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Strong convergence theorems for variational inequalities
and fixed point problems in Banach spaces

M. O. NNAKWE"? and J. N. EZEORA®

ABSTRACT. In this paper, using a sunny generalized non-expansive retraction which is different from the
metric projection and generalized metric projection in Banach spaces, we present a retractive iterative algorithm
of Krasnosel'skii-type, whose sequence approximates a common solution of a mono-variational inequality of
a finite family of n-strongly-pseudo-monotone-type maps and fixed points of a countable family of generalized non-
expansive-type maps. Furthermore, some new results relevant to the study are also presented. Finally, the theorem
proved complements, improves and extends some important related recent results in the literature.

1. INTRODUCTION

In this paper, we study the mono-variational inequality problem of Jouymandil and
Moradloul [26] and J-fixed points for a countable family of generalized non-expansive-
type maps in L, spaces, 2 < p < 00.

The first problem involving variational inequality was developed to solve equilibrium
problems, precisely, the Signorini problem, posed in the year 1959, by Signorini [46], and
was solved in the year 1963, by Fichera [22]. Hartman and Stampacchia studied the exis-
tence of solutions of variational inequality; see, for example, [24, 35].

Variational inequality has been found to have numerous applications in many areas of
mathematics, such as in partial differential equations, optimal control, optimization, mat-
hematical programming and some other nonlinear problems; see, for example, [3,5, 6,8,
15,16,23,53].

Numerous iterative methods have been proposed for solving variational inequality in the
setting of real Hilbert spaces and more general Banach spaces; see, for example [9,32].

Let Q* be the dual space of a real normed linear space, Q. A map A : Q — 22 with
domain D(A) in Q is called accretive, if for all u,v € D(A), there exists j(u —v) € J(u —v)
such that

(1.1) (M — Mo, j(u—v)) >0, 1, € Au, 1, € Av,

where J : Q — 29" is the normalized duality map.

The map A is called m-accretive, if A is accretive and R(I + sA) = Q, for all s > 0, where
R(I 4 sA) denotes the range of (I + sA) and I is the identity map on Q. In real Hilbert
spaces, accretive maps are called monotone.

Accretive maps were introduced independently in the year 1967 by Browder [6] and
Kato [31]. Interest in this class of maps stems mainly from their firm connection with
the existence theory for nonlinear equations of evolution.
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A fundamental problem in the study of accretive maps is the following:

(1.2) find w € D(A) suchthat 0€ Au.

To study the inclusion (1.2) when A is accretive, Browder [6] defined a self map 7" on Q by
T := (I — A) and called such a map pseudo-contractive. It is obvious that fixed points of T'
correspond to solutions of the inclusion (1.2), assuming existence of a solution. For earlier
and more recent results on the approximation of fixed points of pseudo-contractive maps,
the reader may consult any of the following; [5,13,33,38,41, 44].

Amap A : Q — 29 is called monotone, if for each u,v € Q, the following inequality holds:
(1.3) <77u — Ny, U — v> >0, n, € Au, n, € Av.

We recall in [43] that the sub-differential of a proper and convex function f, denoted by
df, is a monotone map, and for each u € Q, 0 € df(u) if and only if u is a minimizer of
f. In particular, setting 0f = A, where A is monotone, we have the fact that, 0 € Au. This
also reduces to Au = 0, where A is single-valued.

Approximating zeros of such monotone maps is equivalent to finding a minimizer of f.

We observe that, the fixed point technique introduced by Browder [6], in the year 1967,
for approximating zeros of accretive maps in a real Hilbert, for obvious reasons, is not
applicable in this case, where A is a monotone map from a real Banach space to its dual
space.

Hence, there is the need to introduce and develop new techniques for approximating
zeros of such monotone maps.

To approximate zeros of monotone maps, Chidume and Idu [12], in the year 2016, intro-
duced a map, 7T, from a real normed space to its dual space, by T := (J — A), where
A: Q — 29 is monotone. They called such a map .J-pseudo-contractive.

Interest in .J-pseudo-contractive maps stems mainly from their firm connection with the
important class of nonlinear monotone maps (see also, [40]).

LetT : Q — Q* be a map. An element u € Q is called a J-fixed point of T, if

(1.4) Tu = Ju,

where J is single-valued in this case. Examples of J-fixed points include:

Example 1.1. [12] It is known (see e.g., Alber [3], pp.36) that in [, spaces, 1 < p < oo,
Ju = ||u|\12;pv €ly, v ={Jur|P 2wy, |uolP 2ug, |uslP2us, -}, u={us,us, ...} €1,

2-p

Forl<g<p,andany A € R, sety, :=(1+ 5-) ” anddefine T : I, — [, by

Y,
T(u1,ug,us, ...) = (Ypu1, 21)%1@,0,0,&...).

Let uy = (X, 3,0,0, ...). Then, Tuy = v,(A, 35,0,0, ...) and Juy = 7,(A, £,0,0, ...).
Hence, uy € F;(T).

Example 1.2. Let A, T': Lj([0,1]) — Lg([0,1]),1 < p < o0,  + ¢ = 1, be defined by
Au(t) = (1+t)Ju(t), Vt€[0,1] and T:=J— A

Clearly, A is a monotone map. Hence, u(t) = 0 is the fixed point of T, for all ¢ € [0, 1].
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We observe that, in a real Hilbert space and a strictly convex space, the notion of J-fixed
point coincides with the classical definition of fixed point. However, if the space is not
strictly convex, J may fail to be one-to-one. Hence, the inverse of J will not exist.

Therefore, approximating zeros of such monotone maps, is equivalent to approximating
J-fixed points of J-pseudo-contractive maps, assuming existence of such zeros, which is
also equivalent to finding minimizers of some convex functions.

In the year 2016, Chidume and Idu [12] studied this notion of fixed point and called it J-
fixed point. This notion of fixed point has turned out to be very useful and applicable. For
example, Chidume and Idu [12] studied the concept of .J-fixed points and proved a strong
convergence of a sequence, that approximates a J-fixed point of a J-pseudo-contractive
map. As an application of their theorem, they proved a strong convergence of a sequence,
that approximates a zero of an m-accretive map. They also applied their theorem on J-
fixed points, to approximate solutions of Hammerstein integral equations. Nnakwe [36] in
2020, also applied this concept of J-fixed point and proved a strong converge theorem for
approximating a common solution of variational inequality and two convex minimization
problems. For more recent works on J-fixed points; see, for example, [14, 37,48, 55].

Motivated by the ongoing research in this direction, it is our purpose in this paper to con-
tinue with the study of J-fixed points and some of it's applications. Here, we study a
retractive iterative algorithm of Krasnosel’skii-type and prove a strong convergence of the se-
quence generated by the algorithm for approximating a common element in the set of
solutions of mono-variational inequality of a finite family of n-strongly J-pseudo-monotone
maps and fixed points of a countable family of generalized J-non-expansive maps in L,, spa-
ces, 2 < p < oo. Furthermore, we give some new definitions and lemmas relevant to
the study. Finally, examples of 7-strongly J-pseudo-monotone maps which are neither
strongly J-monotone nor J-monotone and generalized J-non-expansive maps are con-
structed.

2. PRELIMINARIES

Let O* be the dual space of a smooth real Banach space Q. Consideramap ¢ : Qx @ =+ R
defined by

(u,v) = |[ul]* — 2{u, Jv) + ||v||?, forall u,v € Q.
This map which was introduced by Alber [3] will play a central role in the sequel. The
following is a property of ¢ :
(P1) d(u,w) = o(u,v) + o(v,w) + 2(u — v, Jv — Jw), forall, u,v,w € Q.
The following lemmas and definitions will be needed in the sequel.

Definition 2.1. Let V : Q x Q* — R be defined by V (u, u*) = ||u||? — 2(u, u*) + ||u*||, for
allu € Q, u* € Q*. Itis easy to see that V (u,u*) = ¢(u, J 'u*), Vu € Q, u* € Q*.
Definition 2.2. [26] Let M be a nonempty, closed and convex subset of Q. The mono-

variational inequality is to find an element v € M, such that (¢(u), Jz — Ju) > 0, ¥V z € M,
where ¢ : M — Q. The set of solutions of mono-variational inequality will be denoted by

VJ (1/’7 M)
Definition 2.3. Let Q and Y be real normed spaces, and ¢ : Q — Y be a map.

(a) ¢ is called L-Lipschitz, if there exists L > 0 such that || (u) —¢(v)|| < Lljlu—v]|, Yu,v €
Q.

It is known that in L, spaces, p > 2, J, is Lipschitz.
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Definition 2.4. [14] Amap T : M — Q* is called generalized J-non-expansive, if
Fy(T) # 0 and ¢((JtoT)x,p) < ¢(x,p), forallz € M, forallp € F;(T).

NST-Condition. Let {S,} and I be two families of generalized .J-non-expansive maps
from M into Q* such that N2, F(S,,) = F(T") # (), where F(S,,) is the set of fixed points of
Sp and F(T') is the set of fixed points of I'. A sequence {S,, } from M to OQ* is said to satisfy
the NST-condition with T, if for each bounded sequence {z,,} C Q, lim||Jz,, — Spz,|| =0
= lim||Jx, — Sz,|| =0,V S eT.

Lemma 2.1. [34] Let M be a nonempty closed and convex subset of a smooth, strictly convex and
reflexive Banach space Q. Then, the following are equivalent.

(i) M is a sunny generalized non-expansive retract of Q

(ii) M is a generalized non-expansive retract of Q

(iii) JM is closed and convex.

Lemma 2.2. [25] Let M be a nonempty closed and convex subset of a smooth and strictly convex
Banach space Q such that there exists a sunny generalized non-expansive retraction R from Q
onto M. Then, the following hold:

(i) z= Rz iff (y — z,Jz — Jx) > 0, forall y € M and,

(i) ¢(x, Rx) + ¢(Rz, z) < ¢(x, 2), forall z € M.

Lemma 2.3. [29] Let Q be a uniformly convex and uniformly smooth real Banach space and
{un}, {vn} be sequences in Q such that either {u,} or {v,} is bounded. If lim¢(uy,v,) = 0,
then, lim||u,, — v,|| = 0.

Lemma 2.4. [11] Let Q = L,,, p > 2. Then, this inequality holds:
[u—v||* > ¢(u,v) — p||u||?, forall u,ve Q.
Lemma 2.5. [10] Let Q = Ly, 1 < p < 2. Then, this inequality holds:
[Ju+v|[? > 2||u|* + 2(v, Ju) + ¢, |[v]|?, forall u,v € Q, and some constant c, > 0.

Lemma 2.6. [14] Let Q* be the dual space of a uniformly convex and uniformly smooth real
Banach space Q. Let M be a closed subset of Q such that JM is closed and convex. Let T be a
generalized J-non-expansive map from M to Q* with F;(T) # 0. Then, F;(T) is closed and
JF;(T) is closed and convex.

3. MAIN RESULT

Let M be a nonempty, closed and convex subset of Q = L, spaces, 1 < p < oo, with
dual space Q*. In this section, we present some new definitions, prove some new lemmas
which are used to prove the main result of the section.

Definition 3.5. Let ¢ be a map from M to Q.

(a) ¢ is called n-strongly J-monotone, if there exists n > 0 such that (¢(u) —¢(v), Ju—Jv) >
7’]||U - UHQa Vu,v € M7

(b) 9 is called J-monotone, if (yp(u) — p(v), Ju — Jv) >0, Vu,v € M,

(¢) ¢ is called n-strongly J-pseudo-monotone, if there exists n > 0, such that

(WP(u), Jo— Ju) >0 = (W(v), Jv — Ju) > n|ju —v||?, Yu,ve M,

(d) ¢ is J-pseudo-monotone, if (¢p(u), Jv — Ju) >0 = (Y(v), Jv — Ju) >0, Yu,v € M.
In a real Hilbert space H, J is the identity map on H and (a)-(d) of Definition 3.5 coincides
with the usual definition of (a)-(d) in the literature.

We observe that (a) = (b) = (d) and () = (¢) = (d). The converse is not true.
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Lemma 3.7. Let Q be a uniformly convex and uniformly smooth real Banach space with dual
space Q*. Let M be a closed subset of Q such that JM is closed and convex. Let 1 be a J-pseudo-
monotone and Lipschitz map from M to Q with Vy(¢, M) # 0. Then, V;(1p, M) is closed and
JV5(3p, M) is closed and convex.

Proof. First, we prove that V; (v, M) and JV;(¢, M) are closed. Obviously, V;(¢, M) is
closed. Let {v}} C JV;(v, M) such that v} — v*, for some v* € Q*. Since JM is closed,
we have that v* € JM. Hence, there exist v € M and {v,} C V;(¢, M) such that v* = Jv
and v = Ju,, Vn € N. Utilizing the definition of ¥ and the fact that J~! is uniformly
continuous on bounded subset of Q*, we have

0< li_}In (pJ Yok Ty — vk = (I, Jy — v*).
Thus, we have that v* = Jv € JV; (¢, M). Hence, JV;(A, M) is closed.

Let u*, v* € JV (¢, M). Then, u* = Ju,v* = Jv € JM, for some u, v € M. For
t, ke (0,1),letz* = ku*+(1—k)v* € JM,and forany y € M, we set zj = tJy+ (1 —t)z*.
We compute as follows:

0= (pJ tag,af —ap) = (I af, Jy —ap) — (T ey, Jy — a7)

(3.5) < (U=t ey, Jy — 2%) < @+ H(Jy - 27), Ty — =),

Taking lim sup on (3.5); (¢J ~'2*, Jy — 2*) > 0, Vy € M. Thus, z* € JV; (¢, M). O
t10

Remark 3.1. From Lemmas 2.6 and 3.7, we have that JF;(T) and JV; (¢, M) are clo-
sed and convex. Since J is one-to-one, we have that J(F;(T) N V;(y, M)) = JF;(T) N
JVy(¢,M). By Lemma 2.1, we have F;(T) N V;(¢, M) is a sunny generalized J-non-
expansive retract of Q.

Lemma 3.8. Let Q = Ly, spaces, 1 < p < 2orp > 2, and Q* be the dual space of Q. Then, for
each u,v € Q, u* € QF, the following inequalities hold:

(3.6) Vo(u,u™) + 2(v, Ju—u*) < Vy(u+v,u"), 1<p<2,
(3.7) Vp(u,u*) + 2(v, Ju—u*) < Vp(u+v,u*)+ (p—1)|||?, p>2.
Proof. For 1 < p < 2; from Definition 2.1, property of ¢, (P;) and Lemma 2.5, we have
Vo (u, u™®) + 2(v, Ju — u*) = ¢(u, u + v) + ¢(u + v, J  u*) — 2(v, J(u +v) — u*)
+2(v, Ju —u*)
=Vo(u+v,u") + o(u,u+v) +2(v, Ju — J(u+v))
(3:8) = Vp(u+v,u") + |[ul]® +2(v, Ju) — ||u +v||*
< Vplu+v,u) — Il ¢ > 0.
Also, for p > 2, from inequality (3.8), Lemma 2.4 and interchanging u,v € Q, we have

V(u,u®) + 200, Ju—u) = Vplu+v,u?) — [lu+of® + [Jull® + 2(v, Ju)

IN

Vp(u+v,u*) — ¢(v, —u) + pllv|[* + [Jul|* + 2(v, Ju)

Vp(u+v,u*) + (p— 1) [v]]*.
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We shall make the following assumptions.

Cy. The map v; is n;-strongly-J-pseudo-monotone and L-Lipschitz on M, with L > 0,
m>0,9=1,2,---,N.

Co. ||i(0)]] < ||i(u) —;(v)||, forallv € M, uw € Vy(¢;, M), i1 =1,2,--- | N.

Convergence theorem in L, spaces, p > 2.

Theorem 3.1. Let M be a nonempty closed convex subset of Q = L,, p > 2, such that JM
is closed and convex. Let v, : M — Q, i = 1,2,--- , N be a finite family of maps satisfying
conditions Cy and Cy. Let S, : M — Q*, n=1,2,... be a countable family of generalized .J-
non-expansive maps and I be a family of closed and generalized J-non-expansive maps from M to
Q* such that F =: [Ny Fy(S,)] N [NNy V(s M)] = Fy(D) N[N, Ve, M)] # 0. Let
{vn} be a sequence generated iteratively by

V1 € M,
(3.9) Yn = R (v — 790 (vn)),
Vpa1 = Bon + (1= B) T 10S,(yn), Vn > 1,

where ,, =: Y (mod N), 3 € (0,1) and T € (0, (zf%),wheren :=min{n;, i=1,2,--- ,N}.
Assume {Sy, } satisfies N ST-condition with ", then, {v,, } converges strongly to Rg,(r)nv, (v, 3m)V1;
RE, (0ynv, (v, M) 1S the sunny generalized J-non-expansive retraction of Q onto Fy(I') N V; (v, M).

Proof. Letu € F. Set z, = v, — T¢,(v,). By Lemma 3.8, we have
O(yn,u) < V(on = 7¢n(vn), Ju)
< V(vn, Ju) = 27 (¥ (), J (v = 79(vn)) = Ju) +7%(p = 1)t (va) ||
(3.10) < P(vp,u) = 27(0n (vy), J(Vn, — TR (0n)) — JUn) — 27 (Pp(vn ), Jup — Ju)
+72p|[¢on (0a) [

since u € Vy(¢y,, M), then, (¢(u), Jx — Ju) > 0, ¥V & € M. By n-pseudo-J-monotonicity of
¥, on M, we have that (¢,,(z), Jz — Ju) > ||z — u||®. In particular, for z = v,,, we have
that (¢, (vy,), Jun, — Ju) > nl|v, — u|?. From inequality (3.10), conditions C3, C; and the
fact that J is Lipschitz on Q, we have

G(Yn,w) < Do, u) = 27 (v5), T (0n = Tn(vn)) = Jon) — 277|[0n, —
+ 70|90 (vn) = Y (w)||?

G0, w) + 272 L2 |Jv, — ul||? — 20| |vn — u||> + 72L2p|vn — ul|?
(3.11) = ¢(vn,u) —7(2n — TL*(2+ p))||vn — [

A

IN

d(vns1,u) = OB+ (1 — B)J_losn(yn),u)

< Bo(vn,u) + (1= B)d(T ™ 0Snyn, u) = B(1 = B)g([lvn — T 0Sn(yn)|)
(3.12) < Bé(vn,u) + (1= B)p(yn, u) — B(L = B)g(|[vn — T~ 08 (ya)ll)

< B(vn,u) + (1= B)[d(vn,u) — 7(20 — TLA2 + p))[Jo, — ul|?]
(3.13) = ¢(vn,u) — (1 = B)(2n — 7L*(2 + ) [|vn — ul]* < (vn, ).

Hence, lim ¢(vy,, u) exists. Furthermore, {v, }, {y,} are bounded.
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Set© = 7(1 — B3)(2n — 7L*(2 + p)) > 0, from inequality (3.13), we have

(3.14) [lon —ul| < \/6*1(¢(vn, u) — P(vn41,u)) — 0 asn — oo.

Furthermore, using condition C'> and Lipschitz property of J on Q, we have
O(Wnsvn) = G0 = TPn(vn),vn) = V(vp = 700 (vn), Jon)

< V(wn, Jvn) = 27(n(n), T (Un = 70 (vn) = Jvn)) + 72pl [ (vn) |

(3.15) < B(on,vn) + (24 p) T LP[|0n — ul[*.

From inequality (3.14), lim ¢(yy, v,) = 0. By Lemma 2.3, lim ||y,, — v,,|| = 0.

N

From inequalities (3.12) and (3.13), we have
(3.16) 9([[vn = T~ 0Sn(yn)ll) < (B = )" [6(vn, u) = $(vny1,u)].
Thus, lim g(||v, — J 7105, (yn)]|) = 0. By the property of g, lim ||v, — J =105, (y,)|| = 0.
Now,
1y — T 0Sn (Y|l < lyn = val| + llvn — T 0S5 (yn)l] = 0 (asn — o).

By Lipschitz property of J on Q, we get that ||Jy, — S, (y»)|| = 0 as n — oo. Since {S,, }
satisfies the NST-condition with T, then, lim||Jy,, — Sy,|| =0, V.S € . But S is closed,
hence, u € F;(5). O

4. EXAMPLES
We demonstrate the applicability of our result obtained in Theorem 3.1 to this example.

Example 4.3. Let Q@ = L,([0,1]), p > 2. Let o, 8 € Rsuch that 0 < g <a<p<l

Define M, := {v € Ly([0,1]) : |Jv||, < a} € Br,(0,1) and ¢g : M, — Q be defined by

(Yp(0))(t) := (B = [l v (?).
Clearly, VI(¢3, M,) = {0} and u € VI(¢¥g, M,) if and only if u € wgl(O) satisfying
conditions Cs. Also, let u, v € M, we have
s (u) =)l =B —=Ilul)vr = (8 = [lv]))v|
< Bllu =l +[lullllu = vl + [|vll[lu = v]| < (B + 2a)|lu — ]|
Hence, 15 is L-Lipschitz with L = (8 + 2a).

Furthermore, let u,v € M, such that (¢g(u), Jv — Ju) > 0. Since ||u|[z, < a < 3, this
implies that (u, Juv — Ju) > 0. Applying a result of Xu [54], we have

(¥ (v), Jpv = Jpu) (8 = [oll) (v, Jyv = Jpu)

(B = [l (v, Jpv = Jpu) = (u, Jpv — Jpu))

v

-1
P G

2

v

(B —a)(v—u, Jyv — Jpu) > (8 —a)|lv—ullP, ¢, > 0.

—1
In particular, for p = 2, 3 is y-strongly-J-pseudo-monotone with v = 2=2(8 — o) > 0
satisfying condition C'.

Hence, the sequence generated by Algorithm (3.9), converges strongly to Rp, (rynv, (v, a1)V1-
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Let S : M, — Q" be defined by Su = Ju, Yu € M,. Let S,, : M, — Q* be defined by

Spu = J(apu+ (1 —ay)J toSu), Vn>1, u€ M, and a, € (0,1).
Clearly, F;(S,) = F;(S), ¥V n € N. Hence, nglFJ<Sn) = F;(S). Forany u € M, v €
F;(S,), we have
d(JroSpu,v) = lanu+ (1 — ayn)J oSu,v)

< and(u,v) + (1 — an)o(J oSu,v)

= and(u,v) + (1 — an)d(u,v) = ¢(u,v).
Hence, {5, } is a generalized J-non-expansive map, where the map ¢ is the Alber’s functi-
onal.
Let {u,} be a bounded sequence in M, such that lim ||Ju, — Spu,|| = 0. Since {u,} is
bounded, then, {J~'0Su,,} is bounded. Using the definition of S,,, we have
1 1
1—PBn
Since lim ||Ju, — Spuy,|| = 0 and the fact that J=! and J are uniformly continuous on

bounded subsets of Q* and Q, respectively, we have that lim ||Ju,, — Su,|| = 0, which
implies that {.5,,} satisfies N ST-condition with S.

Hence, the sequence generated by Algorithm (3.9), converges strongly to Rr, 0y, (¢, 01)V1-

[t — T~ 0Sntn|| < 2||wn — T 0Spun|.

Example 4.4. Let M = [0,1] and ¢ : M C R — R be given by ¢(v) = (2 —v), Vv € M.
Clearly, VI(v, M) = {0} and ¢ is 1-Lipschitz. Furthermore, suppose that u,v € M such
that (¢)(u), v —u) > 0. Since u € [0, 1], this implies that u < v. Thus,

(PY),v —u) = (2—v,v—u) > |v—ul >|v—ul? Vv e M,

which implies that ¢ is 1-strongly-J-pseudo-monotone. Moreover, 1 is neither strongly-

. 1
J- monotone nor J-monotone. To see this, choose ©u = — and v = 1.

5. DISCUSSION

Theorem 3.1 which approximate a common solution of a finite family of mono-variational
inequality problems and a common fixed points of a countable family of generalized-J-nonexpansive
maps complement and extend important recent results in the literature, in particular, the
result of Khanbh, [32] from a Hilbert space to Ly, spaces, 2 < p < oo, respectively. Further-
more, the theorems proved are analogue of the result of Khanh, [32] in thatif D = H, a
real Hilbert space, the normalized duality map is the identity on D. Hence, the both theo-
rems coincide. Finally, the class of n-strongly J-pseudo-monotone maps considered, contains

the class J-monotone maps studied in [26].
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