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Convergence of Tseng-type self-adaptive algorithms for
variational inequalities and fixed point problems

YONGHONG YAO!, NASEER SHAHZAD? and JEN-CHIH YAO?

ABSTRACT. In this paper, we present a Tseng-type self-adaptive algorithm for solving a variational inequality
and a fixed point problem involving pseudomonotone and pseudocontractive operators in Hilbert spaces. A
weak convergent result for such algorithm is proved under a weaker assumption than sequentially weakly
continuous imposed on the pseudomonotone operator. Some corollaries are also included.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and induced norm || - ||. Let C be
a nonempty closed and convex subset of H.
In this paper, our work is closely related to a classical variational inequality:

(1.1) find ' € C such that (f(z1),z —2t) > 0,vz € C,

where f : H — H is a nonlinear operator. Here, use Sol(f, C') to denote the solution set of
(1.1). Throughout, assume that Sol(f, C') is nonempty.

Variational inequalities are theoretically and algorithmically applied in various fields
like particular cases convex optimization problems ([3, 4]), linear and monotone comple-
mentarity problems ([2]), equilibrium problems ([28]), fixed point problems ([27]), etc. For
more information, please refer to [5, 11, 20, 21, 24].

A survey of algorithms for variational inequalities can be found in [12]. If f(z) =
VF(z) for some convex function F' : C — C, variational inequality (1.1) is equivalent
to ming F'(x). This fact indicates a natural extension of the projection gradient algorithm
([17, 18, 19, 22]) for the constrained optimization, i.e., an iterate with the form

(1.2) Unt1 = projoun — Tnf(un)]
where 7,, > 0 is stepsize and projc means the orthogonal projection from H onto C'.

This algorithm (1.2) is convergent under quite strong assumptions, in which f must
be strongly monotone and Lipschitz continuous. To avoid these difficulties, Korpelevich
suggested in [16] an extragradient algorithm of the form

(1.3) {U = projclun — Tn f(un)],

Upt1 = projolu, — 7 f(vn)].

Extragradient algorithm (1.3) affords an available method for solving a classical monotone
variational inequality. Consequently, extragradient algorithm (1.3) was applied by many
scholars, who implemented it in a variety of forms; see, e.g., [7, 9, 13, 14, 15, 23]. Especially,
Ceng, Teboulle and Yao [6] established the weak convergence of extragradient algorithm
for solving the pseudomonotone variational inequality and fixed point problem under the
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additional hypothesis of the sequentially weak-to-strong continuity of f. However, this
additional hypothesis is not satisfied even for the identity operator. Recently, Vuong [26]
weaken this hypothesis to the sequentially weak-to-weak continuity of f.

At the same time, an inevitable drawback of extragradient algorithm is the need to cal-
culate two projections onto the closed convex set C' in each iteration. For solving this flaw,
as a transformation of extragradient algorithm (1.3) is the following remarkable procedure
introduced by Tseng [25]

(1.4) Un = pTOjC[un - Tnf(un)]7

Up41 = Up + Tn[f(un) - f(vn)]
Here, a natural problem arises: could we extend Tseng’s algorithm for solving some com-
mon problems related to variational inequalities under some weaker conditions imposed
on f?

It is our main purpose in this paper that we further investigate iterative algorithm
for solving pseudomonotone variational inequality and fixed point problem of pseudo-
contractive operators under the weaker assumption imposed on f. Our method bases
on Tseng’s algorithm and self-adaptive technique which is independent of the Lipschitz
constant of f. We prove that the proposed algorithm weakly converges to a common so-
lution of the pseudomonotone variational inequality and of the fixed point problem for
the pseudocontractive operator g.

2. PRELIMINARIES

Let C be a nonempty closed convex subset of a real Hilbert space H. Let {u,} be a
sequence in H. u, — 21 denotes the weak convergence of u,, to 2T, Wy (U, ) denotes the
set of all weak cluster points of {uy}, i.e., wy (u,) = {ul : I{u,,} C {u,} such that u,, —
u'(i — 00)}. Recall that an operator f : H — H is said to be

e monotone if

(f(x) — flz¥),z — 2y > 0,Va, 2" € H.
o strongly monotone if there exists some constant v > 0 such that
(f(@) = fah),x —a®) > vz —2T|?, Vo, 2t € 1.
e pseudomonotone if
(f(z"), > — 2') > 0 implies that (f(x),z — zT) > 0, Vz, 2" € H;
e L-Lipschitz continuous if there exists some constant L > 0 such that
I f(z) — f(h)|| < L||z — 27|, for all =, 2T € H.

o sequently weakly continuous if z,, — Z implies that f(z,) — f(Z).

Recall that an operator g : C' — C is said to be pseudocontractive if
lg(2) = g(@N)I* < llz — «¥|* + (1 = g)z — (I — g)a"||?

forall z,z" € C.

Here, we use Fiz(g) to denote the fixed points set of g.

For fixed z € H, there exists a unique ' € C satisfying ||z —2|| = inf{||z—Z| : Z € C}.
Denote z' by projc[z]. The projection projc has the following basic property: for given
T € H,

(2.5) (x — projclx],y — projelz]) <0, Yy € C.
Applying this characteristic inequality, we have the following equivalence relation

(2.6) zt € Sol(f,C) & xf = projolat — 7f(x")],Vr > 0.
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In a Hilbert space H, we have

(2.7) low+ (1 = )ul > = aljul]* + (1 = @) [[u’|]* = a(1 = &) [Ju — |,

Vu,u' € H and Vo € [0, 1].

Lemma 2.1 ([28]). Let C be a nonempty, convex and closed subset of a Hilbert space H. Assume

that g : C — C'is an L-Lipschitz pseudocontractive operator. Then, for all & € C and u' €
Fix(g), we have

Jul — gl(1 = w)a + pg(@)]]? < la—ul || + (1 = )@ — gl(1 — )+ pg(@)]|?,
1
ZUI’ZET’E 0 < 12 < W

Lemma 2.2 ([27]). Let C be a nonempty, convex and closed subset of a Hilbert space H. Let
g : C'— C be a continuous pseudocontractive operator. Then,

(i) Fix(g) C C is closed and convex;
(ii) g is demi-closedness, i.e., u, — Z and g(u,) — 21 imply that g(z) = 27.

Lemma 2.3 ([8]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
[+ H — H be a continuous and pseudomonotone operator. Then ' € Sol(f, C) iff x solves the
following dual variational inequality

(fuh),uf =2ty >0, vul e C.

Lemma 2.4 ([1]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{zn} C H be a sequence. If the following assumptions are satisfied

(i) vz € C, limy,— o0 ||y — Z|| exists;

(i) ww(zn) CC,
then x, — u e C.

3. MAIN RESULTS

In this section, we first propose a Tseng-type algorithm for solving pseudomonotone
variational inequality (1.1) and the fixed point problem for the pseudocontractive operator
g by using a self-adaptive stepsize search. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f,g : H — H be two nonlinear operators. Let {~,,} and {u,} be
two sequences in (0, 1). Let o € (0,1] and d € (0, 1) be two constants.

Algorithm 3.1. Initialization: Take up € C and 79 > 0. Setn = 0.
Step 1. (Fixed point step) For known u,,, compute

(3.8) vn = (1= vn)tn + Yng[(1 = pn)un + png(un)].
Step 2. (Tseng-type step) For known 7,,, compute

(3.9) Wy, = Projo[vn — Tnf(vn)],

and

(3.10) Unt1 = (1 — @)vy, + awy, + a7, [f(vn) — fwy)].

Step 3. (self-adaptive step) Compute

min {T'rn ”f(Hwn—vnH 0l } if f(wn) # f(vn),
Tn, if f(w ) = f(on).
Step 4. Set n := n + 1 and return to step 1.

(3.11) Tot1 = {

Remark 3.1. If at some step w,, = v, = projc|[vn, — 7 f(vn)], by the equivalence relation
(2.6), we deduce that v,, € Sol(f,C).
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Remark 3.2. If choose o = 1 in (3.10), then Step 2 can be rewritten as
Wy, = projovn — T f(vn)],
Up41 = Wy + Tn[f(vn) - f(wn)]7

which is exactly Tseng’s method.

Remark 3.3 ([3]). By (3.11), we know that 7, is monotonically decreasing. Moreover, by
the r-Lipschitz continuity of f, we deduce that % > 2 which together with
(3.11) implies that 7,, > min{r, %} Thus, the limit lim,,_, 75, exists, denoted by 7. Ttis

obviously that 77 > 0 which ensures 7, strictly greater than zero at each iterative step.

Remark 3.4. If f(w,) = f(v,), then the next iterate u, 41 is independent of the stepsize
Ty In this case, we can choose 7,41 to be any number between 7t and 7,,.

In the sequel, we assume that the operator f satisfies the following property (F): For
given a sequence {u,} C H,if u,, = v € H and liminf,,_, || f(u,)|| = 0, then f(u) = 0.

Remark 3.5. It is obviously that if f is sequentially weakly continuous, then f satisfies the
above property (F).

Next, we prove the convergence of Algorithm 3.1.

Theorem 3.1. Assume that f is a pseudomonotone and k-Lipschitz continuous operator satisfying
property (F). Assume that g is a pseudocontractive and L-Lipschitz continuous operator. Suppose
that T := Sol(f,C) N Fix(g) #Dand 0 < v < vp <5 < i <t < ﬁwn > 0). Then
the sequence {u,,} generated by Algorithm (3.10) converges weakly to some point in T".

Proof. Let p € I'. By the property (2.5) of projc and (3.9), we have
(3.12) (wp, — v + T f (V) Wy, — Py < 0.

Since p € Sol(C, f), (f(p),w, — p) > 0. This together with the pseudomonotonicity of f
implies that

(3.13) (f(wy),w, —p) > 0.
Combining (3.12) and (3.13), we obtain

(Wn, = Vpy wn = p) + T (f(vn) — f(wn), w, —p) <O0.
It follows that

1

§(||wn - Un||2 + [lwn —p||2 = v, _p”Z) + 7o (f(vn) — f(wn), wn —p) <0,
which yields that
(3.14) [wn = plI* < lon = plI* = 270 (F(0n) = fwn), wn = p) = [lwn —va />
By (3.10), we have

lunts =2l = (1 = @) (va = p) + alwn — p) + ara[f(vn) = f(wa)]|®
= (1 = @) (vn = p) + alw, = p)|I* + P73 f(va) = f(wn)|?
+2a(1 — )7 (vn — p, f(vn) — f(wn))
+ 20”7 (wn = p, f(vn) = fwn)).

(3.15)
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From (2.7) and (3.15), we derive
[unt1 = plI* = (1= a)llvn = pll + allw, = pl* = a(l - a)|vn — w,|?
(3.16) + azTerHf(vn) - f(wn)”Q + 2a27—n<wn —p, f(vn) = fwn))
+2a(1 — a)Tn (v — p, f(vn) = f(wn))-
According to (3.14) and (3.16), we obtain
[uns1 = plI* < llon = pll = @2 = @) [[vn = wa||? + o3| f (v) — f(wn)
+2a(1 = )Ty (Vn — wn, f(vn) = f(wn))
< lon = pll = a(2 — a)[Jv, — wn”2 + a27—72z||f(“n) - f(wn)||2
+ 2a(1 — @) [[vn — wa[||f(vn) — f(wn) |-
Thanks to (3.11), || f(wn) — f(v,)]] < 6“27:’” It follows from (3.17) that

I?

(3.17)

2
)
ltns1 =PI < llew — pll = (2 = @llvn — wall® + 02622, — v
7—n-i-l
)
.18) +20(1 = )5 vy — w,
Tn+1

2

~n =5l — |2~ = o T = 2(1 = )T o, =
Tn+1 Tn+1

By Remark 3.3, we deduce

2
lim 27047045272——"—2(1704)5 n } =2—a—as®—2(1-a)i>0.
n—roo Trn+1 Tn+1

So, there exists § > 0 and N such that

7_2

Tn

2—a—al® 5~ —2(1—a)d >0
Tn+1 Tn+1
whenn > N.
In combination with (3.18), we get
(3.19) [uns1 =Pl < [lvn = pll = abllv, — w1

Set ty, = (1 — pn)un + png(uy,) for alln > 0. By (3.8) and (2.7), we obtain

[on = plI* = I(1 = 7n) (tn — p) + Yulg(tn) — P
(3.20) = (1= v)llun = plI* + Yullg(tn) — plI?

— (1 = ) llun — g(ta) I
Applying Lemma 2.1, we derive
lg(tn) = plI* = lg[(1 = pin)tin + ping(un)] — plI?
<l =l + (1= ) llun — g(tn)|1%.

Combining (3.20) and (3.21), we obtain
(3.22) llvn — pH2 < lun 7p||2 + (Yo — ) Ynlltn — g(tn)||2,
which results, together with (3.19), that

(3.21)

(323)  lunss = pl* < llun = pl* = (0 = y0)v0llun = g(ta)l* = abllon — wal,

which can be transformed into

(3.24) (b = Y)W lltn — g(tn)I” + abllvn — wn||* < Jun — plI* = [[tins1 — pl|.
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From inequalities (3.23) and (3.24), we can conclude the following conclusions:

(r1): The sequence {||u,, — p} is monotonically decreasing and hence lim,,_, ||, — p||
exists. Thus, the sequence {u,,} is bounded.
(r2): limy, o0 || — g(tn)|| = 0 and so lim,, o0 ||Vn — up || = limy— 00 Yo llun — g(tn)|| = 0.
(r3): limy, o0 [|on, — wyp|| = 0 and thus lim,,_, || f(vn) — f(wx)|| = 0 due to the Lipschitz
continuity of f.
By the boundedness of the sequence {u, }, we obtain the following results:

(r4): the sequence {v, } is bounded by (3.22) and ,, < fy,.
(r5): the sequence {w, } is bounded because of ||w, || < ||v,|| + 7| f(vn)] by (3.9).

Since f is k-Lipschitz continuous, we have
[un = g(un)|| < [lun — g(tn)| + lg(tn) — g(un)|l
< lun = gt + Kpml[un — g(un)|-
It follows that

[un = gun)]| < [un = g(tn)|l = 0,

1- Kln
and thus,
(3.25) lim |un, — g(un)|| = 0.

n—roo

By virtue of (3.10) and (r3), we have

(3.26) i [Jun g1 — || = 0.

Next, we show that w,,(u,) C I'. Pick up any p! € wy(uy,). Then, there exists a subse-
quence {u,, } of {u,} such that u,,, — p' as i — co. Consequently, v,, — p' and w,,, — p'
based on (12) and (r3), respectively.

On account of (3.25) and Lemma 2.2, we acquire that pt € Fiz(g). Now, we only need
to prove that pt € Sol(f,C). In view of (2.5) and wy,, = projc[vn, — Tn, f(vn,)], we achieve

(Wn, = Vn; + Tn, f(Un,), wn, —u) <0,Yu € C.
It follows that
1
(3.27) —(Un; — Wnyu = wy,) + (f(0n,), Wn, —vn,) < (f(vn,),u —vp,), Yu € C.
’Tni
Noting that from (r3), we have lim;_, ||v,,, — wy,|| = 0. Then, by (3.27), we deduce
(3.28) liminf(f(vy,), u — vp,) > 0.
71— 00

Next, we consider two possible cases.

Case 1. liminf; oo ||f(vn,)|| = 0. By v,, — p' and f satisfying property (F), we deduce
that f(p') = 0. Consequently, p € Sol(f,C).

Case 2. liminf; o || f(vn,)]| > 0. In terms of (3.28), we obtain

(3.29) lim inf ((f(vn,))",u — vn,) > 0,
1— 00
where (f(v,,))? means the unit vector of f(vy,,), thatis, (f(vn,))? = Hﬁz:;” (note that for

eachi >0, f(v,,) # 0, otherwise, v,,, € Sol(f,C) and p' € Sol(f,C)).
Thanks to (3.29), we can choose a positive real numbers sequence {¢; } satisfying ¢; — 0
as i — oo. For each ¢;, there exists the smallest positive integer N; such that

(f(n,)% u—vn,) + € >0, Vi > N;.
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It follows that

Set ¥, = Hf(( ))”2 Thus, we have (f (v, ), 0n,) = 1 for each . From (3.30), we deduce

(3.31) (f(0n,),u + €llf (Un,)|on; — vn,) 2 0, Vi = N;.

Since f is pseudomonotone, it follows from (3.31) that

Note that lim;_, o ||& ]| f(vn, ) |On, || = lim;oc €, = 0. Thus, taking the limit as ¢ — oo in
(3.32), we obtain
(3.33) (f(u),u—p') > 0.

Applying Lemma 2.1 to (3.33), we conclude that p' € Sol(f, C).
Finally, we show that the entire sequence {u, } converges weakly to p. As a matter of
fact, we have the following facts in hand:
(i) Vp €T, lim, 0 ||un — p|| exists;
(i) we(un) CT;
(ifi) p! € wy(un)-
Thus, by Lemma 2.4, we deduce that the sequence {u,,} weakly converges to p’ € I. This
completes the proof. O

Remark 3.6. It is obviously that monotonicity implies pseudo-monotonicity. Hence, our
theorem holds when the involved operator f is monotone.

Based on Algorithm 3.1 and Theorem 3.1, we can obtain the following algorithms and
the corresponding corollaries.
Algorithm 3.2. Initialization: Take ug € C and 79 > 0. Setn = 0.

Step 1. For known w,, and 7,,, compute

Wn = pTOjC[Un - Tnf(un)]a
and
Un+1 = (1 — @)uy + aqwy, + at, [f(un) — f(w,)]-
Step 2. Compute
‘5Hwn — Uy ||
Tap1 = {mm U Ty fan 1o 1 S (wn) # f(un),

T, else.

Step 3. Set n := n + 1 and return to step 1.

Corollary 3.1. Assume that f is a pseudomonotone and k-Lipschitz continuous operator sa-
tisfying property (F). Suppose that Sol(f,C) # 0. Then the sequence {u,} generated by Al-
gorithm 3.2 converges weakly to some point in Sol(f,C).

Algorithm 3.3. Initialization: Take up € C and 79 > 0. Setn = 0.
Step 1. For known w,,, compute
Un+1 = (1= Yn)tn + Yng[(1 = pn)tn + ping(un)]-
Step 2. Set n := n + 1 and return to step 1.
Corollary 3.2. Assume that g is a pseudocontractive and L-Lipschitz continuous operator. Sup-
pose that Fixz(g) # 0and 0 < v < 7p <5 < fin < [ < ﬁ(b’n > 0). Then the sequence
{uy,} generated by Algorithm 3.3 converges weakly to some point in Fiz(g).
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4. APPLICATION TO COMPUTING DYNAMIC USER EQUILIBRIA

In this section, we apply Algorithm 3.2 to compute dynamic user equilibria ([10]).

Let P be set of paths in the network. W be set of O-D pairs in the network, @Q;; be fxed
O-D demand between (i, j) € W, P;; be subset of paths that connect O-D pair (¢, j), t be
continuous time parameter in a fxed time horizon [to,t:], h,(t) be departure rate along
path p at time ¢, h(t) be complete vector of departure rates h(t) = (h,(t) : p € P), U,(t, h)
be travel cost along path p with departure time ¢, under departure profile h, v;;(h) be
minimum travel cost between O-D pair (4, j) for all paths and departure times.

Assume that h,(-) € L2[to,t1] and h(:) € (L%[to,t1])/PI. Define the effective delay
operator U : (L2 [to, t1])/Fl — (L2 [to, t1])!"! as follows:

h(-) = {hp(),p € P} W(h) = {W, (-, h),p € P}

The travel demand satisfaction constraint satisfies
t1
Q=X [ e vlig) e w.
PpEPi; to

Then, the set of feasible path departure vector can be expressed as

A={n=0: Z/tl £)dt, ¥(i,§) € W} © (L2lto 1)),

PEP;;

Recall that a vector of departures h* € A is a dynamic user equilibrium with simultaneous
route and departure time choice if

(4.34)  hy(t) > 0,p € Py = Vp(t,h*) = vi;(h"), for almost everyt € [to,1].
Note that (4.34) is equivalent to the following variational inequality ([10])
(4.35) (W(h*),h — h*) > 0,Vh € A.

Based on Algorithm 3.2, we have the following algorithm.
Algorithm 4.1. Initial path flow ug € (L2[to,t,])/"! and 75 > 0. Set n = 0.
Step 1. For known u,, and 7,,, compute the effective path delays ¥, (¢, u,,) and

wn = projafun — T (un)].
Step 2. Compute the effective path delays ¥, (¢, w,,) and
Unt1 = (1 = Q)uy + awy, + @, [P (uy) — U(wy,)].
Step 3. Compute
ot = {min{Tn, m} if U(w,) # ¥(uy,),
Ths else.

Step 4. Set n := n + 1 and return to step 1.

If the delay operator V¥ is Lipschitz continuous and pseudomonotone, then we can ap-
ply Algorithm 4.1 to compute dynamic user equilibria. It should be pointed out that Algo-
rithm 4.1 requires two evaluations of the delay operator V. It is clear that this procedure
is the most costly step in the implementation of Algorithm 4.1.
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