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Two parameter singular perturbation problems for
sine-Gordon type equations

ANDREI PERJAN and GALINA RUSU

ABSTRACT. In thereal Sobolev space Hj (Q2) we consider the Cauchy-Dirichlet problem for sine-Gordon type
equation with strongly elliptic operators and two small parameters. Using some a priori estimates of solutions
to the perturbed problem and a relationship between solutions in the linear case, we establish convergence esti-
mates for the difference of solutions to the perturbed and corresponding unperturbed problems. We obtain that
the solution to the perturbed problem has a singular behavior, relative to the parameters, in the neighbourhood
oft =0.

1. INTRODUCTION
Let & C R™ be an open bounded set with smooth boundary 0f). Consider the real
Hilbert space L?(£2), endowed with the usual inner product (u,v)2(q) = / u(z)v(z)de
and the norm | - |, and the real Sobolev space H} (), endowed with the ?nner product
(V)1 = /Q (Vu(z), Vv(x))w dx and the norm || - ||.
We investigate the following boundary-value problem for sine-Gordon type equation
€ 2ucs(x,t) + 6 Opucs(z,t) + Aucs(z,t) + b sinues(z,t) = f(x,t), (z,t) € Qr,

ues(x,0) = ug(x), O ues(x,0) =ui(z), = €Q, (Pes)
usslog =0, t >0,

where T > 0, Qr = Q x (0,7), f € L*(Qr), uo € V = H3(Q), ws € H = L*(Q), b € R,
b # 0, ¢, d are two small parameters and A is a strongly elliptic operator of the type

(1.1) A:D(A) = H*(Q) N H(Q) — L*(Q), Z O, (a5 (2) O, u(z)).

1,j=1

Namely, we suppose that the following conditions:

Qi € Cl(ﬁ), aij(x) = aji(x), Vz € ﬁ,
(HA) wo l€)* < Z aij() &€ <wi|€]?, Yz e, VEER™, 0<wy < wi.

4,j=1

are fulfilled.
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The interest for the sine-Gordon equation is explained by the various applications in
differential geometry and engineering, including junctions between two superconduc-
tors, the motion of rigid pendular attached to a stretched wire, dislocations in crystals,
nonlinear optics. For example, the solution of the equation

gt (2,1) — Uge (2, t) + sinu(z,t) =0

describes an angle of rotation of the pendulum in the case of mechanical transmission
line.

Some numerical results for two-parameter singularly perturbed boundary problems
for a linear case were established in [2], [5] and for the quasilinear case in [15]. Using
the theory of differential inequalities, in [4] a two parameter boundary value problem
for nonlinear equations of fourth order is considered. Some two parameter singular per-
turbations of linear boundary problems in abstract case have been carried out by W. M.
Greenlee in [3].

The behavior of solutions to the abstract Cauchy-Dirichlet problem for sine-Gordon
type equation with strongly elliptic operators and one parameter was established in [8].
In some previous works we obtained convergence estimates for abstract second order dif-
ferential equations with one parameter and: linear operators [6], depending on time linear
operators [10], Lipschitzian nonlinearities [8], monotone nonlinearities [9]; two small pa-
rameters and: linear operators [11], [12], depending on time linear operators [13], mono-
tone nonlinearities [14].

Using similar specific techniques, the functional framework of the Sobolev space H{ ()
and the properties of the strongly elliptic operator, in this paper we investigate the behav-
ior of solutions u.; to the problem (P.s) in two different cases:

(1) e = 0and § > &y > 0, relative to the solutions to the following unperturbed system:

0 Ols(x,t) + Als(x,t) + bsinls(z,t) = f(z,t), (x,t) € Qr,
ls(x,0) = up(z), z€9Q, (Ps)
lsloa =0, t>0;

(i1) e = 0and § — 0, relative to the solutions to the following unperturbed system:
Av(z,t) +bsinv(z,t) = f(z,t), (z,t) € Qr, (P)
U‘@Q =0, t>0. 0

The problem (P.s) is the abstract model of singularly perturbed problems of hyperbolic-
parabolic type in the case (i) and of the hyperbolic-parabolic-elliptic type in the case (ii).

The organization of this paper is as follows. At the beginning of the next section we
present the theorems of existence and uniqueness of solutions to the problems (Pss), (Ps)
and some a priori estimates of their solutions. Then we present a relationship between
solutions to the problem for the abstract linear second order differential equation and the
corresponding solution to the problem for the first order equation. In the section 3 we
present the main result of the paper. More precisely, we prove the convergence estimates
of the difference of solutions to the problems (P.s) and (Ps) fore — 0,6 > §p > 0 and also
to the problems (FP.;) and (Fp) fore — 0, — 0.

The framework of our investigations will be determined by conditions (HA) and also
by the following condition

(HSG): qo = wo — Ay ' |b] > 0, where A, is the first eigenvalue of the spectral problem
—Au = Au, u|pg = 0.
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2. PRELIMINARIES

In this section we remind some results about solvability of problems (P.s), (Ps) and
(Py). We prove some estimates of solutions to the problem (P.;) which are uniform rela-
tive to the parameters. Finally, we present a relationship between the system (P.5) and
the corresponding system, governed by the first order equation, in the linear case when
0 = 1. These estimates together with this relationship play a key role in establishing the
behavior of solutions to the problem (P.s) ase¢ — 0 and § — 0.

For this purpose we will define the abstract models associated with the problems (P.s),
(P5) and (Fp). Since the solvability of these problems does not depend on the positive
values of the parameters ¢ and ¢, we will put ¢ = § = 1. Thus, if the dependency on z is
suppressed and ' and " stand the time derivatives, we get the following abstract models:

for (P.s)

2.2) u’(t) + ' (t) + Au(t) + b sinu(t) = f(t), te(0,T),
' u(0)=uo €V, u(0)=wu; € H,
for (Ps)
23) {l’(t) +AI(t) +bsinl(t) = f(t), te(0,T),
l(O) =ug €V,

and for (Fp)
(2.4) Av+bsinv = f(t), te(0,T).

In (2.2), (2.3), (2.4), by A is denoted the self-adjoint and positive definite extension on V'
of the operator (1.1). This is possible, due the conditions (HA). The following theorems
were inspired by the work [1] and are completely proved in [7].

Theorem 2.1. Let T > 0. Assume that conditions (HA) are satisfied. If up € V, uy € H
and f € LY(0,T; H), then there exists a unique function u € L*(0,T;V), v’ € L*(0,T; H),
u” € L*(0,T;V') such that u satisfies the equation from (2.2) in the sence of distributions on
(0,T) and the initial conditions from (2.2). This function is called the strong solution to the
problem (2.2).

If in adition, ug € D(A), uy € V and f € WHL(0,T; H)), then u € W2>(0,T; H),
W € L(0,T; V) and Au € L=(0,T; H).

Theorem 2.2. Let T > 0. Assume that conditions (HA) are satisfied. If ug € V and
f € WHY(0,T; H), then there exists a unique function | € W12(0,T; V') such that I(t) € D(A),
a. e. t € (0,T), l satisfies the equation from (2.3) in the sense of distributions on (0,T) and
the initial conditions from (2.3). This function is called the strong solution to the problem (2.3).
Moreover the function t — (Al(t),1(t)) is an absolutely continuous function on [0, T] and

4
dt

Theorem 2.3. Let T' > 0and p > 1. Suppose that conditions (HA) and (HSG) are ful-
filled. If f € WYP(0,T; H), then the equation Av + sin(v) = f has a unique strong solution
veWLP(0,T; H) and

(Al(t),l(t)) = 2(Al(t),I'(t)), ae telo,T).

1
(2.5) [o]lwrro,r5v) < o | fllwir1;m)-
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Proof. Denote by A = A +sin(-) : D(A) — H. Operator A is monotone. Indeed, in virtue
of conditions (HA) and ¢y > 0, we have

(.AU1 — AUQ,U1 — ’LLQ) = / Z aij(x) 8£1 (u1 — UQ) (%cj (u1 — UQ) d.Z‘—F
b i

17=1

+b /(u1 — ug) (sinu1 — sinuz) dx >
Q

Zwo/\V(ul—ug)\Qdac—2|b\/|u1—u2|‘sin<u1;uz>’dx2
Q Q

(2.6) > wo / |V (uy — ug)|* dz — |b] / luy — ug|* dx > qo ||ur — usal|?,  Vui,us € D(A).
Q Q

We will show that the operator A is even maximal monotone in H. For this purpose we
consider the equation

(2.7) (M + A)u = f,

in H with f € H and A > 0. Due to the condition (HA), there exists
A+ A" : DM+ A1) =Hw R(M+ A)~') C D(A) forany A > 0 and

||(/\I+A)71HH—>H S (/\—FWO )\1)71.

Then the equation (2.7) is equivalent to the equation

2.8) w= (A +A)"" (f —bsinu).
In the real Hilbert space V' the equation (2.8) can be written in the form
(2.9 B(u) = u,

where B(u) = (A\I + A)~1(f — bsinu). The equality
(A+ M)A w,u) = [u]* + A (A7 w,u), Yu€ H,
implies
(A(A+AD " wyu) = |[A(A+ M) u? + XAV (A+ A ), Vue H,

from which it follows that

JA(A+ A1)t ul <|ul, Yue H.
Consequently,

Awo [[(A+ XD ul? < MAYV2(A+AD) " ul* < [u?, VueH

and we have

I+ A) oy < (wo d) 2
Let us note that operator B is a contraction on V for every f € H and every A > [b|? (A wp) '
Indeed,

||B(u1) — Bluz)|| < [b] [[(M 4+ A) "' (sinug — sinus)|| <
< |b| (wo A) 2| sinuy — sinug| < [b] (wo A) T2 |uy — ug| <
< bl (wo AN TV2 Jug — ugl|,  Vup,ug € V.

According to Banach’s Fixed Point Theorem, the equation (2.9) has a unique solution

u € V foreach f € H. From (2.8) it follows that u € D(A). Thus, R(A\I + A) D H for
A > [b? (A1 wo)~!. Therefore, according to Minty’s Theorem, A is a maximal monotone
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operator if |b| < wg A1. Since, by virtue of (2.6), the operator A is coercive, it is surjective
i.e. R(A) = H. Hence there exists A~! : H — D(A). Then the inequality (2.6) implies

(2.10) JA(f) — A7 (f2)]] < qlT) i fal, fifre .

It means that the equation Av(t) = f(¢) has a unique solution v(t) € D(A) for every
f(t) € Hand

1 1
lo@)[] < [[v(0)]] + o |[£(&) = FO]] < [JATH(FO)]| + o |f(t) = £(O)]
Thus, if f € WYP(0,T; H), then v € LP(0,T;V). Finally, using (2.10) and Hélder's in-

equality, we get
t+h p
| rma] <
t

hp—l t+h
< / FEPdr te0,T—h,
t

[ s m—vrpa< S [ <>Pdr+/Thh|f'<t>|pdT}+

do
hp
+2 / (T —o)|f'(r |pd7-<—/ P dr.
do T—h
In this case (see Theorem 1.18 [1]) v € W1P(0,T; V) and

[o(t +h) —v(@®)][" < ip [f(t+h) = fO)I = ip
do 4o

or
p—1

1
(2.11) [0l e 0,750 < o e 0,70
From (2.10) and (2.11) follows (2.5). Theorem 2.3 is proved. |

Remark 2.1. )\ is the exact constant in the Poincare-Fridriechs’s inequality. For example,
if Q= (a,b) CR,then \; = 7%/(b—a)%

For the further consideration we rewrite the problems (P.;5) and (Ps) in the form:

{u Ul'(s) + Ul(s) + AU, (s) + b sin Uy, (s) = F(s), s € (0,T/8), )
Un(0) = ug, U, (0) = du, .
and
{E’(S) + AL(s) +bsinL(s) = F(s), se(0,T/6), )
L£(0) = uo,

where U,,(s) = ucs(6 s), L(s) = l5(sd), F(s) = f(sd) and p = /52
In what follows we will prove some a priori estimates for solutions to the problems (P,,)
and (Py). To this end we need the following Lemma of Gronwall-Bellman type.

Lemma 2.1. Let ¢ € L'(a,b) (—o0o < a < b < oo) with ¢(s) > 0a. e. on (a,b). If
h € C([a, b)) verifies
t
)< +2 / Y(s)h(s)ds, Yt € [a,b],
then ,
h(t)| < |e| + / W(s)ds, Vit € a,b],
also holds.
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Lemma 2.2. Suppose that conditions (HA) and (HSB) are fulfilled. If vy € D(A), u1 € V,
F € W10, 00; H) then for any strong solution U, to the problem (P,,) the following estimate

14 ||U;IL/||L°°(O,5:H) + ||UL/L||C([O,8]:H) + ||U;,LHL2(O,SZV) <

(2.12) < Clgo) Mo(s), s=>0, 6€(0,1], pe(0pl
holds with iy = (wo A1 — [b])/(26%) and Mo (s) = |Auo| + |[u1 || + |F(O)] + [|F| w1 (0,5 1)
Proof. LetU,p(s) = U,(s+ h) — U,(s) and denote by

E(Upun:s) = |Un(8)|* + |Upn(8) + 20Ul (5) [ + 4 1. (AU,in (5), Upin(5)) +

S

+4M/ |Ufth(7)|2 dr +4 / (AU (7), Up(7)) dr.
0 0
If U, is a strong solution to the problem (P,), then

d

@13) - E(Uyn,s) :4(Fh( ) — b(bln( H(S)))h,Uuh(S)+2,UU,;h(S)>, s> 0.

Since
b (sin (U())) V() +20U7(5)) | < 1 [ ()] + BIAT U+ ol 1) [ Upns)

then integrating (2.13) on (0, s), we get

)

I

S

Ui +1Vuns) + 26 Ua(0) )+ 2a0 [ |[Vunlr)| [ dr <
0

SE(U#}Z,O)+4/’Fh(T"U#h(T)+2LLU;Lh(T)|dT, s>0, for pe€(0,p

Applying Lemma 2.1 to the last inequality, we obtain

h 1/2
V)] + [Uan(5) + 2000 + ([ 1[0 ar) " <
0

(2.14) < Clqo) [E”Q(Uuh,ow / |Fh<7>|dv}, $>0, pe(0,u.
0

Under the conditions of this Lemma, due to the Theorem 2.1, we have that

U), € C([0,T]; H), [|U|| € C([0, TT). Therefore, the following relations
(2.15)

= Uun(s)] = (U} (s)], R —0, in C([0,T]),

Ih_lUuh( )+2ph” 1U'h\ = U (s)+2uU](s)], hlO, ae s€(0,T),

|2 Un(s)|] = [|UL(9)]], hw ae. sc(0,7),

h=2E(U,,0) — \(5u1|2 + |2 (F(0) — Aug — bsin(ug)) — 5u1| +4pd? ||ug||®,h 0
hold. Taking into account the relations (2.15), we divide (2.14) by h and then pass to the
limit in the obtained inequality, to get the estimate (2.12). Lemma 2.2 is proved. O
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To establish the relationship between solutions to the problems (P,) and (Py) in the
linear case we will define the kernel of transformation realizing this relationship.
For p1 > 0 denote by

K(t,7, 1) = (Kl(t 7 p1) + 3Ka(t, 7, 1) — 2K4(t, T, u)) Vi > 0,

2\f

where

3t—27'} (275—7'

3t+67} (215—1—7)
4p 2y/ut

Kl(t777u):exp{ 4,Lt 2\//}

>7 Ko(t,m,pn) = exp{

Ks(t,m,p) = exp{ })\(;F) A(s) = /:o e dn.

In the following lemma we collected some properties of the kernel K (¢, 7, 11).

Lemma 2.3. [6] The function K (t,, u) is solution to the problem

Ki(t, 7, 1) = pKor (b, p) — Ko (t,7,1), ¥YE>0, VY7>0,
wK,(t,0,p) — K(t,0,u) =0, Vt>0,

1
K(O,7,p) = ﬂexp{ —i}, YT >0,

from C([0,00) x [0,00)) N C?%((0,00) x (0,00)) and possesses the following properties:
i) K(t,7,u) >0, Vt>0, Vr>0, and / K(t,r,u)dr=1, Vt>0;
0

oo

(ii) Let g € [0,1]. Then/ K(t,rp)|t—7|%dr <C (u + \/,ut)q, Yu >0, Vt>0;
(ii) Let p € (1,00]and f : [0, 00) — H, f(t) € WP(0,00; H). Then

*/ K(t,, u)f(T)dT’ < CO) I "Nl or@oom (W+VEE) 7, Yu>0, V>0
0

Lemma 2.4. [6] Let b = 0. Assume that A : D(A) C H — H is a linear, self-adjoint, positive
definite operator and F' € L*°(0,00; H). If U, is a strong solution to the problem (P,,) with
U, € W2>(0,00; H), AU, € L>(0,00; H), then the function W,,, defined by

[e9)
= / K(s,7,1)Uy(7)dr,
0
is the strong solution to the problem

Wi (s) + AW, (s) = Fo(s, 1), ae. s>0, in H,
W,(0) = ¢p,

Fo(s,p) = %[2exp{z—2})\< 5) —A(;\/i)} Uy +/0°C K(s,7,p) F(7)dr,

‘Pu:/ e " U 2pT)dr.
0
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3. BEHAVIOUR OF SOLUTIONS TO THE PROBLEM (P-s)

In this section we will prove the main results concerning the behavior of the solutions
to the problem (P.;), in both cases: ¢ — 0 and 6 > dy > 0; ¢ — 0 and § — 0, relative to
solution to the corresponding unperturbed problem.

Theorem 3.4. Let Q C R™ be an open and bounded set with smooth boundary 02, T > 0 and
p € (1,00]. Assume that conditions (HA) and (HSG) are fulfilled. If ug € H?(Q2) (" H{ (),
uy € HY(Q) and f € WHP(0,T; L?(R2)), then there exists a constant

C =C(T,p,wo, w1, \1,b) > 0 such that

(3.16) lues — Usllcqo,rre)y < CMeP 6752 5€(0,1], €€ (0,pu06%],

(317) H'U/Eé - lé”C([O,T],Hé(Q)) S OM @(5, 5), 5 S (0, 1], € € (07 /“LO 62]7

where ucs and 5 are the strong solutions to the problems (P.s) and (Ps), respectively, 1 is defined
in (2.12), M = ||uo|m2() + [|lwa|lmp ) + [ fllwre.102(0)) and
(3.18)
1/45—3/2 if f=0
12, if [ =0, i =0
B = (0 1)/(2p). i f 20 O(e,8) = { /4= Gp+2)/(2P) " if L0 and p > 2,
b Pl ’ e®=1/@P§=2 if ££0 and pe (1,2).

Proof. During this proof we will agree to denote by C' all constants C(T', p,wp, w1, A1, D).
We will also use the previously agreed notations: D(A) = H?(Q) N HL(Q), V = H}(Q)
and H = L2(Q). For any f € W'P(0,T; H) let us define the function f : [0,00) — H as
follows:

fit), 0<t<Ty

2T —t

ft) = —J(T), T<t<or;

0, t>2T.

Then f(t) € WYP(0,T; H) and, since W?(0,T; H) — C([0,T]; H) continuously, we get

~ 1
(3.19) 17w o) < C(0) max {T, = V| Fllwsoo,ronn-

If we denote by U, the unique strong solution to the problem (P,,), defined on (0, )
instead of (0, 5) with S = T'/¢ and f instead of f, then, from Theorem 2.1 and Lemma 2.2,
it follows that U, € W2°°(0, 00; H) N W2(0,00; V'), AU, € L>(0,00; H).

Moreover, the estimate (3.19) implies
(320) ||ﬁ||W1*P(O,oc;H) < C(pv T) 671/1) HfHWlfP(O,T;H)a pe (1,00], V6 € (Oa 1]

Due to the estimates (3.20) and Lemma 2.2, we obtain the following estimates

(3.21) |WZL||C([0,S];H) + ||0;||L2(O,S;V) <COM, s>0, 6e(0,1], pe(0,pu]
with M from(3.16), ug from (2.12) and
.
(3.22) y= {0 =0,
—1/p, if f#0.

By Lemma 2.4, the function W,,, defined by

W,(s) = /OC>C K(s,,1) (7”(7') dr,
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is a strong solution to the problem
(3.23) Wi(s)+ AW, (s) = Fo(s,p), ae. s>0, in H,
WM (0) = QO;M

where

F(su)—éfo(suu1+/ K(s,7,p) F dT—/ K(s,T, 1) (U())d

(3:24)  fols, 1) = }Pmﬁﬁb(ﬁ—%%%ﬂ w:KOTUmﬂ

Denote by R(s, p) = L(s)— W,.(s), where L is the strong solution to the problem (Py) with
F instead of F, T' = oo and W, is the strong solution to the problem (3.23). Then, due to
Theorem 2.2, R(-, u) € Wli (0, 00; H) and R is a strong solution in H to the problem

R'(s,1) + AR(s, i) + b sin(L(s)) — b sin(W,(s)) = F(s, ), a.e. s >0,
(3.25) { R(O,;it) :u07wi(0)’ s S i), a.e
where

F(s, / K(s, 7, )F(1) dr — 8 fo(s, ) us+

(3.26)  +b sin(U,(s)) — b sin(W,(s)) + b / K (s, 7, 1) | sin(U, (7)) — sin(U,,(s ))} dr.
0
In what follows we need the following two Lemmas, which will be proved after the

proof of the Theorem 3.4. O

Lemma 3.5. Assume the conditions of Theorem 3.4 are fulfilled. Then for any 6 € (0, 1] and any
€ (0, po] the following estimates:

(3.27) 10, = Walleqo, o ) < CMpt287 (14 Vs), s> 0,

(3.28) T = Wil oo, gy S CMpM* (L4811, s =0,
are valid with M from (3.16) and ~y from (3.22).

Lemma 3.6. Assume that the conditions of Theorem 3.4 are fulfilled. Then for the strong solution
to the problem (3.25) the following estimates

(3.29) IRllc(o, ) 11y < CMpP 67 (1+5%2), s>0, 6€(0,1], pe(0,pl,

(330) ||R||C([0,s];V) <CM .UJB o7 (1+5)7 5§20, de (07 1]7 IS (O,Mo],
are true with M from (3.16), B from (3.18),  from (3.22) and 1o from (2.12).
Finally, from these lemmas we deduce that
10 = Lllco.sm < 10x = Walleo.sim + IRlleqo.sia <
SCMPP O (14+5%7), s>0, 6€(0,1], pe(0,pul

Since U, (s) = U,(s), L(s) = L(s), for all s € [0,T/4], U.(s) = ucs(3s) and L(s) = I5(3 s),
then we have

[ucs(8) = 15()] = |ues(8s) — U5(0s)| = |Up(s) — L(s)| <

(B31) <OCMuP 32 =CMP6752 te0,T), 60,1, ee(0,ud%.
Concequently, from (3.31) follows the estimate (3.16).
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In the same way, using (3.28) and (3.30) we get
[[ues (£) = Ls(0)]] = llues (85) — Ls(3s)[| = [|Un(s) — L(s)|| <

< Uy = Walleo.sv) + |1 Blleqo.sv) <
<OMpPP 1 <OMO(e,d), tel0,T], de€(0,1], €€ (0,ud?,

g {14 it f=0,
P \min{1/4, (p—1)/(2p)}, if and f#£0.

where

Theorem 3.4 is proved.
Proof of Lemma 3.5. Proof of the estimate (3.27). Using properties (i) and (ii) from
Lemma 2.3 and the estimate (3.21), we get

T, (5) — Wi(s)] < /OOO K (5,7 ) [T (5) — O ()] dr <

</O°O K(s,T,u)‘[ \ﬁ;(£)|d§’d7§0/\457 /OOO K(s,7,p) |7 —s|dr <

SCOMpP?267 (14++s), s>0, 6€(0,1], pue(0,p).
Thus, the estimate (3.27) is proved.
Proof of the estimate (3.28). In the same way, using properties (i) and (ii) from Lemma 2.3
and the estimate (3.21), we get

F(s) — Wu(r)|| < /OOO K (.7 1) ||T(5) — U ()] dr <

< [ x| [C10ulde]dr< [T Krm] [T st dr <

< CMS” / K(s,7,p) |m—s|"?dr < C M p* 67 (145Y%),5 >0, 6 € (0,1], p € (0, po)-
0

Thus, the estimate (3.28) is proved. Lemma 3.5 is proved. O
Proof of Lemma 3.6. Proof of the estimate (3.29). Multiplying scalarly in H the equation
(3.25) by R and then integrating on (0, s) the obtained equality, we deduce

S

REs. ) +2a0 [ (AR(E 1. RIE 1) dE < IRO0F+2 [ 1F(E)] IR(E. )] de. s > 0,

where F (&, 11) is defined by (3.26). Applying Lemma 2.1 to the last inequality, we get

(3.32) R(s, 1) < |R(O0. )| + / F(Eu)] dE, Vs > 0.

In what follows, we will estimate the right side of (3.32). Using (3.21), we get

|R(0, )| < /ODO e

o0

(3.33) SCM/J(W/Te_TdT:CMuW, §€(0,1], pe (0,pu).
0

~ e} 2uTt 5
U, (2ut) — uo‘ dr < / e_T/ UL (&)] dé dr <
0 0

Let us estimate |F (¢, u)|. Using the property (iii) from Lemma 2.3 and (3.20), we have

) [ Klssmm B dr| < CIE ooy (0 Vi) <
0
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(3.34) <O Nwrorsm O+ v P s>0, 50,1, p>o.
Since eS\(\/€) < C, V¢ > 0, then the following estimates

/Osexp{ii})\(\/g)dﬁgC,u/oooe_g/‘ld{“gC,u7 s>0, wpu>0,
/OSA(;\/E)dféu/OOOA(;\/E)dﬁéCu, s>0, pu>0,

hold. Consequently,

(3.35) ‘5/ fo(g,u)u1d§] <C8plwm|, s>0, u>0, &>0.
0
Using the estimates (3.27), we get the following estimates

|sin(Tu(s)) — sin(Wyu(s))| < [Tpu(s) — Wi(s)| <

(3.36) SOMp?87(1++/s) s>0, §€(0,1], pe(0,puo),

/000 K(s,7,p) | sin(ﬁu(r)) - sin(ﬁu(s))} dr <

(3.37) SCMp?67 (1445 >0, 6e€(0,1], pe(0,u)
Using (3.34), (3.35), (3.36) and (3.37), from (3.26) we obtain

(3.38) |F(s, )| SCMSpP (14++/5), s>0,6€(0,1], pe(0,u).

Consequently,

(3.39) /’]:(T,u)|dT§CM57uﬁs(1+\/§), s>0,6€ (0,1, pe(0,po].
0

From (3.32), using (3.33) and (3.39) we get the estimate (3.29).
Proof of the estimate (3.30). From Theorem 2.2 it follows that R € W,.(0, 00; V),
R(s,p) € D(A),a.e. s >0and AR € L} (0,00; H).
Moreover the function s — (AR(s, p), R(s, 1)) is an absolutely continuous function on

[0, 5] for any S > 0 and

(3.40) %(AR(S,M), R(s, u)) =2(AR(s,u), R'(s,p)), a. e s>0.
Note also that

(3.41) |AR(S7LL)|2 > wo A (AR(s, 1), R(s, 1)), a. e s>0,
(3.42)

(AR(s, 1), n(s)) < (AR(s, 1), R(s, 1)) "/* x (An(t),n(®)"*, neV, a e s>0

Therefore ) _
|AR(s, p1)|” = b (AR(s, p),sin (L(s)) — sin (W,(s))) >

> |AR(s, )| — [b| |AR(s, )| |R(s, )| > %‘; |AR(s, p)|* a. e s>0.

We multiply the equation from (3.25) by AR(s, 1) and then integrate on (0, s) to get (by
using the above facts)

(AR(s, 1), R(s, p) +2 7 ARG P de <
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< (ARO.).RO.0) +2 [ 1F(EwIAR(E )| de, v 20,
or
||R(s,1)[|” < wit (AR(s, ), R(s, p)) <

< i (AR RO.0) + o) [ IF P e Va0,
The last inequality implies that
(3.43) 1RG5, ]| < € (1RO, )] + |1 Fllz20 ], Vs> 0.

In what follows we will estimate all the terms from the right side of inequalities (3.43).
Similarly as the estimate (3.33) was obtained, we deduce that

Irol< [ [T N0 dear < [T N0l gy @) i <

(3.44) < CMpt’?s7 / Te Tdr=CMp'?57, 5€(0,1], pe (0,
0
Using (3.38), we have
345) ||FC ] gz S C MO 1P sV (1452, s>0,0€(0,1], pe (0,pu0]

Finally, using (3.44) and (3.45), from (3.43) we get (3.30). Thus, Lemma 3.6 is proved.
In what follows we will investigate the behavior of solutions to the problem (Pj) as
0 — 0. ]

Theorem 3.5. Let 2 C R™ be an open and bounded set with boundary 9Q € C', T > 0 and
p € (1, 00]. Assume that conditions (HA) and (HSG) are fulfilled. If ug € H?(2) (" H} () and
f e Whi(0,T; L(2)), then there exists a constant C' = C(T, p, wo, w1, A\1,b) > 0 such that

(3.46) |[ls(t) —v()||L2() < ||hol|r2(q) e M 20+ C MSP=V/P e (0,T], §€(0,1),

(347) [[15(6) — (Dl 3 () < ol e @Y +CMEPD/P te(0,T], §€(0,1),

where 15 and v are the strong solutions to the problems (Ps) and (P,), respectively,
and hg = ug — (A +sin(+)) 1 £(0).

Proof. Proof of the estimate (3.46). Denote by Ry (t,d) = l5(t) — v(t), where s is the
strong solution to the problem (Ps) and v is the strong solution to the problem (F;). Then
R, (t, 0) is the strong solution to the problem

(3.48) SR (t,6) + ARy (t,0) = —6v'(t) — b sin(ls(t)) + b sin (v(t)), t € (0,T),
. R1(0,8) = up — (A +sin(-)) "1 £(0).

Multiplying equation from (3.48) scalarly in H by R, we obtain the equality
d
d %|R1(ta 5)|2 +2 (ARl(tv 5)7 Rl(tv 5)) =

=26 (vV'(t), R1(t,6)) + 2b (sin(v(t)) — sin(ls(t)), R1(t,6)), te (0,T).
Then, using conditions (HA) and (HSG), we get

d
6£|R1(t,5)\2 +2(wo A — [b]) |R1(,6) > <28 W' (8)||Ri(t,9)], te€(0,T).
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From the last inequality we get
%’Rl(t, §) e o t/‘s|2 <200/ (t) M WO | Ry (t,8) e 0|t € (0,T).
Integrating this inequality on (0, t), we obtain
|R1(t,6) et o t/5|2 < |R1(0,8)* +2 /t [ (1) er T/ | Ry (1,8) M © T/ dr,  t e [0,T).
Applying Lemma 2.1 to the last inequzllity and using (2.5), we get the estimate

t
|Ry(t,8)] < |R1(0,8)] e qof/5+/ e M a0 =T/8 1/ (1) dr <
0

o \@-D/p
< —X1qot/d / v ) <
< |R1(0,0)] e ) Wl <
6 \(@-1/p
< —A1qot/d v 4 .
< |R1(0,0)] e +0(5) WMlwsomm, €071
from which follows (3.46). g

Proof of the estimate (3.47). As in the proof of the estimate (3.30), from Theorem 2.2 it
follows that R, € W,2(0,00; V), Ri(t,0) € D(A),a. e. t > 0, AR, € L2 _(0,00; H) and the
function t — (AR;(t,8), R1(t,6)) is an absolutely continuous function on [0, 7] for any
T > 0. Moreover the relationships (3.40), (3.41), (3.42) are true, in which R(s, ) and n(t)

are replaced by R;(¢,d) and by v/(t), respectively. Therefore
|AR, (t,6)|* = b (AR (t,6), sin (I5()) — sin (v(t))) >

(3.49) > Z—O |AR; (t,6)° > go M (AR (£,6), Ry(£,5)), a. e. t>0,
0
and, due to the estimate (2.5),

|(v'(t), ARy (t,5))| < (AR (t,8), Ri(t,6))"* (A (£), 0/ (1))

/2

(3.50) < Wl (ARy(t,6), Ry(£,0)) [V (®)]|, a. e t>0.

Denote y(t) = (AR1(t,6), Ry (t, 5))1/2. Multiplying in H the equation from (3.48) by AR;
and using (3.49) and (3.50), we get the inequality
d 2 wi/?
% |e%>\1t/6 y(t)‘ <2 ﬁ

from which after integration, we obtain

e2q0Mit/d y@) [V (@], a. e t>0,

1/2

t
ey < O +2 5 [ ety o o s dss o0

Applying Lemma 2.1 and the estimate (2.5), from the last inequality we get

t
y(t) < e~ N3y (0) 4+ C / e~ 0N =10/ (5)| | ds <
0

1) )(pfl)/p

<y(0 e_qo’\lt/5+(
<y(0) A1 Qo

[Vl Lo 0,75m) <

]

(p—1)/p
?) [ fllwreo,r;m), t€[0,T].
140

(3.51) < y(0)e~ 2 Mt L (
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As
[Ra(t,0)]] < (wo)™2y(t) and  y(0) < (w1)"/*[[Ra(0,9)]],
then the inequality (3.51) implies (3.47).
Theorem 3.5 is proved.

From Theorems 3.4 and 3.5 immediately follows the following theorem.

Theorem 3.6. Let Q@ C R™ be an open and bounded set with boundary 0 € C*, T > 0 and
p € (1,00]. Assume that conditions (HA) and (HSG) are fulfilled. If uy € H?*(2) (" H{ (),
uy € H}(Q) and f € WHP(0,T; L*(Q)), then there exists a constant
C =C(T,p,wo, w1, A1,b) > 0 such that

llues = vlleo sz < lhollLay e © 0 + C M [P 57572 4 5= 1/P],

llues = vlleqorymi@) < lhollmy@y e @ ° + C M [O(e,8) + 57 ~1/7],
§e(0,1], e € (O, u062] , where u.s and v are the strong solutions to the problems (P.s) and (Py),
respectively, M is from (3.16), © and 3 are from (3.18), hg is from (3.47) and pig is from (2.12).

4. CONCLUSIONS
1. Under the conditions of Theorem 3.4 for § > &g > 0, it follows that
(4.52) |[ues — Usllco,r102(0)) < C MEP,
and
(4.53) l[uss — Usllcqo, 112 () < C MO(e, 1),

with C' = C(T, p,wo, A1,b,dp) > 0, M from (3.16), 8 and O(g, 1) from (3.18).
Consequently, for § > §p > 0, the solutions u.s to the problem (P.s) have a regular
behavior, as ¢ — 0, relative to the solution /5 to the problem (Ps) in the neighbor-
hood of t = 0 in the considered spaces.

2. Under the conditions of Theorem 3.5 it follows that for every to > 0 and 7' > t,

ls —v in O([ty,T]; Hy () as &§—0.
If the concordance condition f(0) = Aug + b sinug is satisfied, then
Is —»v in C([0,T]; H}()) as §— 0.

If the concordance condition f(0) = Aug + b sinuy is not satisfied, the solutions /s
to the problem (P;s) have a singular behavior, as § — 0, relative to the solution v
to the problem (/) in the neighborhood of ¢ = 0.

3. Under the conditions of Theorem 3.6 it follows that for every to > 0 and 7" > ¢,

ues = v in C([to, T); L3(Q)) as #6752 460~ V/P 0,
and

ues — v in C([to, T); Hy(Q)) as O(g,8) + 6P~ D7 - 0.
If the concordance condition f(0) = Aug + b sinug is satisfied, then

uss — v in C([0,T);L*(Q)) as &°67%/2460-D/P 0,
and

us— v in C(0.T):HIQ) as O(e,d)+ 87D/ 0.

If the concordance condition f(0) = Aug + b sinug is not satisfied, the solutions
ugs to the problem (P.s) have a singular behavior, as ¢ — 0,6 — 0, relative to the
solution v to the problem (F) in the neighborhood of ¢ = 0.
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