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Distinct partitions and overpartitions

MIRCEA MERCA

ABSTRACT. In 1963, Peter Hagis, Jr. provided a Hardy-Ramanujan-Rademacher-type convergent series that
can be used to compute an isolated value of the partition function Q(n) which counts partitions of n into distinct
parts. Computing Q(n) by this method requires arithmetic with very high-precision approximate real numbers
and it is complicated. In this paper, we investigate new connections between partitions into distinct parts and
overpartitions and obtain a surprising recurrence relation for the number of partitions of n into distinct parts.
By particularization of this relation, we derive two different linear recurrence relations for the partition function
Q(n). One of them involves the thrice square numbers and the other involves the generalized octagonal num-
bers. The recurrence relation involving the thrice square numbers provide a simple and fast computation of the
value of Q(n). This method uses only (large) integer arithmetic and it is simpler to program. Infinite families of
linear inequalities involving partitions into distinct parts and overpartitions are introduced in this context.

1. INTRODUCTION

Recall [1] that a partition of a positive integer n is a non-increasing sequence of positive
integers whose sum is n. As usual, we denote by p(n) the number of integer partitions of
n and we have the generating function

∞∑
n=0

p(n)qn =
1

(q; q)∞
.(1.1)

Here and throughout this paper, we use the following customary q-series notation:

(a; q)n =

{
1, for n = 0,
(1− a)(1− aq) · · · (1− aqn−1), for n > 0;

(a; q)∞ = lim
n→∞

(a; q)n.

Because the infinite product (a; q)∞ diverges when a 6= 0 and |q| > 1, whenever (a; q)∞
appears in a formula, we shall assume |q| < 1.

A partition of the positive integer n into distinct parts is a decreasing sequence of pos-
itive integers whose sum is n. As usual, we denote by Q(n) the number of integer parti-
tions of n into distinct parts. For example, Q(7) = 5 because the five partitions of 7 into
distinct parts are

(7), (6, 1), (5, 2), (4, 3), (4, 2, 1).

We remark that the generating function of Q(n) is given by
∞∑
n=0

Q(n)qn = (−q; q)∞(1.2)

Received: 30.03.2021. In revised form: 17.10.2021. Accepted: 24.10.2021
2010 Mathematics Subject Classification. 11P81, 11P82, 05A19, 05A20 .
Key words and phrases. partitions, overpartitions, theta series, theta products .

149



150 Mircea Merca

and the expansion starts as

(−q; q)∞ = 1 + q + q2 + 2q3 + 2q4 + 3q5 + 4q6 + 5q7 + 6q8 + 8q9 + · · · .
We note that we often apply the Euler identity

(−q; q)∞ =
1

(q; q2)∞
.(1.3)

There are well-known proofs of this identity. One of them is by Sylvester [35, pp. 13–14].
According to [45, eqs. 26.10.7, 26.10.8], the partition function Q(n) satisfies the follow-

ing linear recurrence relations:
∞∑

k=−∞

(−1)kQ
(
n− k(3k − 1)/2

)
=

{
(−1)m, if n = m(3m− 1), m ∈ Z
0, otherwise,

(1.4)

and
∞∑

k=−∞

(−1)kQ
(
n− k(3k − 1)

)
=

{
1, if n = m(m+ 1)/2, m ∈ N0

0, otherwise.
(1.5)

The number of terms in the first linear recurrence relation is about
√

8n/3, while in the
second is about

√
4n/3. Due to E. Georgiadis, A. V. Sutherland and K. S. Kedlaya [47,

A000009], we have a more efficient linear recurrence relation for Q(n) in which the num-
ber of terms is about

√
n, i.e.,

Q(n) + 2

∞∑
k=1

(−1)kQ(n− k2) =

{
(−1)k, if n = m(3m− 1)/2, m ∈ Z
0, otherwise.

(1.6)

The proofs of the linear recurrence relations (1.4)-(1.6), can be seen in [38, Corollaries 4.4-
4.6]

The linear recurrence relation (1.6) with Q(0) = 1 provides a simple and reasonably
efficient way to compute the value of Q(n). In fact, computing the value of Q(n) with this
recurrence relation requires all the values of Q(k) with k < n.

There is a better way to compute an isolated value of Q(n). P. Hagis [15–23] used the
circle method to study various restricted partition functions. In [16], he provided a Hardy-
Ramanujan-Rademacher-type convergent series that can be used to compute an isolated
value of the partition function Q(n), i.e.,

Q(n) =
π√

24n+ 1

∑
k>1
k odd

1

k

∑
06h<k

gcd(h,k)=1

e−2πnh/k
ω(h, k)

ω(2h, k)
I1

(
π
√

24n+ 1

6
√

2k

)
,

where ω(h, k) is a 24kth root of unity that frequently occurs in the study of modular forms
and is given by

ω(h, k) = exp

(
πi

k−1∑
r=1

r

k

(
hr

k
−
⌊
hr

k

⌋
− 1

2

))
and

Iα(z) =

∞∑
r=0

1

r!Γ(α+ r + 1)

(z
2

)α+2r

is the modified Bessel function of purely imaginary argument. Computing Q(n) by this
formula requires arithmetic with very high-precision approximate real numbers and it is
complicated. Details on how to efficiently implement a Hardy–Ramanujan–Rademacher
type formula can be found in [26].
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In this paper, we shall present a new linear recurrence relation for computing the value
of Q(n) which is more efficient than (1.6).

Theorem 1.1. For n > 0,

Q (n) + 2

∞∑
j=1

(−1)jQ
(
n− 3j2

)
=

{
1, if n = m(3m− 1)/2, m ∈ Z,
0, otherwise.

As we can see, the number of terms in this linear recurrence relation is about
√
n/3.

This allows us to calculate the value of Q(n) in a way as simple as linear recurrence rela-
tion (1.6), but more efficiently. The algorithm uses only (large) integer arithmetic, and it is
simpler to program.

We consider (ρn)n>0 to be a sequence of integers defined by

ρn =

{
2 cos (2m+1)π

3 , if n = m(m+ 1)/2, m ∈ N0,
0, otherwise.

For any nonnegative integer n, it is clear that ρn ∈ {−2, 0, 1}. In addition, we remark that

ρn(n+1)/2 =

{
−2, if n ≡ 1 (mod 3),
1, otherwise,

ρ3n =

{
1, if n = m(3m− 1)/2, m ∈ Z,
0, otherwise,

ρ3n+1 =

{
−2, if n = 3m(m+ 1)/2, m ∈ N0,
0, otherwise,

ρ3n+2 = 0.

We remark that Theorem 1.1 can be derived replacing n by 3n in the following surpris-
ing result.

Theorem 1.2. For n > 0,

Q
(n

3

)
+ 2

∞∑
j=1

(−1)jQ

(
n

3
− j2

3

)
= ρn,

where Q(x) = 0 if x is not a nonnegative integer.

Moreover, replacing n by 3n + 1 in Theorem 1.2, we obtain a new linear recurrence
relation for the partition function Q(n).

Corollary 1.1. For n > 0,
∞∑

j=−∞
(−1)jQ

(
n− j(3j − 2)

)
=

{
1, if n = 3m(m+ 1)/2, m ∈ N0,
0, otherwise.

We note that this linear recurrence relation involves the general octagonal numbers
n(3n− 2), n ∈ Z and is quite similar to (1.5) which involves twice generalized pentagonal
numbers n(3n− 1), n ∈ Z.

An overpartition of n is a non-increasing sequence of natural numbers whose sum is
n in which the first occurrence of a number may be overlined [8]. Let p(n) denote the
number of overpartitions of an integer n. For example, p(3) = 8 because there are 8
possible overpartitions of 3:
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(3), (3), (2, 1), (2, 1), (2, 1), (2, 1), (1, 1, 1), (1, 1, 1).

Since the overlined parts form a partition into distinct parts and the non-overlined parts
form an ordinary partition, the generating function for overpartitions is given by

∞∑
n=0

p(n)qn =
(−q; q)∞
(q; q)∞

.

Overpartitions were introduced by S. Corteel and J. Lovejoy in [8] and have been the
subject of many recent studies including G. E. Andrews [2], K. Bringmann and J. Lovejoy
[5], W. Y. C. Chen and J. J. Y. Zhao [7], S. Corteel and P. Hitczenko [9], S. Corteel, W. M. Y.
Goh and P. Hitczenko [10], S. Corteel and O. Mallet [11], A. M. Fu and A. Lascoux [12], M.
D. Hirschhorn and J. A. Sellers [24, 25], Kim [27], J. Lovejoy [29–34], K. Mahlburg [36], M.
Merca [40, 42] and A. V. Sills [46].

Recently, G. E. Andrews and M. Merca [4] introduced the overpartition functionMk(n),
which counts the number of overpartitions of n in which the first part larger than k ap-
pears at least k + 1 times. For example, M2(12) = 16, and the partitions in question are:

(4, 4, 4), (4, 4, 4), (3, 3, 3, 3), (3, 3, 3, 3), (3, 3, 3, 2, 1), (3, 3, 3, 2, 1),

(3, 3, 3, 2, 1), (3, 3, 3, 2, 1), (3, 3, 3, 2, 1), (3, 3, 3, 2, 1), (3, 3, 3, 2, 1),

(3, 3, 3, 2, 1), (3, 3, 3, 1, 1, 1), (3, 3, 3, 1, 1, 1), (3, 3, 3, 1, 1, 1), (3, 3, 3, 1, 1, 1).

The partition function Q(n) and the overpartition function Mk(n) can be combined
into an infinite family of identities as follows.

Theorem 1.3. For n > 0 and k > 0,

Q
(n

3

)
+ 2

k∑
j=1

(−1)jQ

(
n

3
− j2

3

)

= ρn + (−1)k
∞∑
j=0

ρj(j+1)/2 ·Mk

(
n− j(j + 1)/2

)
,

where Q(x) = 0 if x is not a nonnegative integer.

We remark that Theorem 1.2 is the limiting case k →∞ of Theorem 1.3. More explicitly,
Theorem 1.3 can be rewritten as follows.

Corollary 1.2. For n > 0 and k > 0,

i. Q(n) + 2

bk/3c∑
j=1

(−1)jQ(n− 3j2)

= ρ3n + (−1)k
∞∑
j=0

ρj(j+1)/2 ·Mk

(
3n− j(j + 1)/2

)
;

ii.
b(k+1)/3c∑

j=−b(k−1)/3c

(−1)jQ
(
n− j(3j − 2)

)
= −ρ3n+1

2
− (−1)k

∞∑
j=0

ρj(j+1)/2

2
·Mk

(
3n+ 1− j(j + 1)/2

)
;

iii.
∞∑
j=0

ρj(j+1)/2 ·Mk

(
3n+ 2− j(j + 1)/2

)
= 0.
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Linear inequalities involving partition functions, especially Euler’s partition function
p(n), have been the subject of recent studies [3,4,14,28,37,38,41,43]. Inspired by Corollary
1.2.i, we point out the following infinite families of linear inequalities.

Corollary 1.3. For n > 0 and k > 0,

i. (−1)k

Q(n) + 2

k∑
j=1

(−1)jQ(n− 3j2)− ρ3n

 > 0;

ii. (−1)k+bk/3c
∞∑
j=0

ρj(j+1)/2 ·Mk

(
3n− j(j + 1)/2

)
> 0.

Related to Corollary 1.2.ii, we remark that there is a substantial amount of numerical
evidence to state the following conjecture involving the partition function Q(n) and the
generalized octogonal numbers n(3n− 2), n ∈ Z.

Conjecture 1.1. For n > 0 and k > 0,

(−1)k

 k∑
j=−(k−1)

(−1)jQ
(
n− j(3j − 2)

)
+ ρ3n+1/2

 6 0.

For example,

Q(n)−Q(n− 1) > −ρ3n+1/2,

Q(n)−Q(n− 1)−Q(n− 5) +Q(n− 8) 6 −ρ3n+1/2,

Q(n)−Q(n− 1)−Q(n− 5) +Q(n− 8) +Q(n− 16)−Q(n− 21) > −ρ3n+1/2.

It is clear that the general inequality provided by this conjecture can be restated in
terms of the overpartition functions Mk(n) as follows: for n > 0 and k > 0,

(−1)k+dk/3e
∞∑
j=0

ρj(j+1)/2 ·Mk

(
3n+ 1− j(j + 1)/2

)
> 0.

The rest of this paper is organized as follows. Considering a theta identity of Gauss and
the Watson quintuple product identity, we will first prove Theorem 1.3 in Sect. 2. In Sect.
3, we will provide a proof of Corollary 1.3. Other properties and open problems involving
partitions into distinct parts and overpartitions will be remarked in the last section of the
paper.

2. PROOF OF THEOREM 1.3

The following theta identity is often attributed to Gauss and sometimes Jacobi [1, p.23,
eqs. (2.2.12)]:

(2.7) 1 + 2

∞∑
n=1

(−1)nqn
2

=
(q; q)∞

(−q; q)∞
.

According to G. E. Andrews and M. Merca [4, Theorem 7], we have the following trun-
cated version of (2.7):

(−q; q)∞
(q; q)∞

1 + 2

k∑
j=1

(−1)jqj
2

(2.8)

= 1 + (−1)k
(−q; q)k
(q; q)k

∞∑
j=k+1

2qj(k+1)

1− qj
· (−qj+1; q)∞

(qj+1; q)∞
.
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We remark that the series on the right hand side of this identity is the generating function
for Mk(n), i.e.,

∞∑
n=0

Mk(n)qn =
(−q; q)k
(q; q)k

∞∑
j=k+1

2qj(k+1)

1− qj
· (−qj+1; q)∞

(qj+1; q)∞
.

The Watson quintuple product identity [6, 48] states that
∞∑

n=−∞
qn(3n+1)/2(z−3n − z3n+1) = (z; q)∞(q/z; q)∞(q; q)∞(qz2; q2)∞(q/z2; q2)∞.

By this identity, with q replaced by q3 and z replaced by q, we obtain
∞∑

n=−∞
q3n(3n+1)/2(q−3n − q3n+1) = (q; q3)∞(q2; q3)∞(q3; q3)∞(q5; q6)∞(q; q6)∞

=
(q; q)∞(q; q2)∞

(q3; q6)∞

=
(q; q)∞(−q3; q3)∞

(−q; q)∞
.

On the other hand, we have
∞∑

n=−∞
q3n(3n+1)/2(q−3n − q3n+1) =

∞∑
n=−∞

q3n(3n−1)/2 −
∞∑

n=−∞
q(3n+2)(3n+1)/2

=

∞∑
n=0

n 6≡1 (mod 3)

qn(n+1)/2 −
∞∑
n=0

n≡1 (mod 3)

2qn(n+1)/2

=

∞∑
n=0

ρn(n+1)/2 · qn(n+1)/2.

Thus, we deduce that the generating function of ρn is given by

(2.9)
∞∑
n=0

ρnq
n =

(q; q)∞(−q3; q3)∞
(−q; q)∞

.

We can write

Q
(n

3

)
+ 2

k∑
j=1

(−1)jQ

(
n

3
− j2

3

)

= [qn]

(−q3; q3)∞

(
1 + 2

k∑
j=1

(−1)jqj
2
)

= [qn]

 (−q; q)∞
(q; q)∞

( ∞∑
n=0

ρnq
n
)(

1 + 2

k∑
j=1

(−1)jqj
2
)

= [qn]

(( ∞∑
n=0

ρnq
n
)(

1 + (−1)k
∞∑
n=0

Mk(n)
))

= [qn]

(( ∞∑
n=0

ρnq
n
)

+ (−1)k
( ∞∑
n=0

ρnq
n
)( ∞∑

n=0

Mk(n)
))
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= ρn + (−1)k
n∑
j=0

ρjMk(n− j).

This concludes the proof.

3. PROOF OF COROLLARY 1.3

Recently, M. Merca, C. Wang and A. J. Yee considered the identity (2.7) and provided
in [44, Theorem 1.1] the following result: for k > 0,

(−q; q2)∞
(q; q2)∞

1 + 2

k∑
j=1

(−1)jqj
2


= 1 + 2

∞∑
j=1

(−1)jq2j
2

+ (−1)k2q(k+1)2(−q; q2)∞

∞∑
j=0

q(2k+2j+3)j

(q2; q2)j(q; q2)k+j+1
.

This identity can be written as

(−q; q)∞

1 + 2

k∑
j=1

(−1)jqj
2


=

(q2; q2)∞
(−q; q2)∞(−q2; q2)∞

+ (−1)k2q(k+1)2
∞∑
j=0

q(2k+2j+3)j

(q2; q2)j(q; q2)k+j+1

= (q; q)∞ + (−1)k2q(k+1)2
∞∑
j=0

q(2k+2j+3)j

(q2; q2)j(q; q2)k+j+1
.

By this identity, with q replaced by q3, we get

(−q3; q3)∞

1 + 2

k∑
j=1

(−1)jq3j
2


= (q3; q3)∞ + (−1)k2q3(k+1)2

∞∑
j=0

q3j(2k+2j+3)

(q6; q6)j(q3; q6)k+j+1
(3.10)

Multiplying both sides of (3.10) by

(−q; q)∞
(−q3; q3)∞

we obtain

(−q; q)∞

1 + 2

k∑
j=1

(−1)jq3j
2


= (−q; q3)∞(−q2; q3)∞(q3; q3)∞ +

(−1)k2q3(k+1)2

(q; q6)∞(q5; q6)∞

∞∑
j=0

q3j(2k+2j+3)

(q6; q6)j(q3; q6)k+j+1

=

∞∑
j=−∞

qj(3j−1)/2 +
(−1)k2q3(k+1)2

(q; q6)∞(q5; q6)∞

∞∑
j=0

q3j(2k+2j+3)

(q6; q6)j(q3; q6)k+j+1
,
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where we have invoked the Jacobi triple product identity (cf. [13, Eq. (1.6.1)])

(z; q)∞(q/z; q)∞(q; q)∞ =

∞∑
n=−∞

(−z)nqn(n−1)/2,

with q replaced by q3 and z replaced by −q.
Considering that the coefficients of qn in the expansion

q3(k+1)2

(q; q6)∞(q5; q6)∞

∞∑
j=0

q3j(2k+2j+3)

(q6; q6)j(q3; q6)k+j+1

are all non-negatives, we deduce

(−1)k

Q(n) + 2

k∑
j=1

(−1)jQ(n− 3j2)− ρ3n


= [qn](−1)k

(−q; q)∞

(
1 + 2

k∑
j=1

(−1)jq3j
2

)
−

∞∑
j=−∞

qj(3j−1)/2


= [qn]

 2q3(k+1)2

(q; q6)∞(q5; q6)∞

∞∑
j=0

q3j(2k+2j+3)

(q6; q6)j(q3; q6)k+j+1


> 0.

The second identity follows easily considering Corollary 1.2.i.

4. CONCLUDING REMARKS AND OPEN PROBLEMS

Considering a theta identity of Gauss and a special case of the Watson quintuple prod-
uct identity, we obtain a recurrence relation for the number of distinct partitions of n
which combines two different recurrence relations into one. The first recurrence rela-
tion for the partition function Q(n) involves the thrice square numbers and the second
involves the octagonal numbers.

Taking into account Euler’s pentagonal number theorem
∞∑

n=−∞
(−1)nqn(3n−1)/2 = (q; q)∞

and the identity

(−q; q)∞ =
(−q; q)∞
(q; q)∞

· (q; q)∞,

we easily deduce that the partition function Q(n) is closely related to overpartition func-
tion p(n), i.e.,

Q(n) =

∞∑
j=−∞

(−1)jp
(
n− j(3j − 1)/2

)
.

Rewriting the generating function (2.9) as

(−q3; q3)∞ =
(−q; q)∞
(q; q)∞

∞∑
n=0

ρn(n+1)/2 · qn(n+1)/2,

we easily derive a new decomposition of Q(n) in terms of the overpartition function p(n)
and a new linear homogeneous recurrence relation for p(n) when n in not divisible by 3.
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Corollary 4.4. For n > 0,

Q(n) =

∞∑
j=0

ρj(j+1)/2 · p
(
3n− j(j + 1)/2

)
.

Corollary 4.5. For n 6≡ 0 (mod 3),
∞∑
j=0

ρj(j+1)/2 · p
(
n− j(j + 1)/2

)
= 0.

Inspired by these corollaries, we experimentally discovered the following conjectures
involving the overpartition function p(n) and the partition function Q(n).

Conjecture 4.2. For n, k > 0,
3k+2∑
j=0

ρj(j+1)/2 · p
(
n− j(j + 1)/2

)
6

{
Q(n/3), if n ≡ 0 (mod 3)

0, otherwise,

with strict inequality if and only if n > (3k + 3)(3k + 4)/2.

Conjecture 4.3. For n, k > 0,

p
(
n− (3k + 1)(3k + 2)/2

)
+

3k+1∑
j=0

ρj(j+1)/2 · p
(
n− j(j + 1)/2

)
>

{
Q(n/3), if n ≡ 0 (mod 3)

0, otherwise,

with strict inequality if and only if n > (3k + 1)(3k + 2)/2.
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