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Generalized Bernstein Kantorovich operators:
Voronovskaya type results, convergence in variation

ANA MARIA ACU1, ALI ARAL2 and IOAN RAŞA3

ABSTRACT. This paper includes Voronovskaya type results and convergence in variation for the exponen-
tial Bernstein Kantorovich operators. The Voronovskaya type result is accompanied by a relation between the
mentioned operators and suitable auxiliary discrete operators. Convergence of the operators with respect to
the variation seminorm is obtained in the space of functions with bounded variation. We propose a general
framework covering the results provided by previous literature.

1. INTRODUCTION

In Approximation Theory one is often interested in the convergence of a sequence of
operators. This can be seen by taking a direct limit as well as by obtaining quantitative
theorems that measure the degree of convergence. Other outstanding tools to achieve
the measurement of effectiveness of the approximation are Voronovskaya type theorems
and variation diminishing properties of the operators. In this paper, we focus on these
properties of the operators given in [6]. But firstly we recall the sequence Gn of linear
positive operators introduced and studied in [5], that are called exponential Bernstein
operators; under suitable conditions they perform better than the classical Bernstein op-
erators. These operators fix the exponential functions exp(µt) and exp(2µt), µ > 0, and
are defined by

(1.1) Gnf (x) = Gn (f ;x) =

n∑
k=0

f

(
k

n

)
e−µk/neµxpn,k (an (x)) , x ∈ [0, 1] , n ∈ N,

where

(1.2) an (x) =
eµx/n − 1

eµ/n − 1
.

They have close connection with the Bernstein operators that is given by

(1.3) Gnf (x) = expµ (x)Bn

(
f

expµ
; an (x)

)
,

where for a fixed real parameter µ > 0, the exponential function is defined as expµ (x) =
eµx. We denote respectively by exp and log the natural exponential and logarithmic func-
tions, although we are also writing et for the value of exp (t). As usual, we denote by ei
the polynomial functions defined by ei (t) = ti.

It is known that an integral version of the above operators can be introduced by replac-
ing in Gn the sample values by the mean values
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(n+ 1)
∫ (k+1)/(n+1)

k/(n+1)
f (t) dt, for any locally integrable function f . This way we get the

operators

Knf(x) := (n+ 1)eµx
n∑

k=0

e−µk/npn,k(an(x))

∫ k+1
n+1

k
n+1

f(t)dt.

The main advantage that can be achieved by using the operators Kn is that also not nec-
essarily continuous functions can be approximated. But, here our construction is different
from the classical one. In order to furnish an approximation process for the space of
integrable functions on the interval [0, 1] , integral modification of the operators Gn are
defined in [6] by setting for n ≥ 1, µ ≥ 0 and x ∈ [0, 1]

(1.4) K̃n = Dµ ◦Gn+1 ◦ Iµ,

where the operators Dµ : C1 [0, 1] → C [0, 1] and Iµ : C [0, 1] → C1 [0, 1], are defined by

Iµ (f, x) = eµx
∫ x

0

e−µtf (t) dt, f ∈ C [0, 1] and x ∈ [0, 1] ,(1.5)

Dµ (f, x) = f
′
(x)− µf (x) , f ∈ C1 [0, 1] and x ∈ [0, 1] .(1.6)

Using the integral operators in (1.4) which are different from the integral versions of
Gn mentioned above, we have

(1.7) K̃nf (x) = a
′

n+1 (x) (n+ 1) eµx
n∑

k=0

pn,k (an+1 (x))

∫ k+1
n+1

k
n+1

fµ (t) dt,

where an+1 (x) is given in (1.2) and fµ (t) = e−µtf (t). To represent the operators in (1.7),
we sometimes use the notation K̃n (f ;x).

In more recent years, exponential type operators using the above idea have been object
of investigation by several mathematicians. For example, in the continuation of men-
tioned papers, results on quantitative uniform and pointwise estimates for exponential
Szász operators were obtained in [9] and [10]. Other contributions can be found in [16],
[17] and recently [14]. Also, the variation detracting property has been intensively stud-
ied. Although this topic was first studied by Lorentz [19], important contributions were
given in [12]. Similar contributions can be found in [18] and [11].

The present note is motivated by the papers [5] and [6] where the operators Gn and K̃n

are investigated. We deal with Voronovskaya type results and convergence in variation
for the exponential Bernstein Kantorovich operators. Section 2 is devoted to some results
regarding the discrete operators G̃n and Gn. We establish estimates for the difference
between K̃n and G̃n, Kn and Gn, as well as the Voronovskaya type formula for the opera-
tors G̃n. In Section 3 we give and application of Voronovskaya type result for K̃n. Section
4 is devoted to the convergence in variation of the operators considered in the previous
sections. The last section contains some conclusions and perspectives.

We will need the following inequality involving the classical modulus of continuity: if
δ > 0, f ∈ C[a, b] and x, y ∈ [a, b], then

(1.8) |f(x)− f(y)| ≤
(
1 + min

{
|x− y|

δ
,
(x− y)2

δ2

})
ω(f, δ).

This is a slight extension of [13, Proposition 1.22 (v)].
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2. DIFFERENCES OF OPERATORS

In order to present our results, we will focus our attention on a sequence G̃n of linear
positive auxiliary operators

(2.9) G̃n (f ;x) = a′n+1 (x) e
µx

n∑
k=0

pn,k (an+1 (x)) fµ

(
2k + 1

2(n+ 1)

)
for f ∈ C [0, 1] . In fact, G̃n is a discrete operator associated with K̃n: one replaces the

functional fµ → (n+ 1)
∫ k+1

n+1
k

n+1

fµ (t) dt by the point evaluation at 2k+1
2(n+1) (see also [4], [20]).

We consider also the discrete operators

Gnf(x) := eµx
n∑

k=0

e−µk/npn,k(an(x))f

(
2k + 1

2(n+ 1)

)
,

associated with Knf(x).
The following exponential moments and limits will be used in order to obtain the

Voronovskaya type result for G̃n. They can be derived by direct calculations, or with
the use of some mathematical software like Maple.

Lemma 2.1. For the operator (G̃n)n≥1 we have

1. G̃n (e0;x) = a′n+1 (x) e
µx−µe

µ
2(n+1)

(
1− e

µx
n+1 + e

µ
n+1

)n
,

2. G̃n

(
expµ;x

)
= a′n+1 (x) e

µx,

3. G̃n

(
exp2µ;x

)
= a′n+1 (x) e

µ(2nx+1)
2(n+1)

xeµx,

4. G̃n

(
exp3µ;x

)
= a′n+1 (x) e

µxe
µ

n+1

(
e

µ(x+1)
n+1 + e

µx
n+1 − e

µ
n+1

)n
,

5. G̃n

(
exp4µ;x

)
= a′n+1 (x) e

µxe
3µ

2(n+1)

·
(
e

µx
n+1

(
1 + e

µ
n+1 + e

2µ
n+1

)
− e

µ
n+1

(
1 + e

µ
n+1

))n
.

Theorem 2.1. If f ∈ C[0, 1], then G̃nf converges to f uniformly on [0, 1].

Proof. Since
{
e0, expµ, exp

2
µ

}
is an extended complete Chebyshev system, from Korovkin’s

theorem and Lemma 2.1 the theorem is proved. □

Concerning the images of e0 under G̃n, for x ∈ [0, 1], using Lemma 2.1 one finds that

(2.10) lim
n→∞

n
(
G̃n (e0;x)− 1

)
= −µ(1− (2 + µ)x+ µx2),

(2.11) lim
n→∞

n
(
G̃n

(
expµ;x

)
− eµxG̃n (e0;x)

)
=

1

2
eµxµ(2µx2 − 2µx− 2x+ 1),

and

(2.12) lim
n→∞

n
(
G̃n

(
exp2µ;x

)
− 2eµxG̃n

(
expµ;x

)
+ e2µxG̃n (e0;x)

)
= −e2µxµ2x(x− 1).

Investigating the difference of positive linear operators is an active area of research: see
[1, 2, 3, 4, 7, 8]. The following lemma provides an estimate of the difference between K̃n

and G̃n.
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Proposition 2.1. For any n ∈ N, x ∈ [0, 1] and f ∈ C [0, 1] , the following inequality holds:∣∣∣K̃nf (x)− G̃nf (x)
∣∣∣(2.13)

≤ a
′

n+1 (x) e
µx

(
1 +

1

µ2

(
1 +

(
e

µx
n+1 − 1

)(
e

µ
n+1 + 1

))n)
ω (fµ;h) ,

where

h =

[
e

µ
n+1 − n+ 1

2µ

(
1− e

µ
n+1

)(
1 + e

µ
n+1 − 4e

µ
2(n+1)

)]1/2
.

Proof. Formulas (2.9) and (1.7) imply that

K̃nf (x)− G̃nf (x)

= a
′

n+1 (x) (n+ 1) eµx
n∑

k=0

pn,k (an+1 (x))

∫ k+1
n+1

k
n+1

[
fµ (t)− fµ

(
2k + 1

2(n+ 1)

)]
dt.

Using (1.8) and then the mean value theorem, we obtain with h > 0∣∣∣∣fµ (t)− fµ

(
2k + 1

2(n+ 1)

)∣∣∣∣ ≤
(
1 +

1

h2

(
t− 2k + 1

2(n+ 1)

)2
)
ω (fµ;h)(2.14)

≤
(
1 +

1

µ2h2

(
eµt − e

µ(2k+1)
2(n+1)

)2)
ω (fµ;h) .

Then by using the above inequality, we have∣∣∣K̃nf (x)− G̃nf (x)
∣∣∣ ≤ a

′

n+1 (x) e
µx

×

(
1 +

(n+ 1)

µ2h2

n∑
k=0

pn,k (an+1 (x))

∫ k+1
n+1

k
n+1

(
eµt − e

µ(2k+1)
2(n+1)

)2
dt

)
ω (fµ;h) .

Simple computations show that

(n+ 1)

∫ k+1
n+1

k
n+1

(
eµt − e

µ(2k+1)
2(n+1)

)2
dt

= e
2kµ
n+1

[
e

µ
n+1 − n+ 1

2µ

(
1− e

µ
n+1

)(
1 + e

µ
n+1 − 4e

µ
2(n+1)

)]
and

n∑
k=0

pn,k (an+1 (x)) e
2µk
n+1 =

(
1 +

(
e

µx
n+1 − 1

)(
e

µ
n+1 + 1

))n
.

Taking into account the above relations, we get∣∣∣K̃nf (x)− G̃nf (x)
∣∣∣

≤ a
′

n+1 (x) e
µx

(
1 +

1

µ2h2

(
1 +

(
e

µx
n+1 − 1

)(
e

µ
n+1 + 1

))n
×
[
e

µ
n+1 − n+ 1

2µ

(
1− e

µ
n+1

)(
1 + e

µ
n+1 − 4e

µ
2(n+1)

)]
ω (fµ;h) .

Setting

h =

[
e

µ
n+1 − n+ 1

2µ

(
1− e

µ
n+1

)(
1 + e

µ
n+1 − 4e

µ
2(n+1)

)]1/2
we have the desired result. □
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Proposition 2.2. (i) The following estimates hold for f ∈ C2[0, 1]:∣∣∣K̃nf(x)− G̃nf(x)
∣∣∣ ≤ a′n+1(x)e

µx
∥f ′′

µ∥∞
24(n+ 1)2

,(2.15)

∣∣Knf(x)−Gnf(x)
∣∣ ≤ eµx

(
1− e−

µ
n

(
e

µx
n − 1

))n ∥f ′′
µ∥∞

24(n+ 1)2
.(2.16)

(ii) Besides the estimate (2.16), the following one holds for f ∈ C[0, 1]:

(2.17)
∣∣Knf(x)−Gnf(x)

∣∣ ≤ 13

12
eµx

(
1− e−

µ
n

(
e

µx
n − 1

))n
ω

(
f ;

1

n+ 1

)
.

Proof. Using [2, Lemma 1] we get∣∣∣∣∣(n+ 1)

∫ k+1
n+1

k
n+1

f(t)dt− f

(
2k + 1

2(n+ 1)

)∣∣∣∣∣(2.18)

≤ ∥f ′′∥∞
2

[
(n+ 1)

∫ k+1
n+1

k
n+1

t2dt−
(

2k + 1

2(n+ 1)

)2
]
=

∥f ′′∥∞
24(n+ 1)2

.

In the sequel we will estimate |K̃nf − G̃nf |. We have

|K̃nf(x)− G̃nf(x)|

= a′n+1(x)e
µx

n∑
k=0

pn,k(an+1(x))

∣∣∣∣∣(n+ 1)

∫ k+1
n+1

k
n+1

fµ(t)dt− fµ

(
2k + 1

2(n+ 1)

)∣∣∣∣∣
≤ a′n+1(x)e

µx
∥f ′′

µ∥∞
24(n+ 1)2

.

In the following we will estimate
∣∣Knf(x)−Gnf(x)

∣∣with the technique from Proposition
2.1. Using (2.18) we can write

∣∣Knf(x)−Gnf(x)
∣∣ ≤ eµx

n∑
k=0

e−µk/npn,k(an(x))
∥f ′′∥∞

24(n+ 1)2

= eµx
∥f ′′∥∞

24(n+ 1)2

n∑
k=0

(
n

k

)
(1− an(x))

n−k(e−µ/nan(x))
k

= eµx
(
1− e−

µ
n

(
e

µx
n − 1

))n ∥f ′′∥∞
24(n+ 1)2

.

We have ∣∣Knf(x)−Gnf(x)
∣∣

≤ (n+ 1)eµx
n∑

k=0

e−
µk
n pn(an(x))

∫ k+1
n+1

k
n+1

∣∣∣∣f(t)− f

(
2k + 1

2(n+ 1)

)∣∣∣∣ dt.
Using the relation (1.8) we get∣∣∣∣f (t)− f

(
2k + 1

2(n+ 1)

)∣∣∣∣ ≤
(
1 +

1

h2

(
t− 2k + 1

2(n+ 1)

)2
)
ω (f ;h) .
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Therefore, ∣∣Knf(x)−Gnf(x)
∣∣

≤ (n+ 1)eµxω(f ;h)

n∑
k=0

e−
µk
n pn(an(x))

(
1

n+ 1
+

1

12h2(n+ 1)3

)
.

For h =
1

n+ 1
, we get

∣∣Knf(x)−Gnf(x)
∣∣ = eµxω

(
f ;

1

n+ 1

)
13

12

n∑
k=0

(
n

k

)
(1− an(x))

n−k
(
e−

µ
n an(x)

)k
=

13

12
eµxω

(
f ;

1

n+ 1

)(
1− e−µ/n

(
eµx/n − 1

))n
.

□

The Voronovskaya formula for the operators G̃n is presented in

Proposition 2.3. If f ∈ C2 [0, 1] , then

lim
n→∞

n
(
G̃n (f ;x)− f (x)

)
=

x (1− x)

2

(
f

′′
(x)− 3µf

′
(x) + 2µ2f (x)

)
+
µ

2
(4x− 1) f (x)− xf

′
(x) .

Proof. Denote the inverse function of expµ by logµ, i.e. logµ is the logarithmic function
with base eµ. Applying the Taylor’s theorem to the function

(
f ◦ logµ

)
(eµ·) on the interval

[x, u] , x, u ∈ [0, 1], we get

f (u) = f (x) +
(
f ◦ logµ

)′
(eµx) (eµu − eµx) +

1

2

(
f ◦ logµ

)′′
(eµx) (eµu − eµx)

2

+ hx (u) (e
µu − eµx)

2
,

where hx(u) is a continuous function and lim
u→x

hx(u) = 0. Applying the operator G̃n (f),
we obtain

G̃n (f ;x)− f (x) =

(G̃n (e0;x)− 1)f (x) +
(
f ◦ logµ

)′
(eµx)

(
G̃n

(
expµ;x

)
− eµxG̃n (e0;x)

)
+

1

2

(
f ◦ logµ

)′′
(eµx)

(
G̃n

(
exp2µ;x

)
− 2eµxG̃n

(
expµ;x

)
+ e2µxG̃n (e0;x)

)
+ G̃n

(
hx (expµ − expµ(x))

2
;x
)
.

Since
(
f ◦ logµ

)′
(eµx) = f

′
(x) e−µxµ−1 and

(
f ◦ logµ

)′′
(eµx)

= e−2µx
(
µ−2f

′′
(x)− µ−1f

′
(x)
)

as a consequence of Lemma 2.1, we get

lim
n→∞

n
(
G̃n (f ;x)− f (x)

)
= −µ(µx2 − µx− 2x+ 1)f(x) +

1

2

(
2µx2 − 2µx− 2x+ 1

)
f ′(x)

+
1

2

(
f

′′
(x)− µf

′
(x)
)
(1− x)x+ lim

n→∞
nG̃n

(
hx (expµ − expµ(x))

2
;x
)
.

It remains to prove that

lim
n→∞

nG̃n

(
hx (expµ − expµ(x))

2
;x
)
= 0.
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From Cauchy-Schwarz inequality we get

n
∣∣∣G̃n

(
hx (expµ(x)− expµ(x))

2
;x
)∣∣∣

≤
√

G̃n (h2
x;x)

√
n2G̃n

(
(expµ − expµ(x))

4
;x
)
.

From Lemma 2.1 we have

lim
n→∞

n2G̃n

(
(expµ − expµ(x))

4
;x
)
= 3µ4e4µx(x− 1)2x2

and
lim
n→∞

G̃n (hx;x) = hx (x) = 0.

This completes the proof. □

3. A RELATION BETWEEN K̃n AND G̃n, AND A VORONOVSKAYA TYPE RESULT

In this section we present a relation between K̃n and G̃n. Then we give an application
of the Voronovskaya type result for K̃n.

Theorem 3.2. For f ∈ Cr [0, 1] and x ∈ [0, 1] , we have∣∣∣∣∣∣K̃nf(x)− G̃n

r−1∑
j=0

1 + (−1)j

2j+1(n+ 1)j(j + 1)!
D(j)

µ f

 (x)

∣∣∣∣∣∣
≤ ∥D(r)

µ f∥∞a′n+1(1)
eµ

(r + 1)!

1

2r(n+ 1)r
.

Proof. Using (1.6), we can write(
f (x)

eµx

)(j)

=
D

(j)
µ f (x)

eµx
, j ∈ N.

For f ∈ Cr [0, 1] , we use the following version of the Taylor formula:

f (t)

eµt
=

r−1∑
j=0

1

j!

(
f (x)

eµx

)(j)

(t− x)
j
+

1

r!

(
f

expµ

)(r)

(ξt,x) (t− x)
r

=

r−1∑
j=0

1

j!

D
(j)
µ f (x)

eµx
(t− x)

j
+

1

r!

D
(r)
µ f (ξt,x)

eµξt,x
(t− x)

r

where t, x ∈ [0, 1] and ξt,x is between t and x.
We have ∣∣∣∣∣∣f(t)eµt

−
r−1∑
j=0

1

j!

D
(j)
µ f(x)

eµx
(t− x)j

∣∣∣∣∣∣ ≤ 1

r!
∥D(r)

µ f∥∞|t− x|r.

For x =
2k + 1

2(n+ 1)
it follows∣∣∣∣∣∣

∫ k+1
n+1

k
n+1

fµ(t)dt−
r−1∑
j=0

1

(j + 1)!

D
(j)
µ f

(
2k+1
2(n+1)

)
eµ

2k+1
2(n+1)

1 + (−1)j

2j+1(n+ 1)j+1

∣∣∣∣∣∣
≤
∥∥∥D(r)

µ f
∥∥∥
∞

1

(r + 1)!2r(n+ 1)r+1
.
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Consequently,∣∣∣∣∣a′n+1(x)(n+ 1)eµx
n∑

k=0

pn,k(an+1(x))

∫ k+1
n+1

k
n+1

fµ(t)dt

−a′n+1(x)e
µx

n∑
k=0

pn,k(an+1(x))

r−1∑
j=0

1

(j + 1)!

D
(j)
µ f

(
2k+1
2(n+1)

)
eµ

2k+1
2(n+1)

1 + (−1)j

2j+1(n+ 1)j

∣∣∣∣∣∣
≤ a′n+1(x)e

µx
n∑

k=0

pn,k(an+1(x))
1

(r + 1)!
∥D(r)

µ f∥∞
1

2r(n+ 1)r
.

This implies∣∣∣∣∣∣K̃nf(x)−
r−1∑
j=0

1 + (−1)j

2j+1(n+ 1)j(j + 1)!

n∑
k=0

a′n+1(x)e
µxpn,k(an+1(x))

D
(j)
µ f

(
2k+1
2(n+1)

)
eµ

2k+1
2(n+1)

∣∣∣∣∣∣
≤ ∥D(r)

µ f∥∞a′n+1(1)
eµ

(r + 1)!

1

2r(n+ 1)r
,

which proves the theorem. □

Theorem 3.3. Suppose that f ∈ C2 [0, 1]. If

(3.19) lim
n→∞

n
(
K̃nf (x)− f (x)

)
= µ (2x− 1) f (x)−

(
x− 1

2

)
f

′
(x) ,

x ∈ (0, 1), then f (x) = aeµx + be2µx for some a, b ∈ R.

Proof. According to [6],

lim
n→∞

n
(
K̃nf(x)− f(x)

)
=

1

2µ
[µx−1−x(µx−2)] ·

[
f ′′(x)−3µf ′(x)+2µ2f(x)

]
+ (2x− 1)

[
f ′(x)− 1

2µ
f ′′(x)

]
.

Combined with (3.19), this yields the differential equation

1

2µ
[µx− 1− x(µx− 2)]

[
f ′′(x)− 3µf ′(x) + 2µ2f(x)

]
+ (2x− 1)

[
f ′(x)− 1

2µ
f ′′(x)

]
= µ(2x− 1)f(x)− 2x− 1

2
f ′(x).

It is easy to check that it reduces to f ′′(x) − 3µf ′(x) + 2µ2f(x) = 0, and eµx, e2µx are
solution of it; this concludes the proof. □

4. CONVERGENCE IN VARIATION

Convergence of Bernstein polynomials in variation seminorm has been developed and
studied in details in [12]. After this fundamental study, the topic has become classical and
important in Approximation Theory. An essential role is played by AC [0, 1], the space of
absolutely continuous functions, which is a closed subspace of TV [0, 1] , the space of all
functions of bounded variation on [0, 1] with the seminorm

∥f∥TVµ
:= V[0,1]

[
f

expµ

]
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and by BV [0, 1], which is TV [0, 1] with the norm

∥f∥BVµ
:= V[0,1]

[
f

expµ

]
+ |f (0)| .

First, we show that the operator Gn is a bounded operator with respect to BVµ-norm.

Theorem 4.4. If f ∈ TV [0, 1] , then for all n ∈ N, we have

∥Gnf∥BVµ
≤ ∥f∥BVµ

.

Proof. Since(
Gnf

expµ

)′

(x) = na
′

n (x)

n−1∑
k=0

[
f

expµ

(
k + 1

n

)
− f

expµ

(
k

n

)]
pn−1,k (an (x)) ,

we have

V[0,1]

[
Gnf

expµ

]
=

∫ 1

0

∣∣∣∣∣
(
Gnf

expµ

)′

(x)

∣∣∣∣∣ dx
≤ n

n−1∑
k=0

∣∣∣∣ f

expµ

(
k + 1

n

)
− f

expµ

(
k

n

)∣∣∣∣ ∫ 1

0

pn−1,k (an (x)) a
′

n (x) dx

≤
n−1∑
k=0

∣∣∣∣ f

expµ

(
k + 1

n

)
− f

expµ

(
k

n

)∣∣∣∣
≤ V[0,1]

[
f

expµ

]
.

On the other hand ∥∥∥∥Gnf

expµ

∥∥∥∥
BVµ

= V[0,1]

[
Gnf

expµ

]
+ |Gnf (0)|

≤ V[0,1]

[
f

expµ

]
+ |f (0)| =

∥∥∥∥ f

expµ

∥∥∥∥
BVµ

.

□

Theorem 4.5. If f ∈ TV [0, 1] , then for all n ∈ N, we have

∥K̃nf∥TVµ ≤ e
µ

n+1 ∥f∥TVµ +
µ

n+ 1

∥∥∥∥ f

expµ

∥∥∥∥
∞

.

Proof. Since

Fk,n := (n+ 1)

∫ k+1
n+1

k
n+1

fµ (t) dt =

∫ 1

0

fµ

(
k + v

n+ 1

)
dv

we can write(
K̃nf

expµ

)′

(x) = a
′′

n+1 (x)

n∑
k=0

Fk,npn,k (an+1 (x))

+
(
a

′

n+1 (x)
)2

n

n−1∑
k=0

(Fk+1,n − Fk,n) pn−1,k (an+1 (x)) .
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Using the equality a
′′

n+1 (x) =
µ

n+1a
′

n+1 (x) , we have

V[0,1]

[
K̃nf

expµ

]
=

∫ 1

0

∣∣∣∣∣∣
(
K̃nf

expµ

)′

(x)

∣∣∣∣∣∣ dx
=

∫ 1

0

∣∣∣∣∣ µ

n+ 1
a′n+1(x)

n∑
k=0

Fk,npn,k (an+1(x))

+
(
a′n+1(x)

)
n

n−1∑
k=0

(Fk+1,n − Fk,n) pn−1,k (an+1(x)) a
′
n+1(x)

∣∣∣∣∣ dx
≤ µ

n+ 1

n∑
k=0

|Fk,n|
∫ 1

0

a′n+1(x)pn,k (an+1(x)) dx

+
µ

n+ 1

e
µx
n+1

e
µ

n+1 − 1
n

n−1∑
k=0

|Fk+1,n − Fk,n|
∫ 1

0

pn−1,k(an+1(x)) · a′n+1(x)dx

≤ µ

(n+ 1)2

n∑
k=0

|Fk,n|+
µ

n+ 1

e
µx
n+1

e
µ

n+1 − 1

n−1∑
k=0

|Fk+1,n − Fk,n| .

But
µ

n+ 1

e
µx
n+1

e
µ

n+1 − 1
≤ e

µ
n+1 ,

|Fk,n| ≤ (n+ 1)

∫ k+1
n+1

k
n+1

e−µt|f(t)|dt ≤
∥∥∥∥ f

expµ

∥∥∥∥
∞

Therefore,

V[0,1]

[
K̃nf

expµ

]
≤ µ

n+ 1

∥∥∥∥ f

expµ

∥∥∥∥
∞

+ e
µ

n+1

n−1∑
k=0

|Fk+1,n − Fk,n|

Since

n−1∑
k=0

|Fk+1,n − Fk,n| ≤
∫ 1

0

n−1∑
k=0

∣∣∣∣fµ(k + 1 + v

n+ 1

)
− fµ

(
k + v

n+ 1

)∣∣∣∣ dν
≤ V[0,1]

[
f

expµ

]
= ∥f∥TVµ

,

we get

V[0,1]

[
K̃nf

expµ

]
≤ µ

n+ 1

∥∥∥∥ f

expµ

∥∥∥∥
∞

+ e
µ

n+1 ∥f∥TVµ .

□

Theorem 4.6. If f ∈ TV [0, 1] , then we have

(4.20) lim
n→∞

∥Gnf − f∥TVµ = 0.

Moreover, if (4.20) holds for f ∈ C[0, 1], then f ∈ AC[0, 1].
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Proof. We have(
Gn+1f

expµ

)′

(x)=a
′

n+1 (x) (n+1)

n∑
k=0

pn,k (an+1 (x))

[
fµ

(
k + 1

n+ 1

)
−fµ

(
k

n+ 1

)]

= a
′

n+1 (x) (n+ 1)

n∑
k=0

pn,k (an+1 (x))

∫ k+1
n+1

k
n+1

f
′

µ (t) dt

=

(
K̃n

expµ

)
(Dµf) (x) ,

and

V[0,1]

[
Gn+1f − f

expµ

]
=

∫ 1

0

∣∣∣∣∣
(
Gn+1f

expµ

)′

(x)−
(

f

expµ

)′

(x)

∣∣∣∣∣ dx
=

∫ 1

0

∣∣∣∣∣
(

K̃n

expµ

)
(Dµf) (x)−

(
Dµf

expµ

)
(x)

∣∣∣∣∣ dx.(4.21)

It is known that (see [6]) when g ∈ C [0, 1] , K̃ng converges uniformly to g. It is easy to
prove that for the operators K̃n : L1(0, 1) → L1(0, 1) one has ∥K̃n∥ ≤ eµ, n ≥ 1. It follows
that K̃ng converges to g as n → ∞ according to the L1-norm when g ∈ L1 (0, 1) .Thus for
f

′ ∈ L1 (0, 1) , we have K̃nf
′ → f

′
, which gives K̃nDµf → Dµf in the sense of L1 (0, 1) .

Considering the equality (4.21), then we have

lim
n→∞

V[0,1]

[
(Gnf − f) / expµ

]
= 0.

Conversely, we assume that the sequence Gnf is convergent to f as n → ∞ in the sense
of the variation seminorm of TV [0, 1]. Therefore, f has to belong to AC [0, 1], since the
images Gnf belong to AC[0, 1] and AC[0, 1] is a closed subspace in TV [0, 1] (Lemma 2.1
of [12]). Thus the proof is complete. □

5. CONCLUSIONS AND PERSPECTIVES

The classical positive linear operators used in Approximation Theory preserve the con-
stants and-some of them-also the linear functions. In the last years the attention of several
mathematicians was focused on operators preserving other functions, like monomials or
exponentials. These new operators offer a better approximation on subintervals and/or
on some classes of functions. In a similar manner the operators Kn and K̃n have new
shape preserving properties and offer a better approximation (on subintervals and/or
some classes of functions) than that offered by the classical Kantorovich operators. We in-
tend to deepen these aspects in a forthcoming paper, where we will investigate operators
having new invariant subspaces of functions.
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