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Generalized Bernstein Kantorovich operators:
Voronovskaya type results, convergence in variation

ANA MARIA ACU!, ALI ARAL? and IOAN RASA3

ABSTRACT. This paper includes Voronovskaya type results and convergence in variation for the exponen-
tial Bernstein Kantorovich operators. The Voronovskaya type result is accompanied by a relation between the
mentioned operators and suitable auxiliary discrete operators. Convergence of the operators with respect to
the variation seminorm is obtained in the space of functions with bounded variation. We propose a general
framework covering the results provided by previous literature.

1. INTRODUCTION

In Approximation Theory one is often interested in the convergence of a sequence of
operators. This can be seen by taking a direct limit as well as by obtaining quantitative
theorems that measure the degree of convergence. Other outstanding tools to achieve
the measurement of effectiveness of the approximation are Voronovskaya type theorems
and variation diminishing properties of the operators. In this paper, we focus on these
properties of the operators given in [6]. But firstly we recall the sequence G, of linear
positive operators introduced and studied in [5], that are called exponential Bernstein
operators; under suitable conditions they perform better than the classical Bernstein op-
erators. These operators fix the exponential functions exp(ut) and exp(2ut), ¢ > 0, and
are defined by

(1.1) Gnf () =G, (f;2) = Z f (5) ef“k/"e’“?pn’k (an (z)), z€]0,1], n €N,
k=0

where
er/n 1
They have close connection with the Bernstein operators that is given by
f
(13) Guf (1) = exp, (2) By (s (),

where for a fixed real parameter 1 > 0, the exponential function is defined as exp,, (z) =
e"”. We denote respectively by exp and log the natural exponential and logarithmic func-
tions, although we are also writing e’ for the value of exp (). As usual, we denote by e;
the polynomial functions defined by e; (t) = t'.

It is known that an integral version of the above operators can be introduced by replac-
ing in G, the sample values by the mean values
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(n+1) [, k(f(: anﬂ) f(t)dt, for any locally integrable function f. This way we get the

operators

n k41
nt1

K,of(z) = (n+1)e Z e_“k/"pmk(an(x))/ f(t)dt.

k=0 =
The main advantage that can be achieved by using the operators K, is that also not nec-
essarily continuous functions can be approximated. But, here our construction is different
from the classical one. In order to furnish an approximation process for the space of
integrable functions on the interval [0, 1], integral modification of the operators G,, are
defined in [6] by setting forn > 1, u > 0 and z € [0, 1]

(1.4) Kn=D,0Gpn01,,
where the operators D,, : C'[0,1] — C'[0,1] and I,, : C'[0,1] — C* [0, 1], are defined by

(1.5) L (f,z) =™ /I e M f(t)ydt, feC0,1] andz € [0,1],
0

(1.6) D, (f,x)=f (z)—puf(x), feC'0,1] andz € [0,1].

Using the integral operators in (1.4) which are different from the integral versions of
G, mentioned above, we have

k+1

A7) Ruf @) = @) (4 )Y sl @) [T (0

k=0 n+1

where a,,41 (z) is given in (1.2) and f, (t) = e #* f (¢). To represent the operators in (1.7),
we sometimes use the notation K. n(f;).

In more recent years, exponential type operators using the above idea have been object
of investigation by several mathematicians. For example, in the continuation of men-
tioned papers, results on quantitative uniform and pointwise estimates for exponential
Széasz operators were obtained in [9] and [10]. Other contributions can be found in [16],
[17] and recently [14]. Also, the variation detracting property has been intensively stud-
ied. Although this topic was first studied by Lorentz [19], important contributions were
given in [12]. Similar contributions can be found in [18] and [11].

The present note is motivated by the papers [5] and [6] where the operators G, and K,
are investigated. We deal with Voronovskaya type results and convergence in variation
for the exponential Bernstein Kantorovich operators. Section 2 is devoted to some results
regarding the discrete operators G, and G,. We establish estimates for the difference
between K, and G,,, K, and G,,, as well as the Voronovskaya type formula for the opera-
tors G,,. In Section 3 we give and application of Voronovskaya type result for K. Section
4 is devoted to the convergence in variation of the operators considered in the previous
sections. The last section contains some conclusions and perspectives.

We will need the following inequality involving the classical modulus of continuity: if
>0, f€Cla,b]and z,y € [a,]], then

a9 )= 5] < (1+min {2 o)

This is a slight extension of [13, Proposition 1.22 (v)].
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2. DIFFERENCES OF OPERATORS

In order to present our results, we will focus our attention on a sequence G, of linear
positive auxiliary operators

29) G (55) = s ) S s i 00 (L)
k=0

for f € C[0,1]. In fact, G, is a discrete operator associated with K,,: one replaces the

T
functional f,, — (n +1) f " f. (t) dt by the point evaluation at Qkﬁ) (see also [4], [20]).

We consider also the dlscrete operators

Guflw) = ey e/ py p(an(@)) f (%) ’
k=0

associated with K, f(z).
The following exponential moments and limits will be used in order to obtain the

Voronovskaya type result for G,,. They can be derived by direct calculations, or with
the use of some mathematical software like Maple.

Lemma 2.1. For the operator (én)n21 we have

K 22 H n

1. Gy (e0; ) = ay, (x) et He2nFD (1 —entl + e"+1> ,

~ T
2. Gy (exp,;x) = al, ) (2) e“( )

~ w(2nae+1
3. Gy (expl;m) = al, ) (z)e 20940 “eh,

~ z+1 e n
4. Gy (expd;z) = ah .y (2) errerit (T + entT — it

. n W n+1

e 4. — n

5. G, expwa:) =a,,(z )e‘”e2< £2y

l

) — entT (1 —|—en%1))n.

Theorem 2.1. If f € C[0, 1], then G,, f converges to f uniformly on [0, 1].

n
(1 + en+1 _|_ e n+1

Proof. Since {eg, exp,,, exp?, } is an extended complete Chebyshev system, from Korovkin’s
theorem and Lemma 2.1 the theorem is proved. O

Concerning the images of ¢y under G, forz € [0,1], using Lemma 2.1 one finds that

(2.10) lim n (én (e0; ) — 1) = —u(l— 2+ )z + pa?),

M ~ [L‘~ 1 x
(2.11) nlgr;@n (Gn (exp,;z) — "G (eo;x)) = 56“ w(2ua® — 2ux — 22 + 1),
and

(2.12) nh_)rrgon ((N}’n (expi; z) — 2e" @G, (exp,;z) + e q, (eo;x)) = e pPr(z — 1).

Investigating the difference of positive linear operators is an active area of research: see
[1,2,3,4,7,8]. The following lemma provides an estimate of the difference between K,
and én
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Proposition 2.1. Foranyn € N,z € [0,1] and f € C[0,1], the following inequality holds:
@13)  |Raf(2) = Gaf (2)]

<y (z) e (HulQ(H (en% 71> (enilJrl))n)w(f#;h)’

1/2
L

Proof. Formulas (2.9) and (1.7) imply that
Ko f () = Guf (x)
k1

= @+ 1) S s @) [ 500 1 (s ) at

o e (n+1

where

Using (1.8) and then the mean value theorem, we obtain with h > 0

w0 -1 (s )| < (1 43 (0 fflﬂ))) (i)

(1L (e R ? fuih
< e (e e ) w(fush).

Then by using the above inequality, we have

Kot (2) = Guf (m)\ < e (@)

k+1
n + 1 n+l n(2k+1)
8 ( u2h? an k (@nt1 ( / (e’” — e 2t ) ) w(fuih).

Simple computations show that

(2.14)

kel
n+1 it w(2k+1)
(n+1) (e’ — e 2(nFD ) dt
T
= o3 [ S —462@)}
I

and
L T n
S bk (s (@) e = (14 (e85 1) (et 41))".
k=0

Taking into account the above relations, we get

Kot (@) = Cuf (@)

< dy, (a)e (1+ 21h2 (1 (e —1) (et +1))"

o (1me) (et 4)} @ (fih).
W

K
X |:6n+1 —

Setting

1/2

e (R N (RS )
2

we have the desired result.
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Proposition 2.2. (i) The following estimates hold for f € C2[0, 1]:

; s / + Iillso
@15 R (0) = Cuf0)] < (e 5
216 Rode) = Guflol| < 0 (1=t (e 1)) i

(ii) Besides the estimate (2.16), the following one holds for f € C[0,1]:

@ Rt~ = (1ot () o (1)

Proof. Using [2, Lemma 1] we get

(n+ 1)/"“ Flt)dt — f <2k+1>|

(2.18) i T

n+1

k+1

=2 2 +1 N\’ | oo
(”+1)// thdt = (2(n+1)) ] T2+ 12

141

1" Moo

<
- 2

x>

In the sequel we will estimate |K,, f — G, f|. We have

k+1

e B g (2L
= ap,qq(T)e” ];)pn,k(an+l(x)) (”Jrl)/nil fu(®)dt — fu <2(n—|—1)>|
oo

In the following we will estimate |Fn f(x) — G, f ()| with the technique from Proposition
2.1. Using (2.18) we can write

[Knf(@) = Guf(@)| < ey eﬂk/”pn,kwn(x))m
k=0
= i 2 (1) 0 e )

k=0

n "
€ ( c (e 24(n +1)2
We have

|Knf(@) = Gnf(2)]

& R %k
<nened e pn<an(l’)>/n¢1 " f<2<n+1>>’dt

Using the relation (1.8) we get

-1 (i)l (1 (- ) oo
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Therefore,

b 1) S et L !
<(n+1e w(fvh>kz=%€ /p"(a"(x))(nJrl+12h2(n+1)3>'

1
Forh = ——, t
or n+1wege

Foutto) ~Bastol] = (17 13 kz_: (1)@= ot (¢ Fante)

1 1 n
:—36”%) <f; ) (1767“/" (e’“‘/’/"fl)) .
12 n+1

The Voronovskaya formula for the operators G, is presented in
Proposition 2.3. If f € C?[0, 1], then
. =~ z(l—=z " ’
Jim 0 (G (fie)— £ @) = ZUT (@) suf (@) + 2 ()
+5 (e 1) f (@) —af ().

Proof. Denote the inverse function of exp, by log,, i.e. log, is the logarithmic function
with base e#. Applying the Taylor’s theorem to the function (f o log,,) (¢*") on the interval
[z,u], z,u € [0,1], we get
’ 1 "
£ = f @)+ (Folog,) (1) (e = )+ 5 (folog,) (¢4) (e — e’
+ hy (u) (" — et®)?

where h,(u) is a continuous function and lim h,(u) = 0. Applying the operator G,, (f),

uU—x

we obtain

G (fiw) = f (2) =

(G (eoi ) = 1)f (@) + (£ olog,,) (") (G (expyiz) — "G (eo;))
+ % (fo logu)” (e") (én (expi; z) — 2eM* G, (expu; z) + G, (eo;x))

+ én (hJL (empu - expu(x))z ;x) .

Since (f olog,) (e"*) = f (z)e **p~'and (folog,) (e")
=2 <,u_2f” (x) —ptf (x))as a consequence of Lemma 2.1, we get

lim (G (f32) = £ (2))

= —p(pz? — pr — 22 +1)f(z) + % (2pa2® = 2px — 2z + 1) f'(z)

1 1" ’ . ~
5 (@ = nf @) = a)e+ lim 0Gy (he (cop, - eapu(@))* ).
It remains to prove that

lim nG, (hJB (exp, — exp,i(as))2 ;x) =0.

n—roo
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From Cauchy-Schwarz inequality we get

n|Go (e (cap(e) = eapu(@)” ;) |

</ G (h2; x)\/nQén ((exp“ - expu(x))4 ;x).

From Lemma 2.1 we have

lim n’G, ((expu - ewpﬂ(x))4 ) = 3putetrr (z — 1)%2?

n—oo

and N
lim G, (hy;x) = hy (x) = 0.

n— oo
This completes the proof. O
3. A RELATION BETWEEN f(n AND én, AND A VORONOVSKAYA TYPE RESULT

In this section we present a relation between K,, and G,,. Then we give an application
of the Voronovskaya type result for K.

Theorem 3.2. For f € C"[0,1] and x € [0, 1], we have

r—1

- A 1+(_1)J’ )
Ronf @) = Go | 2 g 20 | @
et 1

< 1D fllooar,1(1)

(r+1)!27(n+1)""
Proof. Using (1.6), we can write

(f <x>)‘” _ D)

eH® exe

, jEN.

For f € C"[0,1] , we use the following version of the Taylor formula:

G) ™

- Z (D) -5 (L) @oe-ar

exp,,

(4 , ()
_ ZlDlif %) (4 gy LD E) (e

e ] eHx r! eﬂft,m

where ¢,z € [0, 1] and ft,z is between t and z.

We have
—1
1D , 1
- — J - (7") _ T
Zﬂ D ) < LD fleclt 21"
2k +1
For z = skt it follows
2(n+1)
' r— ( ) 2k 1 ]
n+1 j= ”2%7’111) 2]+1(n + 1)]+1
1
o |
= ‘ 14 f o (T+1)!2T(n+ 1)r+1
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Consequently,
n kii
Gt @)+ D 3 P (s (@) / " s
k=0 =2
r—1 D(J)f (2 ) .
(n+1) 1+ (—1)3
nx
n+1 € an k an-‘rl JZZ:O J + 1 6“2(”+1) 2j+1(n + 1)]
1 1
px D) -
= n+1 6 ank a’n+1 ( +1) H m f||0°2r(n_|_1)7"
This implies

R r—1 14 D(J)f 2:+1
K”f(x)_zﬂwm(n <)a+1'2“n+1 R ”u(H))

j=

e+l
2(n+1)

et 1
(r+1)!27(n+1)""

which proves the theorem. O

< 1D fllooat,1(1)

Theorem 3.3. Suppose that f € C?[0,1]. If
. ~ 1
619 o (Raf @)= £@) =p@e-0 7@ - (o 5) £ @)
€ (0,1), then f (z) = ael™ + be?* for some a,b € R.
Proof. According to [6],

tim n (R, f(@) = (@) = 5 =1 =aua—=2)] - [1"(@) =30 (0) +22 1 0)]

n—oo
@0 1) | £) - 5 )]
Combined with (3.19), this yields the differential equation

L w1 — a(pz — 2] [£"(x) — 3uf(2) + 202 ()]

21
1 2 —1

50| = 2z = 0f0) - E 2 0)

It is easy to check that it reduces to f”(z) — 3uf'(z) + 2u®f(xz) = 0, and e*®, e?** are
solution of it; this concludes the proof. O

+ 2z —-1) | f'(z) —

4. CONVERGENCE IN VARIATION

Convergence of Bernstein polynomials in variation seminorm has been developed and
studied in details in [12]. After this fundamental study, the topic has become classical and
important in Approximation Theory. An essential role is played by AC [0, 1], the space of
absolutely continuous functions, which is a closed subspace of TV [0, 1], the space of all
functions of bounded variation on [0, 1] with the seminorm

1y, = Vo [

erp, }
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and by BV [0, 1], which is T'V [0, 1] with the norm

f
I, = Viou [ 2-] + 17 01
First, we show that the operator G,, is a bounded operator with respect to BV),-norm.
Theorem 4.4. If f € TV [0,1], then for all n € N, we have

1GnfllBv, < IflBV,-
Proof. Since

(&0) @=roE [of, (55) -, ()]st

we have
Guf )
(expu> ()

Gofl  [*
Vo [expﬂ—/o
f (k+1 f [k
expu< n >_expu (n)

n—1
Snz
k=0
k+1 f (K
S () -2 (0)

Mj
i1

dx

’

/ Pt (an (1)) @, (z) da
0

< Vio,1) [exp } :
“w
On the other hand
G Gr
/ = Vo, { f]JFan( )l
expy |l gy, exp,,
< Vo [ -] + o= || L
eXPy XPullpy,
Theorem 4.5. If f € TV [0,1], then for all n € N, we have
/
n+1|exp, |
Proof. Since
= ! k+wv
F = 1 = -
=) [ ge0a= [ ()

n+1

we can write

(an> () = alr;+1 (z) Z Finpn i (ant1 (7))

k=0

+ ( n+1 ) Z Fk+1,n - Fk,n)pn—l,k (a7L+1 (aj)) :
k=0
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Using the equality a,, 1, (¥) = ;47,4 (z) , we have

NI
Vio,1] [exp#] —/0 (exp#> ()| dx

M ZFk wPrs (011 ()

n+l
n+1 P
n—1
+ (aiﬁl(x))nz (Fit1,n = Fien) Pa—1,k (ant1(2)) apyq ()| do
k‘,f
n+1 pnk(an+1( ))d
k:
e Hfl n—1
1% " /
+n+1m”§\ﬂ<+1n Bl [ paaaana(@) s (o
o poenit
<" _N“\p Fiiin — Fon
—(n+1)2k2=0| k,| n+1 +1_1Z|k+1 k|
But
/'l/ in+1 < 6#7
n+lenti —1
k+1
n+i ot f
Bl < (1) [T e o))t <
. exPy || o
Therefore,
g n—1
K,f H f n
V < n+1 F n —
[0,1] expul “n+1|exp, oo+e kZ:o| e
Since
1” ! E+14w k4w
Fitim — Fin| < A I (it R
Z| k+1,n kn| / ( n+1 ) f“(n—‘rl)‘ 1%
f
< Vo { £y,
exp,,
we get
Vi < ntl .
[0.1] lewpu] “n+1|exp, OO+6 Illzv,
Theorem 4.6. If f € TV [0, 1], then we have
(4.20) Jim (|G f = fllzv, = 0.

Moreover, if (4.20) holds for f € C|0,1], then f € ACI0,1].
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Proof. We have

(Gf) (5 =1 (2) (1+1) Y s () 5 () ()

exp,, =

k+1
n+1 ’

e @) 0+ )Y ps s @) [ S 00

k=0 n+1

- ( fon ) (Df) (),

exp,,

and

’

(Gng) () - (;;) (x)

w25
<fp> D))~ (e ) @

(4.21) = /0 1

It is known that (see [6]) when g € C[0,1], K, g converges uniformly to g. It is easy to
prove that for the operators K, : L1(0,1) — L1(0,1) one has || K, || < e*,n > 1. It follows
that ,,g converges to g as n — oo according to the L;-norm when g € L; (0, 1) .Thus for
fel (0,1), we have f(nf/ — f', which gives IN(nDMf — D, f in the sense of L; (0,1).
Considering the equality (4.21), then we have

nlgfolo Vo) [(Gnf — f)/exp,] = 0.

dz

dx.

Conversely, we assume that the sequence G, f is convergent to f as n — oo in the sense
of the variation seminorm of TV [0, 1]. Therefore, f has to belong to AC [0, 1], since the
images G, f belong to AC[0,1] and AC|[0,1] is a closed subspace in TV[0, 1] (Lemma 2.1
of [12]). Thus the proof is complete. O

5. CONCLUSIONS AND PERSPECTIVES

The classical positive linear operators used in Approximation Theory preserve the con-
stants and-some of them-also the linear functions. In the last years the attention of several
mathematicians was focused on operators preserving other functions, like monomials or
exponentials. These new operators offer a better approximation on subintervals and/or
on some classes of functions. In a similar manner the operators K, and K,, have new
shape preserving properties and offer a better approximation (on subintervals and/or
some classes of functions) than that offered by the classical Kantorovich operators. We in-
tend to deepen these aspects in a forthcoming paper, where we will investigate operators
having new invariant subspaces of functions.
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