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Existence of common fixed points of non-linear semigroups
of Enriched Kannan contractive mappings

SAYANTAN PANJA!, MANTU SAHA! and RAVINDRA K. BISHT?

ABSTRACT. In this article, we consider the non-linear semigroup of enriched Kannan contractive mapping and
prove the existence of common fixed point on a non-empty closed convex subset C of a real Banach space 2,
having uniformly normal structure.

1. INTRODUCTION

Metric fixed point theory begins with the classical Banach Contraction Principle [2]
due to S. Banach in 1922. After that many famous fixed point theorems have been proved
over complete metric spaces by several researchers [4, 7, 15, 10]. Recently, Berinde and
Pacurar [5] have introduced a new contractive mapping, called enriched Kannan mapping
and proved a fixed point theorem over a Banach space, which states below:

Theorem 1.1. [5] In a Banach space (2, ||.||), the enriched Kannan mapping defined as:
(11) 1k(z —y) + Tz = Ty|| < allle = Tl +lly - Tyl|) forall 2,y € 2°
for some o € [0, 3) and k € [0, 00); possesses a unique fixed point in 2.

From the year 1960 onwards, common fixed point theorems for semigroups of non-
linear self-mappings play an important roles in non-linear operator theory and its appli-
cations. Several researchers have investigated various types of non-linear self-mappings,
viz., uniformly Lipshitzian semigroup ([8], [23],[17]), non-expansive semigroup ([18],[19],
[22]), semigroups for pseudocontractions ([9],[1]), Lipschitzian pseudocontraction semi-
groups [25], uniformly continuous semigroups [20] etc.

In a real Banach space 27, let C C 2" be non-empty closed and convex. A mapping
Y : C — Cis said to be Lipschitzian mapping if for each integer n > 1 there exists positive
constants k,, such that,

(1.2) 7"z = Y"y|| < ky|lz —y| forall z,y € C.

A Lipschitzian mapping is said to be k-uniformly Lipschitzian mapping if k,, = k for all
n > 1. In the year 1973, Goebel & Kirk [12] proved that every k-uniformly Lipschitzian
self-mapping on a closed, convex, bounded subset C of a uniformly convex Banach space
A possesses a fixed point if & < v, where v > 1 is the unique solution of the equation

<1 — 0 <1)> v = 1; where ¢ ¢~ is the modulus of convexity of Z".
Y

Received: 29.03.2021. In revised form: 27.10.2021. Accepted: 03.11.2021

2010 Mathematics Subject Classification. 47H10, 54H25.

Key words and phrases. Common fixed point, non-linear semigroup, enriched Kannan contractive mapping, uni-
formly k-Lipschitzian semigroup, enriched Kannan type semigroup.

Corresponding author: Ravindra K. Bisht; ravindra.bisht@yahoo.com

169



170 S. Panja, M. Saha and R. K. Bisht

In 2001, Zeng and Yang [24] proved a fixed point result of Lipschitzian semigroup,
which states below.

Theorem 1.2. [24] Let C(# 0) be a bounded subset of a uniformly convex Banach space Z . Let,
F  {Ys : s € G} be a Lipschitzian semigroup of self-mappings on C satisfying lim,||Y|| <
(70/\/(3{))1/2, where vo = inf{y : v (1 =02 (1/7)) > 1} and ||X,|| is the exact Lipschitzian
constant of Ts. Moreover assume that there exists a non-empty bounded closed convex subset H of
C having the following two properties:

(P1) x € H implies that w,,(x) C H, where w,,(x) is the weak w-limit of F at x.

(P2) F is asymptotic reqular on H. i.e., lim; ||V @ — Vyz|| = 0 forall s € G and x € H.

Then the semigroup F possesses a unique fixed point in C.

Ceng et.al. [8] improved the result of Zeng and Yang [24] and proved a similar result
by removing the condition of asymptotic regularity (i.e., only under the assumption of
the condition (P;) given above).

In the year 2010, Ceng et al. [8] proved the existence of common fixed point of k-
uniformly Lipschitzian semigroup in Banach space having uniformly normal structure.

Theorem 1.3. [8] Let {Ysx0 : s € G} be a uniformly k-Lipschitzian semigroup on a non-empty
closed, convex and bounded subset C of a real Banach space 2~ with normal structure co-efficient
N(Z) > max{1, ey}, where € is the characteristic convexity of % . If {Ysxo} is bounded for
some xo € C, then the semigroup {Ysxzo : s € G} admits a common fixed point provided k < «,

where
2

o 4 1 1 €0
= S :4 —_— < - - .
Qy = sup {a N(%)(Sy (1 a) <land1l 5 € (0,1 > )}

In 2017, Soliman et al.[21] introduced the uniformly generalized Kannan type semi-
group and proved the existence and uniqueness theorem of common fixed point under
certain condition in a Banach space.

Theorem 1.4. [21] Let C be a non-empty closed, convex subset of a real Banach space Z with
N(Z) > max{1, ey}, €y being the characteristic convexity of 2. Let {T : s € G} be a general-
ized uniformly Kannan type semigroup of self mapping defined on C. i.e.,

(1.3) Ve = Yyl < ofllz = Yezl| + lly — Yayll} forall z,y € C

for each s € G and for some o € [0,1). If {Ysx0} is bounded for some xo € C, then the semigroup

{Yszo : s € G} admits a common fixed point in C, provided Ni‘%(ﬁgf)a; (1 — 2) < 1, where
e=

Very recently, in 2020, Kesahorm and Sintunavarat [16] have introduced the non-linear
semigroup of weak-contraction due to Berinde and proved the existence and convergence
theorem in real Banach space under certain condition, given below.

Theorem 1.5. [16] Let C be a non-empty closed, convex subset of a real Banach space 2~ with
N(Z) > max{1, €}, o being the characteristic convexity of 2". Let {Ys : s € G} be a weak
contraction semigroup of self mappings defined on C. i.e.,

(1.4) 1Vsz — Yyl < aflz —y|| + K|ly — Ysz|| forall x,y € C

for each s € G and for some a € [0,1) and K > 0. If {Ysz¢ : s € G} is bounded for some xo € C,
then the semigroup {7 : s € G} admits a common fixed point in C, provided K + 1 < cv, where

. ° - 1 1 €0
a3 yat (1) <1andn- S e (00 9) )
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Inspired by this way of research, in this paper we introduce a new non-linear semi-
group of enriched Kannan type contraction and prove the existence of common fixed
point on a closed, convex, bounded subset of a real Banach space having uniform normal
structure.

2. PRELIMINARIES

Let C be a closed, convex subset of a real Banach space 2" and G be an unbounded
subset of [0, 0o) satisfying the followings:
(i) s+te Gforall s,t € G (i.e., G is closed under addition).
(i) s —t € Gforall s,t € G with s > ¢.

A collection {7 : s € G} of self-mappings defined on C is said to be semigroup if:
(S1)forall s,t € Gand z € C, Vs1rx = Vs (Tix).
(S2) for all = € C, the mapping s — Yz is continuous.

Chebyshev’s radius and diameter of C (see [11]) are denoted by r¢(C) and §(C) respec-
tively and defined as below:

re(C) i= inf suplle — y
z€C yec
6(C) := sup ||z —yl|.
z,yeC

A Banach space £ is said to have normal structure (see [12]) if each closed, convex,
bounded subset C (consisting more than one point) of 2", we have ¢ (C) < §(C). If there
exists a constant k € (0,1) such that r¢(C) < k6(C), whenever 6(C) > 0, then 2" is said to
have uniform normal structure.

Normal structure co-efficient (see [6]) of a Banach space 2" is defined as:

5(C)

11 .
ccx C
Tc(CC)>0 TC( )

N(Z) =

Modulus of convexity (see [13]) of a Banach space 2" is the function d o : [0,2] — [0, 1]
defined by

Tty

8o (€) i= inf{l -

H Nl < 1, lyll < 1and Jlz -yl > }

and the characteristic of convexity (see [13]) of 2" is defined as
eo(Z) := sup{e: da (e) > 0}.

Now we list up some properties of modulus of convexity § 4 (see [13]):
(M1) § o is monotone increasing on [0, 2] and strictly increasing on [eg, 2].
(M2) § o is continuous on [0, 2).

(M3) 57(0) = Oand lim 6 (€) = 1 %0
€E—27

(M4)

Tty
a—
2

€
< o — < — < — > €.
<r (1 O <r)> whenever |ja —z|| <, |la —y|| <rand ||z —y|| > €
Definition 2.1. [11] For a non-empty closed, convex and bounded subset C of a real Ba-
nach space £, let {z; : s € G} be a bounded net of elements of 2, where G is an un-
bounded subset of [0, c0). Then we define

e Asymptotic radius of {z, : s € G} with respect to C by

re({zs}) = Inf lirrisuplla?s -yl
S o0
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e Asymptotic center of {z, : s € G} with respect to C by

Ac({rs}) = {y e tmsuplz, — ol = rc<{xs}>}.

Finally, we give the statements of the following two lemmas from [23] which are crucial
in proving our main results.

Lemma 2.1. [23] Let 2" be a reflexive Banach space and C be a non-empty closed, convex subset of

Z'. Then Ac({z:}) forms a non-empty closed, convex and bounded subset of C, for every bounded
net {x: }reg of elements of 2.

Lemma 2.2. [23] Let 2" be a Banach space having uniformly structure. Then for every bounded

net {x¢}eeg of elements of 2, there exists y € co({x, : t € G}) such that limsup||z, — y|| <
t—o0
@D({xt}), where co(M) is the closure of the convex hull of M C 2.

3. MAIN RESULTS

Definition 3.2. Let C be a non-empty closed, convex and bounded subset of a real Banach
space 2. Then the family {7 : s € G} of self-mappings defined on C is said to be enriched
Kannan type semigroup if the followings hold:

(@ foralls,t € Gand z € C, Yz = V5 (Liz).

(b) for all 2 € C, the mapping s — T,z is continuous.

(c) foreacht € G, Ty : C — C satisfies

(3.5) lk(z —y) + Tz —Ty|| < a(l|]z — x| + ||y — Yyl||) forall z,y € C
for some « € [0, 1) and for some k > 0.

Theorem 3.6. Let 2 be a real Banach space with normal structure coefficient N'(.2") >
max{1, o}, where ¢ is the characteristic convexity of 2". Let C be a non-empty closed,
convex subset of 2" and .% := {Y; : s € G} be the enriched Kannan type semigroup of
self mappings defined on C with 0 < a < 1 and k > 0 satisfying 43¢ < &, where

. B 1 1 €0
—Sup{ﬁ.N(%)éﬁ} <1—ﬂ><1and1—/36(0 1_2>},

If {Tsx0 : s € G} is bounded for some z( € C, then the semigroup .# possesses a common
fixed point in C.

Proof. Since 2" has a uniform normal structure, it is reflexive. Since {Ysz9 : s € G} is
bounded so by Lemma 2.1, A¢({zo}) is a non-empty closed, convex and bounded subset
of C. Choose z1 € Ac({zo}). Then by definition of asymptotic center,

limsup||Lyzo — 21| = inf limsup||Yizo — y||.
t—o00 y€C o0

Since .# is enriched Kannan type semigroup, we have
[Tear || < [Tz — Tazol| + [ Vo
< keflzy = ol + e {l|lzy = T || + llwo — Tewoll} + ([ Tazol|
< kefler = @oll + e{llza ]l + [Tz [| + [lzoll + [[Tewol[} + [|azoll
which implies || Ty || < 25|21 — ol + 125 {laall + llzoll + [Vizoll} + 25| swoll-

Thus we get, {Yiz1 : t e Q} is bounded. Therefore we can choose xo € Ac({z1}) such

that
lim sup||T;z1 — x2|| = inf limsup||Viz; — y|.
t—00 yEC 00
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Continuing this process we can construct a sequence {x,,} in C such that,
A. foreachn > 0, {T;x, }ieg is bounded.
B. foreachn > 0, 2,41 € Ac({z,}) such that
limsup,_, || Tsxn — Tnt1]| = infyec limsup, _, | Viazn — yl| = re {Tizn}).
Claim 1: {z,,} is a Cauchy sequence.
Let us denote ¢ ({1;z, }) simply by r,,. Then by Lemma 2.2,
rn = limsup||Vix, — Tni1l|
tTOO
< 7y PUTen})

ﬁ tlgglo (Suptgi,jGQ”Tixn - zjn”)
W tli)rgo (SUptSi,jeg”Tixn - Tiijixn”)
iy (i jeg th 2 — Tyoizal + oz — Ti | + all Yy, — Ty izall})
W (k.d(zy) + o{d(z,) + d(x,) + d(xy)}]

where d(x,,) = sup||z, — iz,
teg

IN

IN

Now if d(x,,) = 0 for some n € N, then z,, is a common fixed point of the semigroup .#
and hence we are done. So suppose, d(z,) > 0, for all n > 0. Let ¢ > 0 be arbitrary and
n > 0 be fixed.

Since d(zp+1) = sup||li&n+1 — Tn+1||, by definition of supremum, there exists j € G

teg
such that
(3.6) 13001 = gl > d(@nss) —
Since r,, = lim sup|| T}z, — Zn+1||, S0 by definition of limit superior, there exists h € G such
t—o00
that
sup|| sz, — Tpy1l|| < 7o+ e
s>h
So forall s > h,
(37) ||Tsl'n - xn—‘rl” <Trnte
Now for s > h + j,
1 szn — Tj$n+1” = ||Tj+(s—j)xn - zjn+1”
< kT — 2o + @l Ten = Tomyall + foss = Vi l}
< (k4 3a).(ry, +€) + .|| Yszy — TjTni1ll

implying that
k+3
(3.8) [Ysxn = Vjznia| <vy(rn +¢€), wherey = t 5'
Now using (3.6), (3.7), (3.8) and property (M4) we have for s > h + j,
1 d(x, —€
(3.9) HTsxn — §(xn+1 + zjn+1)H < 'V(Tn + 6) (1 — <,(Y(7,:1_|)_6))> .
Therefore,

. 1
Tn < hmsuP”Tsxn - i(xn-‘rl + zjn-l-l)”

S5— 00

<A(r, +e) (1 — 0z (%)) '
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Letting ¢ — 0 we get, r, < yry, (1 — g (d(xnﬂ)>> which yields,
Vrn
(3.10) Sar <d(x"+1)> <1-— l
VT gl

Claim 2: d(z,41) < Y65, (1 — %)

If Lf/j“) € [€0,2), then as 5, exists so, % <65 (1 - l) and we are done.

Now con51der M € [0,¢€p). Since d 2 : [€0,2) — da ([€0,2)) = [O 1—%) is a bijection
and 1 - = e [0,1— —) from the hypothesis y = 2532 < 4, we get 6, (1 — ;) > €9, which

implies that ””“) <6, (1- f) Therefore we have

1
d(Tps1) < Yrnd gyt (1 — ;) (Claim 2 is justified)

Y -1 1
< 1——
= N2 (k+ 3a)d(zn)d 4 ( 7)
= Ad(x,)
where, A = i (k +30)051 (1 — 1) < 0511 - 1) < 1.
Then by induction,
(3.11) d(z,) < Ad(xn_1) < A%d(z,_2) < --- < A™d(x0).

Now foreachn € N,

|Xnt1 — znll < limsup||Yiz, — Tpyr|| + limsup||Via, — 24|
t—o0 t—o0

<rp+d(zn)

< (w + 1) A d(o).

Since A < 1, s0 > o2 ||n+1 — 24 is convergent and consequently {z,} is a Cauchy
sequence. Thus Claim 1 is justified.

By completeness of C, sequence {z,,} is convergent and let z,, — z, € C asn — oo. Finally
for each t € G we have,

(3.12)

I = Tyl < e = 2all + on = Tl + [z — i
Slze =zl + l[2n = Tewn || + kllzn — 2| + a (J2n = Tzl + 2. = Tez.]))
which yields,
(1I—a)|lzs — Tizi|| < 1+ E)||zn — 2| + (1 + )d(z,) = 0as n — oc.
Consequently, Yiz, = x, forallt € G. O
Now we are going to present an example corresponding to the Theorem 3.6. Before

that, we note down some results which are needed to establish the example.

o (See [14]) For the space LP with p > 2, we have the modulus of convexity d4 (¢) =
1 1 €\ P 1/p
-G

o (See [12]) If 62 (1) > 0 (i.e., if g(Z") < 1), then £ has normal structure.
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o (See [3]) If Q is a o-finite measure space, then the normal structure co-efficient of the
space LP(Q), 1 < p < oo is given by N'(LP(f2)) = min{2'~1/7 21/P}.

Example 3.1. Consider, 2 = L?([-10,10]) and letC = 2". Then 2 is a real Banach space.
Since [—10, 10] is a o-finite measured space, so 6o (1) =1 — @ > 0. Then ¢o(£") < 1and
2 has normal structure with normal structure co-efficient A'(2") = min{2!~ 2,22} =
V2 > max{1,¢}.
Now,
6 =sup{p: gy (k%) <land1-1e (0,1f%0)}

—sup{B:6, (F)21-fand1-%e(0,1-%)}
1/2
By doing some elementary calculation we get, & = <§ + %

Now we consider the collection of mappings .% := {1 : C — C|s € G} such that
(Yef)(x) =575 f(a) forall f €C,

where G := {5n : n € N}, an unbounded subset of [0, o) satisfying s+t € G forall s,t € G
and s —t € G forall s,t € G with s > t.

It is clearly seen that the collection .7 satisfies the property (52). Again for all s,t € G

and forall f € Cwehave, Yy f =55 f =575(5"5f) = 573 (11f) = T5(sf). Thus
property (S1) is satisfied.
Moreover, the function s — 57°/3 is bounded measurable function on [—10, 10] and hence
the collection .# forms a semigroup of self mappings defined on C. Now we will verify
that 7, is the enriched Kannan type mapping with o = 2 and k = 15.

For all f,g € C and for all s € G we have,

s/3

(B13)  [k(f — )+ Tof — Tugll = IK(f — g) + 575 f —5-6g]| = (110 " 5) 1 =gl
and

a(If =T+ llg = Togl) = 35 (I = 573711+ llg = 5%l
(3.14) = (=571 + lgl).

Now by the triangle inequality, ||f — g|| < ||f]| + ||lg|l and it is easy to see that for all
s€G, (& +578) < 2(1-57%).
Thus from (3.13) and (3.14), it follows that,

(3.15) 1k(f = 9) + Tof = Tagll < a(lf = s fll+ llg = Yagll) -

Therefore the family & = {Y; : s € G} forms the enriched Kannan type semigroup of self
407

Moreover, {T0 function : 8 € G} = {0 function }, Which is bounded trivially.

Thus all the conditions of Theorem 3.6 are satisfied and it is seen that f = 0 function € C
is the common fixed point of the semigroup .#.

1/2
mappings defined on C with @ = 2, k = & and then &30 — 1 < (3 4 %) = a

Corollary 3.1. If & = 0, then the enriched Kannan type mapping (3.5) reduces to the
generalized uniformly Kannan mapping (1.3) and Theorem 3.6 generalizes Theorem 1.4.

Corollary 3.2. If « = 0, then the enriched Kannan type mapping (3.5) reduces to the
uniformly k-Lipschitzian mapping (1.2) and Theorem 3.6 generalizes Theorem 1.3.
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Theorem 3.7. Let C(# () be a bounded subset of a uniformly convex Banach space 2. Let
F :={T, : s € G} be the enriched Kannan type semigroup of self mappings defined on C

satisfying 53¢ < 1y N'(27), where pip = inf{u > 1 : (1 - 6%(5)) > 1}. Also suppose
that there exists a non-empty, closed, convex and bounded subset # of C satisfying the

following property:

(Z) x € H implies w,, (z) C H where,

wye(x) :={y € Z :y =weak —lim7;_x for some subnet {s,} C G}.
Then there exists z,, € H such thaat Yz, = .

Proof. Let zp € H. For each t € G consider the bounded net {25z : t < s € G}. From
Lemma 2.2, there exists y; € co{Ysxo : t < s € G} such that

(3.16) lim sup||Vszo — 4| < {Tswo : t < s €G}).
S5—00

1
———D
INESE
Since 2 is reflexive, {y;} has a subnet {y,, } which converges weakly to some z; for
some z; € £ . From (3.16) and due to weakly lower semi-continuity of the functional
limsup,_, . ||7¢x0 — y/||, we obtain
1
N(Z)
Also, it can be easily seen that x; € Niegco{Ysx0 : ¢ < s € G} such that forall z € .2,

(3.17) lim sup||xo — 21| < D({Ysxzo :t < s €G}).
t—o00

(3.18) Iz = 1] < limsup|lz — Vizo||.
t—o0

Now, using the property (Z7) and the fact that Nyegco{Tsxo : t < s € G} = co{wy(zo)} we
can conclude that z; € H. On repeating this process we obtain a sequence {x,,} in # such
that

. 1
(3.19) a. h?i&;ngTtxn — Tt < mp({ftazn 1t €g})
and
(3.20) b. |z — zp41] < limsupllz — Vi, ||
t—o0

Letting r,, := limsup,_, ||23xy, — Tn+1]|, along the same line of proof as in Theorem 3.6
we can get

(3.21) S

(k + 3a)d(z,) foralln =0,1,2,---
and forall s > h + j,
1 des) —
[Tstn = 5 (@np1 + Tiznpa) | <v(rn +e) (1 — b (W)>

2 Y(rn + €)

k+3a
l—a *

For z = %(mnﬂ +7Tjzn11) € £ we have from equation (3.20),

where, v =

3d(@ng1) =€) < |[|3@ni1 + Lizapn)||

< limsup || V3@n — §(@nt1 + Tjans)||
t—o0

<A(rn +€) (1 — 0 (%)) :
Passing the limit ¢ — 0 we get,

(3.22) %d(anrl) <V (1 — by (d(xnﬂ)>> .

Yrn
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Again from equation (3.18), it can be easily seen that for each j € G,

1Vj2nt+1 — Tnp1 || < limsup||Vzpi1 — Viwnga | <y
t—o0

which yields
(3.23) d(ns1) < V7.
Now combining equations (3.22) and (3.23) and using the definition of 1y, we derive

that — ™ > 0. Hence from (3.21),
(In—O—l) )
g g
dﬂfn Si'f‘ngid.’ﬁn.
( +1) Lo MON(%) ( )
42

Setting A = —————
84T LN ()

< 1(by assumption) we deduce that
d(zy,) < Ad(xp—1) < --- < A"d(xo)

k+ 3a
N(Z)

and from the fact that ||z, — x| < < + 1) A"d(xg) [see (3.12)] which im-
o0

plies that Z |zn+1 — zn] is convergent which in turns {z,} converges strongly and let
n=1

lim z,, = z,, for some x, € H. Now for each t € G we have,

n— o0
. = Yia]| < llee = all + 20 — Tizal| + [Ty — T
< 2w = @all + 2w — Tiall + kllen — 2] + @ (len — Liaall + 22 - Tz )

which yields,
(3.24) (1= a)||zs — Vizi]| < A+ Ek)||zn — x| + (1 + @)d(z,) = 0asn — oo.
Consequently, Yiz. = x, forallt € G. O

Example 3.2. Considering the example as in Example 3.1, and letting H = C, we have 2~
is the enriched Kannan type semigroup defined on C.

Now, ] L
o =inf{u >1:p (1 — 53{(}‘)) >
1/2
:inf{M21:u<1—4}%) >
=1

Then, £3¢ — 1 < /2 = pgN(2°). Also it is easy to see that, weak w-limit of .7 at
fis wy(f) = {O0function} C H. Thus all the conditions of Theorem 3.7 are satisfied and
0 function is the common fixed point of the semigroup .#.

}
}

N—= N

Conclusion. In this paper, we consider the non-linear semigroup of enriched Kannan type
contractive mappings over real Banach spaces and prove the existence of common fixed
point of this semigroup under certain assumptions on the underlying space and the map-
pings. Examples are given to illustrate the feasibility of our fixed point theorems. In
future, one can find several results in this connection by considering different types of
contractive and non-expansive mappings like enriched Chatterjea type mappings. Also one
can try to prove our theorems by using some weaker conditions.
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