
xo € X, then

xo € ﬂ cleo{zg € X | B > a}.
aeD
It is implied by a similar method shown in [6, 10], which is the case of a sequence.

Lemma 3.3. Let X be an admissible complete CAT(1) space, C' a closed convex subset of X such
that inf,cc sup, e d(z,y) < 7/2, and {M; € 2% | i € I} be a family of closed convex subsets of
C having the finite intersection property. Then

() M; # 0.

iel
Proof. Let D be the family of all finite subsets of the index set I and define a binary relation
<onDbya < fifand only if o C g forall o, 8 € D. Then, (D, <) is a directed set. Let
{M;,, M,,,..., M, }bea finite family of {M;} for o = {i1,42,...,in} € D. Since {M;} has
the finite intersection property, we can choose

To € li: mMiJ'
€a Jj=1

Taking such z,, for every o € D, we get a net {z,} in C with the index set D. Then, by the

condition of C, {z} has a A-convergent subnet {x,, } with the index directed set D’. We

denote the A-limit of {z,, } by xo and we show x¢ € [,.; M;. Fixi € I arbitrarily and let

a = {i} € D. Then, from the definition of subnet, there exists 5y € D’ such that o < ag

whenever 5 € D’ satisfies 3y < 3. Then, we have

xaﬁEHMjCﬂMjZMi
JjEag JEa
for all § € D" with 3y < f. Since M; is closed and convex, taking A-limit of the net {2, },

we obtain
ro = A-lim z,, € M;.
peD’

Since ¢ € I is arbitrary, we get zo € [, ; M;, which is the desired result. O

i€l
4. RESOLVENTS FOR AN EQUILIBRIUM PROBLEM
In this section, we define a resolvent operator of a bifunction for an equilibrium prob-
lem on an admissible complete CAT(1) space.
We begin with the following theorem, which is important for our main result in this

section. This result guarantees that the resolvent operator, which will be defined in Theo-
rem 4.6, has the whole space as its effective domain.

Theorem 4.5. Let X be an admissible complete CAT(1) space having the convex hull finite prop-
erty and K a nonempty closed convex subset of X. Suppose that f: K x K — R satisfies the
conditions (E1)—(E4) described above. Then, for any x € X, there exists zy € K such that

f(z0,y) — logcosd(z,y) + logcosd(x, zp) > 0
foreveryy € K.
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To prove this result, we employ the technique used in the proofs of the corresponding
results in [3, 9].
Proof. For arbitrarily fixed z € X, let

h(z,y) = f(2,y) — log cos d(z, y) + log cos d(z, 2)

for z,y € K. Notice that h also satisfies the conditions (E1)—(E4). We prove the existence
of zg such that h(zp,y) > 0 forally € K.

We will prove it in the following four steps.
Step 1. Determine a subset C' of X satisfying the assumption in Lemma 3.3.

Let v = Pxx € K, where Pk is the metric projection onto K. Then we have

cosd(u, z) > cosd(z,u) cosd(u, z) > cosd(x, z)
and thus
log cos d(u, z) > log cos d(z, z)
for every z € K. On the other hand, since f(u,-): K — R is a convex function, by
Theorem 2.3, it is bounded below. Thus L = inf,cx f(u,y) + log cos d(z, u) satisfies
—00 < L < f(u,u) + log cos d(z,u) = log cos d(z,u) < 0.
We may assume L < 0; if L = 0, then 2y = u satisfies the conclusion. We also have
h(z,u) = f(z,u) — log cosd(x,u) + log cos d(z, 2)
< —f(u, z) — logcosd(z,u) + logcosd(u, z) < —L + log cosd(u, z)
for all z € K. Thus, if z € K satisfies —L + log cosd(u, z) = 0, or equivalently, d(u, z) =
arccos e, then h(z,u) < 0. Let
C={2€K|—-L+logcosd(u,z) >0} ={z € K | d(u,z) < arccose”}.
Then C'is a closed convex subset of K satisfying
inf sup d(v, z) < sup d(u, z) < arccosel’ < T
veC zeC z€C 2

Step 2. Define {M (y)} and show that their intersection is nonempty.

For y € C, define a subset M(y) of C by

M(y) = {v e C | hly,v) < 0}.

Then, since h(y,-): C — R is lower semicontinuous and convex, M (y) is closed and con-
vex. Further, it is nonempty since y € M (y). To prove that {M(y) | y € C'} has the finite
intersection property, let E = {y1,2,...,y»} C C be an arbitrary finite subset of C' and
show that clco E C |J!_; M(y;). To obtain this inclusion, it is sufficient to show that

coE C U M (y;)
i=1
since Ji_, M (y;) is closed. We note that the convex hull of £ is defined as co E = |J;Z, F},
where I = Fand Fj 1 = {tu; ® (1 — t)u}; € X | uy,u} € Fj,t € [0,1]} for j € N. We
show the following statement by induction: For every j € N, if v € F}, then there exists
{t1, p2, ..., pn} C [0,1] such that

My, v) <Y iy, vi)
=1

forany k=1,2,...,n,and > ;" pu; = 1.
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Suppose j = 1. Then, if v € F} = E, then v = y;, for some iy € {1,2,...,n}. Thus
letting
1 (i =1p),
i = (_ '0)
0 (Z 7é ZO)7

h(ykv ) ykayzo Z,uz yka.%

we have

Next we assume that the statement above holds for fixed j € N. If v € Fj4q, thenv =
tu; @ (1 — t)u} for some uj,uj € Fy and t € [0,1]. Then, from the assumption, there exist
{vi,va, ... un b, {V, Vb, .. .,u;} C [0, 1] such that

n

h(yr, uj) <Zm (yk, ys) and h(yy, u}) Z (Y, i)

=1 i=1
forany k =1,2,...,n,with Y v, =Y., v/ = 1. By the convexity of h(yy, -), we have

h(yk’v) = h(ykvtuj ® (1 - t) ) < th(ykvuj) + (1 - t)h(ykauj)

<ty wvih(ye vi) + (1 —1) ZV h(Yr, yi) = Z(tw + (1= ) h(yk, yi)

i=1 i=1
forany k = 1,2,..., n. Therefore, letting y1; = tv; + (1 — t)v} fori =1,2,...,n, we obtain
the conclusion. Namely, for every v € co E, there exists {{1, tt2, ..., n} C [0,1] such
that h(yg,v) < i wih(yk,y;) for k =1,2,...,n,and Y ", u; = 1. Now we show that
coE c -, M(y;) by contradiction. Suppose there exists v € co E such that h(yy,v) > 0
for every k = 1,2,...,n. Then, for some {1, p2, ..., pun} C [0,1] with >0 | i = 1, we
have

h(y, v <Zm Yk, Yi)

forevery k =1,2,...,n. It implies that

0< Y ueh(yr,v) <3 pwpuih(ye, vi) = ZZNR,UZ (> yi) + 1l yr)) <0

k=1 k=11i=1 k 14i=1

This is a contradiction and thus we have h(yg, v) < 0 for some k, thatis, v € M (yx). Hence

we have
clcoE C U M (y)

yeE

for every finite subset E of C. It follows from Lemma 3.2 that {M(y)} has the finite
intersection property, and by Lemma 3.3, we obtain

() M(y) #0

yel
Step 3. Prove h(zo,y) > 0 for every y € C.

Since [, ¢ M (y) is nonempty, we can take 2o € [, ¢ M (y). Then we obtain (y, zp) <
0 for every y € C. For arbitrarily fixed w € C, let y; = tw & (1 — t)zp € C with ¢ € ]0,1[.
Then, we have
0=nh(ys,yt) = h(ys, tw @ (1 — t)z0) < th(ys, w) + (1 — t)h(ys, z0) < th(ye, w),

which implies h(y;, w) > 0. Then, since h(-, w) is upper hemicontinuous, letting ¢t — 0, we
have
h(zo,w) > limsup h(ys, w) > 0.
t—0

Since w € C'is arbitrary, we obtain h(z,y) > 0 for every y € C.
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Step 4. Prove h(zp,y) > 0 forevery y € K.

Since u = Pz as described in Step 1, by the definition of C' with the fact that zy € C,
we have d(u, z9) < arccosel. Let
L (d(u, z9) = arccoser),
7 Y2 (d(u,z) < arccosel).
L

Then, since h(z,u) < 0 whenever d(u, z) = arccose
have

as in Step 1, and h(zg, z0) = 0, we

h(Zo, UO) § 0.
On the other hand, by the definition of ug, we also have d(ug,u) < arccose”, or equiva-
lently, cos d(ug,u) > el.
Fixy € K \ C arbitrarily. Then, by taking ¢, € ]0, 1] sufficiently small, we can obtain
cos d(toy ® (1 — to)ug,u) > tocosd(y,u) + (1 — to) cos d(ug,u) > er,
that s, d(toy ® (1 — to)uo,u) < arccos el and hence toy & (1 — to)ug € C. By the convexity
of h(zo, -), it implies that
0 < h(Zo,toy ©® (1 — to)UO) < toh(Z(),y) + (1 — to)h(ZmUo)
and hence L
h(ZO7y) Z _%Oh(z(%uo) Z 0.
0

Since y € K \ C is arbitrary, we conclude that h(z,y) > 0 for every y € K. |

We now define a resolvent operator Ry for a bifunction f: K x K — R satisfying
the conditions (E1)-(E4). As in the following theorem, it is defined as a single-valued
mapping and its domain is the whole space X.

Theorem 4.6. Let X be an admissible complete CAT(1) space having the convex hull finite prop-
erty, K a nonempty closed convex subset of X. Suppose that f: K x K — R satisfies the condi-
tions (E1)—(E4). For each « € X, define a subset Ryx of K by

Rx = {z eK (f(z,y) —logcosd(x,y) + logcosd(zx, z)) > O} .

inf
yeK

Then, the following hold:

(i) Ry consists of one point for every x € X, and therefore Ry: X — K is defined as a
single-valued mapping;
(i) Ry satisfies the following inequality for any x,x2 € X:

cosd(xy, Rfxs)  cosd(xa, Rxy)

< 2cosd(R R
cosd(xy, Rpx1)  cosd(wa, Rpxa) — cosd(Ryz1, Rypxs),

and thus Ry is spherically nonspreading of sum type.
(iii) Fix Ry = Equil f and it is closed and convex.
Proof. Let z € X. Then, by Theorem 4.5, there exists zy € K such that
f(z0,y) — logcosd(x,y) + logcosd(x, zg) > 0

for all y € K and thus 2y € Ryx. This implies that Rz is nonempty.
Let z € Ryx and fix w € K arbitrarily. If w # z, then since tw® (1—¢)z € K fort € ]0,1],
we have

0< f(z,twd (1 —t)z) —logcosd(z,tw @ (1 — t)z) + log cos d(x, z)
< tf(zw) + (1 =1)f(2,2)
— log(cos d(x, w) sin(td(w, z)) + cosd(x, z) sin((1 — t)d(w, 2)))
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+ logsind(w, z) + log cos d(z, z)
= tf(z,w) + L(),
where
L(t) = —log(cos d(z, w) sin(td(w, z)) + cosd(z, z) sin((1 — t)d(w, z)))
+ log(cos d(z, z) sind(w, 2)).
Notice that L(t) — 0 as t | 0. By 'Hospital’s rule, we have

0< f(z,w) + hmo @ dL(t)

= f(z,w) + Pf% 5
Since
dL(t) _ d(w, z)(— cos d(z,w) cos(td(w, z)) + cos d(z, z) cos((1 — t)d(w, 2)))
dt cosd(x,w)sin(td(w, z)) + cosd(z, z) sin((1 — t)d(w, 2))
. d(w, 2)((— cosd(x,w) + cosd(x, z) cos d(w, z))
cosd(z, z) sind(w, z)

_ w2 (o _ cosd(z,w)
" sind(w, z) <COb d(w, z) cos d(agz))
ast| 0, we have
d(w, 2) ‘ cosd(z,w)
(4.4) 0< flzw) + sind(w, 2) (C"b d(w, 2) - cosd(m,z))

forz € X, z € Ry, and w € K such that w # z.
To prove (i) and (ii), let 21, x2 € X, 21 € Rya1, 22 € Ryao, We first suppose that 2 # 2.
Then, since z1, 22 € K, it follows from the previous inequality that

(2, 21) cosd(x1, 22)
< _alz,z) .

0< flz1,22) + sind(z2, 21) (CObd(Z%Zl) cosd(w1, 21)

d(z1, 22) cos d(xa, 21)

_ Cd(z1,20) o8 alt2, z1)

0< flz2,21) + sind(z1, 22) cosd(z1,22) - cos d(zz, 22)

Adding their both sides, we have
0 < f(z1,22) + f(z2,21) +

d(zl, 2’2)
~ sind(z1, 22)

Zla 22

(2 cosd(z1, 22) COSdEl“le) B cosd(xl,zQ))

sind(z1, 22) X9,29)  cosd(x,21)
(ZCOSd(zl,ZQ) COdeJ?Q,Zl) CObd(l‘l,ZQ)).

cos d(z2a, z2) B cosd(z1, 1)
Since d(z1, z2)/ sind(z1, z2) > 0, we have

45) cosd(xa,z1)  cosd(xy,z2)

< 92cosd .
cosd(xg,z2) cosd(xy,z1) — cosd(z1, 22)

Note that this inequality is obviously true if z; = z5. Using this inequality, we may show
that Ry is a singleton; if x = x; = x5, then

cosd(x,z1) cosd(z,22) S 2\/cosd(z,z1)cosd(:c,zg) _

2cosd(z1,29) >

cosd(zx,z2) cosd(z,z1) — cosd(x, zo) cosd(w,z1)

and thus cosd(z1,22) = 1, which implies that z; = z,. Hence Rz is always a singleton
and (i) holds. From this fact, we can write z; = Rz and z2 = Rz in (4.5). Thus we
obtain the inequality in (ii). In addition, we have

2cosd(Ryay, Ryws) > cosd(z1,Ryxs)  cosd(xe, Ryxq)

cosd(x1,Ryx1)  cosd(xa, Rxs)
> cosd(z1, Ryxe) + cosd(za, Ryx1),
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which shows that Ry is spherically nonspreading of sum type.
For (iii), suppose z € Fix Ry, or equivalently, z = R;z. Using the inequality (4.4), we

have d(w, z) (cosd(uhz) _ ) = f(z,w)

sin d(w, z)
for every w € K with w # z. Since f(z,w) = 0if z = w, we get f(z,w) > O forall w € K.
It implies that z € Equil f. On the other hand, if z € Equil f, then, since —log cost > 0 for
any t € [0, 7/2], we have

s d
0% 1w+ g

inf (f(z,y) —logcosd(z,y) +logcosd(z,z)) = inf (f(z,y) —logcosd(z,y))
yeK yeK

> inf > 0.

> Inf f(z9) 20

This inequality shows that z = Rz, that is z € Fix Ry. Hence we have Fix R; = Equil f.
Further, since a spherically nonspreading mapping Ry of sum type is quasinonexpansive
if it has a fixed point, we conclude that Fix Ry is closed and convex. O

5. EXISTENCE AND APPROXIMATING METHODS OF THE SOLUTIONS

As mentioned in the previous section, a resolvent operator of a bifunction f with the
conditions (E1)-(E4) is spherically nonspreading of sum type, and the set of solutions
to the equilibrium problem for f coincides with the set of fixed points of its resolvent.
Therefore, we may apply fixed point theorems and approximation theorems for spheri-
cally nonspreading mappings to the existence and the approximation of the solutions to
the equilibrium problem.

Notice that every spherically nonspreading mapping of sum type is also that of product
type; see Section 2.

In a similar way to A-convergence of a net, we say that a sequence {x,,} of an admissi-
ble CAT(1) space X is A-convergent to 2o € X if {0} = A({x,, }), or equivalently,

lim sup d(x,, , xo) = inf limsup d(x,, ,y)
k—o0 YEX koo

for every subsequence {zy, } of {z,}.

Theorem 5.7 (Kimura—Kohsaka [10]). Let X be an admissible complete CAT (1) space such that
diam X < 7/2. Let T: X — X be a spherically nonspreading mapping of product type. Then
FixT # () and a sequence {T™z} is A-convergent to some o € Fix T for each z € X.

From this result, we can deduce the existence and approximation theorem of the solu-
tions to an equilibrium problem as follows:

Theorem 5.8. Let X be an admissible complete CAT(1) space and suppose that it has the convex
hull finite property and diam X < m/2. Let K be a nonempty closed convex subset of X. Suppose
that f: K x K — R satisfies the conditions (E1)—(E4) described above. Then Equil f # () and the
sequence { R%x} is A-convergent to some xo € Equil f foreach x € X.

Proof. The resolvent Ry of a bifunction f is a selfmapping on X. Since it is a spherically
nonspreading mapping of sum type, it is also that of product type. Thus, by Theorem 5.7,
it has a fixed point and {R}z} is A-convergent to some 7o € Fix Ry. Consequently, by
Theorem 4.6 (iii), we have Equil f = Fix Ry # () and thus we obtain the desired result. O

At the end of this section, we mention equilibrium problems on a subset of the unit
sphere Sy of a real Hilbert space H. Let X be a nonempty closed convex subset of Sy
such that d(z,y) < 7/2 for every =,y € X, where the metric d on X is the spherical metric
defined on Syy. In this case, X is an admissible complete CAT(1) space as well as it has
the convex hull finite property. We can show this fact by the following.
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Theorem 5.9 (Ariza-Ruiz-Li-Acedo [2]). Let X be a CAT(1) space and K a nonempty closed
convex subset of X such that diam K < 7 /2. Suppose that a continuous mapping T: K — K
satisfies that c1T'(K') is compact. Then, T' has a fixed point.

Let E be a finite subset of X and T': clco E — clco E a continuous mapping. Then,
clco E is included in a finite-dimensional subspace M of H linearly spanned by E. It
follows that clco E' is compact in M since clco E is bounded. Thus we have clco F is also
compact with respect to the spherical metric on X. Consequently, T has a fixed point by
applying Theorem 5.9 with K = clco E, and hence X has the convex hull finite property.
This fact implies that Theorem 5.8 is valid for such a space.
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