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Extension of Haar’s theorem

JATURON WATTANAPAN, WATCHAREEPAN ATIPONRAT, SANTI TASENA and
TEERAPONG SUKSUMRAN

ABSTRACT. Haar’s theorem ensures a unique nontrivial regular Borel measure on a locally compact Haus-
dorff topological group, up to multiplication by a positive constant. In this article, we extend Haar’s theorem to
the case of locally compact Hausdorff strongly topological gyrogroups. We simultaneously prove the existence
and uniqueness of a Haar measure on a locally compact Hausdorff strongly topological gyrogroup, using the
method of Steinlage. We then find a natural relationship between Haar measures on gyrogroups and on their
related groups. As an application of this result, we study some properties of a convolution-like operation on the
space of Haar integrable functions defined on a locally compact Hausdorff strongly topological gyrogroup.

1. INTRODUCTION

Usually, analyzing the structure of topological groups (especially compact and locally
compact groups) involves the presence of invariant measures. In fact, if G is a locally
compact Hausdorff topological group, then Haar’s theorem states that there is, up to multi-
plication by a positive constant, a unique nontrivial regular measure 1 on the Borel subsets
of G, the so-called (left) Haar measure, that satisfies the following properties:

(1) The measure p is invariant under left translation: p(gB) = u(B) for all g € G and
for all Borel subsets B of G.
(2) The measure . is finite on all compact sets: u(K) < oo for all compact sets K C G.

Existence, uniqueness (up to scaling), and applications of Haar measures attracted the
attention of several mathematicians, including A. Haar, A. Weil, H. Cartan, and R. C.
Steinlage, to name a few. The importance of Haar’s theorem lies in the fact that it was used
to solve Hilbert’s fifth problem (on studying Lie groups) for compact groups by John von
Neumann. Actually, the notion of a Haar measure has applications in several fields such
as analysis, number theory, group theory, representation theory, statistics, probability
theory, and ergodic theory. For an introduction to the theory of Haar measures, we refer
the reader to [6].

The notion of a gyrogroup was introduced by A. A. Ungar, arising from the study of
the parametrization of the Lorentz transformation group [13]. Roughly speaking, a gyro-
group is a nonassociative group-like structure that shares many properties with groups
and, in fact, every group may be viewed as a gyrogroup with trivial gyroautomorphisms.
In [1], W. Atiponrat introduced the notion of a topological gyrogroup, a gyrogroup with a
compatible topology. In [2], M. Bao and F. Lin defined the notion of a strongly topological
gyrogroup. It seems that strongly topological gyrogroups suitably generalize topological
groups. Several results that are valid for topological groups can be extended to the case
of strongly topological gyrogroups in a natural way; see, for instance, [2,3,15,16].
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This work is a continuation of the study of strongly topological gyrogroups. In fact, we
prove the existence and uniqueness of a Haar measure on a locally compact Hausdorff
strongly topological gyrogroup, following the method of Steinlage. This result extends
Haar’s theorem to the case of gyrogroups. As shown in [14], every locally compact
Hausdorff topological gyrogroup G can be embedded in a completely regular topological
group I'(G, Agyr). We then find a natural relationship between Haar measures on gyro-
groups and on their related groups. We also investigate some properties of a convolution-
like operation on the space of Haar integrable functions defined on a locally compact
Hausdorff strongly topological gyrogroup. We emphasize that topological gyrogroups
enjoy several (but not all) of the properties of topological groups as we will see in Section
3.2.

2. PRELIMINARIES

In this section, we collect basic definitions and relevant results for reference. See, for
instance, [5,7,8,13].

2.1. Strongly topological gyrogroups. In the case when G is a nonempty set equipped
with a binary operation @ on G, let Aut G be the group of automorphisms of (G, ®).

Definition 2.1 (Definition 2.7, [13]). A nonempty set G, together with a binary operation
@ on G, is called a gyrogroup if it satisfies the following axioms:

(G1) There exists an element e € G such thate ® a =a foralla € G.

(G2) For each a € G, there exists an element b € G such thatb & a = e.

(G3) Foralla, b € G, there is an automorphism gyr[a, b] € Aut G such that

2.1) a® (bdc)=(adb) D gyrla,blc

forall c € G. (left gyroassociative law)
(G4) Foralla, b € G, gyr[a ® b,b] = gyr|a, b]. (left loop property)

We remark that the axioms in Definition 2.1 imply the right counterparts. In fact, any
gyrogroup has a unique two-sided identity, denoted by e, and that an element a of the
gyrogroup has a unique two-sided inverse, denoted by ©a. The automorphism gyr|a, b] is
called the gyroautomorphism generated by a and b. The gyrogroup cooperation (cf. Definition
2.9, [13]) of a gyrogroup G, denoted by H, is defined by

(2.2) aBb=a® gyr[a, Ob]b, a,beG.

Let G be a gyrogroup. Definea ©b=a® (6b) and a Bb = o« H (o)) for all a,b € G. For
each a € G, the left gyrotranslation by a, denoted by L, is defined by L,(g) = a & g for all
g € G. Similarly, the right gyrotranslation by a, denoted by R,, is defined by R,(g9) = g® a
for all g € G. They are indeed bijections from G to itself (cf. Theorem 2.22, [13]). For a
subgyrogroup H of a gyrogroup G, set G/H = {a ® H | a € G}, where a & H is the left
coset defined by a® H ={a® h | h e H}.

Definition 2.2 (Definition 17, [12]). A subgyrogroup H of a gyrogroup G is an L-subgyrogroup,
denoted by H <, G, if gyr[a,h]|(H) = H foralla € G,h € H.

We remark that a generic subgyrogroup H of a gyrogroup G do not partition G into left
cosets. However, if H is an L-subgyrogroup of G, then G/H forms a partition of G and,
in particular, two distinct left cosets of H are disjoint (cf. Theorem 20, [12]).
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Theorem 2.1 (see [11,13]). The following properties hold in any gyrogroup G:
(1) 6(a®b) = gyrfa,b)(cbo a);
(2) (bHa)@a=0b (right cancellation law)
(B) (Ga®b) ®gyr[oa,b)(Sb @ ¢) = Ca® ¢
(4) gyr—![a,b] = gyr[b, a], where gyr—![a, b] denotes the inverse of gyr|a, b] with respect
to composition of functions; (inversive symmetry)
() L' = Lea.
foralla,b,c e G.

Recall that a gyrogroup G endowed with a topology is called a topological gyrogroup if
(i) the gyroaddition map (z,y) — z & y is jointly continuous, and (ii) the inversion map
x — Oz is continuous (cf. Definition 1, [1]).

Proposition 2.1 (Lemma 4, [1]). Let G be a topological gyrogroup. Then gyr|a,b] is a homeo-
morphism of G for all a,b € G.

Proposition 2.2 (Proposition 7, [1]). Let G be a topological gyrogroup, and let A be a sub-
gyrogroup of G. If A is open, then it is also closed.

Proposition 2.3 (Corollary 5, [1]). Suppose that G is a topological gyrogroup, and let A, B be
subsets of G. If A and B are compact, then A & B is compact.

Definition 2.3 (p. 5116, [2]). A topological gyrogroup G is strong if there exists a neigh-
borhood base U at the identity e of G such that gyr[z,y](U) =U forall z,y € G,U € Y. In
this case, we say that G is a strongly topological gyrogroup with neighborhood base U/ at e.

Recall that a nonempty subset A of a gyrogroup G is symmetric if A = A, where
©A = {6a | a € A}. In the case when G is a strongly topological gyrogroup, there exists
a neighborhood base N at e such that for all U € N,

(1) gyr[a,b)(U) =U forall a,b € G;

(2) U is symmetric.
In fact, if G is a strongly topological gyrogroup with neighborhood base U at ¢, then the
collection N' = {U N (&U) | U € U} is the desired neighborhood base. We call any
neighborhood base that also satisfies property (2) a symmetric neighborhood base at e.

2.2. Basic knowledge in topology and measure theory. Standard terminology in topo-
logy and measure theory used throughout this article are defined as usual.

Let X be a nonempty set, and let A, B C X x X. We will use the symbol A~! to denote
the set {(z,y) € X x X | (y,z) € A} and A o B to denote the set {(z,2) € X X X | (z,y) €
Aand (y,z) € B for some y € X }. The diagonal of X is defined as Ax = {(z,z) | v € X}.

Definition 2.4 (p. 45, [7]). A uniformity on a set X is a collection U of subsets of X x X
such that the following properties hold:

1) fUelUandU CV,thenV € U.

R UUelUandV eld,thenU NV €U.

B) Ax CUforallU € U.

(4) fU cU, thenU~ ! € U.

(5) If U € U, then thereisaset V € U suchthat VoV C U.

If U is a uniformity on X, then the pair (X, ) is called a uniform space.

Theorem 2.2 (p. 48, [7]). Let (X,U) be a uniform space. For allU € U,z € X, define Ulz] =
{y | (z,y) € U}. Then the collection

(2.3) Tu={0 C X | foreachx € O, thereisaset U € U such that Ulzx] C O}
is a topology on X. The topology Ty is called the uniform topology on X derived from U.
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Definition 2.5 (p. 48, [7]). Let X be a topological space. If the topology of X can be
derived from a uniformity on X, then X is uniformizable.

Let X be a nonempty set. A filterbase B on X is a collection of subsets of X such that (i)
0 ¢ B, and (ii) if A, B € B, then there is a set C' € B satisfying C C AN B. A filterbase B
on X x X is said to be a base for a uniformity if the collection

(2.4) {ECX x X | BCEF forsome B € B}
is a uniformity on X (cf. Theorem 1 on p. 46 of [7]).

Definition 2.6 (p. 225, [7]). Let (X,U) and (Y, V) be uniform spaces. A function f from
X to Y is uniformly continuous on X if for each V' € V), there is a set U € U such that
(f(x1), f(x2)) € V for all (z1,22) € U.

Definition 2.7 (Definition 4.8, [10]). Let X be a topological space, and let (Y,) be a uni-
form space. A collection F of functions from X to Y is equicontinuous at a point z of X if
for each U € U, there is an open set O containing x such that f(O) C U[f(z)] forall f € F.
If F is equicontinuous at every point of X, we say that F is equicontinuous.

Definition 2.8 (see [10]). Let X be a topological space, and let G be a group of homeomor-
phisms of X to X.

(1) G is weakly transitive if for every nonempty open set O, X = U g(0).
geg
(2) G is xo-weakly transitive if X C U ¢(O) for all neighborhoods O of z.

9€eG
(3) G separates compact sets if for each pair of disjoint compact sets B, C in X, there is

a nonempty open set O such that g(O)NC =0 org(O)NB =0forallg € G.

(4) G separates compact sets with neighborhoods of x if for each pair of disjoint compact
sets B, C in X, there is a neighborhood O of z such that g(O)NC = @ or g(O)NB =
() forallg € G.

It is not difficult to see that “being weakly transitive” implies “being x,-weakly tran-
sitive” and that “being able to separate compact sets with neighborhoods of zy” implies
“being able to separate compact sets”.

Let X be a locally compact Hausdorff space, and let G be a group of homeomorphisms
of X to X. A Haar measure yu on X with respect to G is a nontrivial, regular, Borel measure
w such that p1(g(B)) = pu(B) for all Borel sets B and for all g € G (cf. Definition 3.1, [10]).

Theorem 2.3 (Theorem 4.4, [10]). If G is an xo-weakly transitive group of homeomorphisms of a
nonempty locally compact Hausdorff space X and if G separates compact sets with neighborhoods
of xo, then there is a Haar measure p on X with respect to G. Furthermore, 1(O) > 0 whenever
O is a neighborhood of x.

Theorem 2.4 (Theorem 5.3, [10]). Let G be an equicontinuous group of homeomorphisms of a
nonempty locally compact Hausdorff space X whose topology is generated by a uniformity U. Then
a Haar measure on X is unique if and only if G is weakly transitive.

In view of Theorems 2.3 and 2.4, if X is a certain topological group and if G is chosen
to be the group of left translations in X, we recover the classic version of a Haar measure
as mentioned in Haar’s theorem. As shown in Section 9.4 of [6], the Haar measure p
constructed via Theorems 2.3 and 2.4 satisfies the property that ;1(K) < oo for all compact
sets K in X.

Let X and Y be nonempty sets, and let U C X x Y. Forallz € X,y € Y, define

Upy={2€Y|(z,2)eU} and UY={ze€ X | (zy) €U}
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Let f be a function with domain X xY. Forallz € X,y € Y, let f, and f¥ be the functions
defined by

fe(w) = f(z,w) and  f¥(z) = f(z,y)
forallw € Y, z € X, respectively.
Proposition 2.4 (Proposition 7.6.5, [5]). Let X and Y be locally compact Hausdorff spaces, let

w and v be regular Borel measures on X and Y, respectively, and let p x v be the reqular Borel
product of pand v. If U is an open subset of X x Y, then

(1) the functions v — v(Uy) and y — p(UY) are lower semicontinuous and hence Borel
measurable;

) (ux v)(U) = /X (U, )ulde) = /Y (U0 (dy).

Proposition 2.5 (Exercise 7.6.4, [5]). Let X and Y be locally compact Hausdorff spaces, let ji and
v be regular Borel measures on X and Y, respectively, and let v x v be the regular Borel product of
pwand v. If f : X xY — [0, 00| is a nonnegative Borel measurable function that vanishes outside
a Borel rectangle with o-finite sides, then

1) z— | f(z,y)v(dy)and y — | f(z,y)u(dz) are Borel measurable;

(2)/fdu><u //fxy (dy)p(dx) //fxy (dz)v(dy).

Proposition 2.6 (Proposition 2.6.8, [5]). Let (X,.A,u) be a measure space, let (Y,1B) be a
measurable space, and let f : (X, A) — (Y, B) be measurable. Let g be an extended real-valued
B-measurable function on'Y . Then g is uf~*-integrable if and only if go f is u-integrable. If these

functions are integrable, then / gd(pft) = / (go f)du.
Y b

Proposition 2.7 (Proposition 7.6.7, [5]). Let X and Y be locally compact Hausdorff spaces, let
w and v be regular Borel measures on X and Y, respectively, and let p x v be the reqular Borel
product of pand v. If f belongs to L1(X x Y, B(X x Y), u x v) and vanishes outside a rectangle
whose sides are Borel sets that are o-finite under y and v, respectively, then

(1) f. € LYY, B(Y),v) for p-almost every x and f¥ € LY(X,B(X), u) for v-almost every

Y,
(2) the functions
N N EZ AN o)
otherwise,
and
i 1
S [ e s,
0 otherwise,
belong to LY (X, B(X), ) and LY (Y, B(Y'),v), respectively; and
® [ fanxv)= [ [ feowaun = [ [ s@uoni),
xJy vy Jx

3. MAIN RESULTS

In Section 3.1, we prove the existence and uniqueness of a Haar measure on a locally
compact Hausdorff strongly topological gyrogroup, following the method of Steinlage.
We then find a natural relationship between Haar measures on gyrogroups and on their
appropriate corresponding groups.
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3.1. Haar measures on locally compact Hausdorff strongly topological gyrogroups. We
begin this section by showing that a concrete example of a strongly topological gyrogroup
in which symmetric neighborhood base at the identity does exist.

Example 3.1. Consider the open unit ball in C, D = {z € C | |z| < 1}, together with
Mobius addition &, given by

a+b

1+ab

for all a,b € D. The pair (D, &) is called the (complex) Mobius gyrogroup. When D is
equipped with the subspace topology of C, it becomes a topological gyrogroup (cf. Exam-
ple 2, [1]). Furthermore, if a, b € D, then the gyroautomorphism gyr[a, b] is given by

r[a, blc = Lt ch
e )
for all ¢ € D. Hence, |gyr[a, blc| = || for all a, b, ¢ € D. This implies that
gyr[a,b](B(0,r)) = B(0,r)
for all a,b € D and for all » with 0 < r < 1, where B(0,r) is the open ball in C of

radius r centered at 0. Therefore, D is a strongly topological gyrogroup with symmetric
neighborhood base {B(0,7) | 0 < r <1} at0.

(3.5) a®y b=

Inspired by the definition of a Haar measure on a locally compact Hausdorff topo-
logical group, we formulate the following definition for topological gyrogroups.

Definition 3.9. Let G be a locally compact Hausdorff strongly topological gyrogroup. A
(left) Haar measure p on G is a nontrivial, regular, Borel measure such that

(i) u(K) < oo for all compact sets K in G;
(i) u(x @ B) = u(B) for all Borel sets B and for all z € G.

The next theorem is the main result of this section. By following the method of Steinlage
in [10], its proof will be divided into several parts; some of them are important in their
own right.

Theorem 3.5. Let G be a locally compact Hausdorff strongly topological gyrogroup. Then there
exists a unique Haar measure on G, up to multiplication by a positive constant. Moreover, every
nonempty open set has nonzero measure.

Let G be a strongly topological gyrogroup with symmetric neighborhood base A at e.
For each U € N, set
(3.6) Ey ={(z,y) e GxG|oxzdyeU}.
Observe thatif U € N and if z € X, then
Eyle]={y[(z,y) € Bv} ={y|cexoyc U=z U

In order to simultaneously prove the existence and uniqueness of a Haar measure on a
locally compact Hausdorff strongly topological gyrogroup, we first show that any strongly
topological gyrogroup is a uniformizable space in the sense of Definition 2.5.

Theorem 3.6. Every strongly topological gyrogroup is uniformizable.

Proof. Let G be a strongly topological gyrogroup with symmetric neighborhood base N
ate, and let B = {Ey | U € N'}. We first prove that B is a base for a uniformity on G.
Obviously, Ag C Ey forallU € N. If U and V are in NV, then there is a set W € A such
that W CUNV. Let (z,y) € Ew. Thenoxzdy €¢ W CUNV. Thus, (z,y) € EyNEy. This
provesthat By C Ey NEy. LetV e N.Ifox @y € V, then ©(©x @ y) € V because V is
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symmetric. Since ©(Ox @ y) = gyr[Oz, y](Oy @ z) and V € N, it follows that oy d x € V
by Theorem 2.1 (4). This implies that E, ! — Ey. Let V € NV. Then thereisaset W € N/
such that W @& W C V. Suppose that (z,y) and (y, z) lie in Ey . Then 6z ¢ y and 6y & 2
are in W. It follows that gyr[ez, y](©y @ z) € W. Thus, by Theorem 2.1 (3),

Oz ®z= (0T Dy) Deyrlor,y|(Cydz) e Wa W CV.
Therefore, Eyw o Ew C Ey. According to Theorem 1 on p. 46 of [7], the collection
U={ECGxG|Ey CEforsomeU €N}

is a uniformity on G.

Next, we prove that the uniform topology derived from U/ is the same as the original
topology of G. Let O be an open set in G, and let z € O. Then there is a set U € N such
that  ® U C O. Thus, Ey[z] C O. Conversely, let O’ be an open set with respect to the
uniform topology derived from ¢/, and let € O’. Then there is a set £ € U such that
Elz] C O'. Let U € N be such that Ey C E. Note that 2 @ U = Ey[z] C Efz] C O'.
Thus, O’ is an open set in G. This shows that the two topologies are the same. Hence, G
is uniformizable. O

It turns out that gyroautomorphisms of a strongly topological gyrogroup, which are
fundamental functions that encode information about the gyrogroup structure, are uni-
formly continuous, as shown in the following proposition.

Proposition 3.8. Every gyroautomorphism of a strongly topological gyrogroup is uniformly con-
tinuous.

Proof. Let G be a strongly topological gyrogroup with symmetric neighborhood base N
ate. Leta,b € G,and let U € N. Suppose that (z,y) € Ey. Then

Sgyrla, blz ® gyrla, bly = gyr[a, b)(6z & y) € gyrla, b)(U) = U.
Thus, (gyr|a, b]z, gyr|a, bly) € Ey, which completes the proof. O

For any Hausdorff strongly topological gyrogroup G, let H(G) be the group of all
homeomorphisms from G to G, and let 7 be the smallest subgroup of H(G) that contains
all left gyrotranslations of G. According to Part (5) of Theorem 2.1, L;' = Lg, for all
a € G. It follows that T consists precisely of all finite compositions of left gyrotrans-
lations. Lemma 3.1 shows that the image of any neighborhood of the identity under a
transformation in 7 coincides with the image under a left gyrotranslation. This lemma
will be used to prove Lemma 3.2, which shows that 7 is weakly transitive, separates
compact sets with neighborhoods of e, and is equicontinuous. Therefore, Theorems 2.3
and 2.4 apply.

Lemma 3.1. Let G be a strongly topological gyrogroup with neighborhood base N at e. For all
g € T, there is an element ©: € G such that g(U) = L, (U) forallU € N.

Proof. Let z,y € G. Note that
(Ly o Ly)(U) = (z @ y) © gyr[z,y)(U) = (x @ y) DU = Ly (U)

for all U € N. Hence, the lemma follows from mathematical induction. O
Remark 3.1. From the proof of Lemma 3.1, we obtain that for all z1,x2,...,2, € G and
forallU € N,

Zp @ (En1 @ (- (2@ (210 V) = (20 O (B0 © (- @ (12D 21)))) O U.
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Lemma 3.2. Let G be a Hausdorff strongly topological gyrogroup with symmetric neighborhood
base N at e. Then T is weakly transitive, separates compact sets with neighborhoods of e, and is
equicontinuous. In particular, T is e-weakly transitive and separates compact sets.

Proof. First, we prove that 7 is weakly transitive. Let O be a nonempty open set, letx € O,
and let y € G. Then L g, € T and, by the right cancellation law (cf. Theorem 2.1 (2)),

L,5,(x) = y. Hence, G C U g(0) and so equality holds.
geT

Next, we prove that 7 separates compact sets with neighborhoods of e. Let B, C be
disjoint compact sets in G. Suppose that for each U € N, there is an element zy; € G
such that L, (U) N B # () and L, (U) N C # (. Then for each U € N, there are elements
bu,cu € U such that L, (by) € B and L, (cy) € C. Recall that the collection N with
the reverse inclusion—that is, for all sets U,V € N, U < V if and only if V C U—is a
directed set. It follows that {xy ©by }uen is anetin B. Since B is compact, {zy @ by uen
has a convergent subnet, say {zy @ by}uep, where B is cofinal in A. Assume that
{zv @ bu}uen converges to b € B. Notice that {zy & cy}ues is a net in C. Since
C is compact, {zy ® cy}uen has a convergent subnet, say {xy @ cy}yec, where C is
cofinal in B. Assume that {zy @ cy}uec converges to ¢ € C. Note that {zy @ by }vec
is a subnet of {xy @ by }uep that converges to b. Since by € U, gyr[zy,bylby € U. It
follows that the net {gyr[zy, bu|bu }uec converges to e. By the continuity of &, the net
{gyrlzv,bu](6by)tveec = {Bgyr[zu, bulby }uec converges to e. Since the operation & is
continuous, the net

{zvtvec = {zv ® (b © bu)}vec = {(vv ® bv) @ gyr[rv, bu](Sbu) fvec

converges to bde = b, noting that the second equality follows from the left gyroassociative
law. Similarly, one can show that the net {zy }ycc converges to c. Since G is Hausdorff,
b = c. This contradicts the fact that B N C = . Therefore, there is a set U € A such that
L,(U)ynB=0orL,(U)NC = P forall x € G. This combined with Lemma 3.1 shows that
T separates compact sets with neighborhoods of e.

Finally, we prove that 7 is equicontinuous. Let € G,let U € NV, and let f € T. Then
x @ U is an open set containing x. We can assume that f = L;, o L, o--- 0 L, for some
T1,%2,...,Ty, € G. Asnoted in Remark 3.1,

fla@U) = (foLs)(U) = L) (U) = f(x) & U = Ey[f(z)],

which completes the proof. O

We are now in a position to prove Theorem 3.5.

Proof of Theorem 3.5. By Theorems 2.3, 2.4, 3.6, and Lemma 3.2, there exists a unique Haar
measure £ on G with respect to 7 such that (i) every neighborhood of e has nonzero
measure, and (ii) u(K) < oo for all compact sets K in G. Hence, p is indeed a Haar
measure in the sense of Definition 3.9. Let O be a nonempty open set in G. Suppose that
x € 0. Then ©z @ O is a neighborhood of e and so (0) = u(cx @ O) > 0. O

As indicated in Example 1.1 of [14], the aforementioned Mobius gyrogroup can be

embedded in the general linear group GL2(C) via the topological embedding a — é (11]
for all & € D. This suggests studying connections between Haar measures on groups and

on gyrogroups. We emphasize that an explicit formula for the Haar measure on the open
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disk D is known. In fact, if dA represents the area measure on D, then the function

(37) n(B) = [ A

for all Borel sets B of D defines a Haar measure on D that is invariant under Mobius
addition @ ,y; see, for instance, [9] or Section 4.1 of [17].

Let G be a locally compact Hausdorff topological gyrogroup. As shown in [14], the
group A,y generated by all the gyroautomorphisms of G,

(38) -Agyr = {gyr[a17b1] © gyr[(‘l?a bQ} ©---0 gyr[ana bn] | ne Nv A, b’i € G}5

forms a Hausdorff topological group with respect to the subspace topology induced by
the g-topology of the homeomorphism group of G. Recall that the space

(3.9) I'G, Agyr) = {(a,7) | a € G, T € Agyr },

endowed with the product topology, forms a completely regular topological group with
group law

(3.10) (a,7)(b,0) = (a ® 7(b), gyr[a,7(b)]oTo0)

forall a,b € G and for all 7,0 € Aygy,. Furthermore, according to Theorem 3.9 of [14], G is
embedded in I'(G, Ay, ) via the topological embedding a +— (a, ), where ¢ is the identity
function of G. By Theorem 3.5, if G is strong, then G possesses a unique Haar measure.
However, the existence of a Haar measure on I'(G, Agy,) is in question because the local
compactness of this group is not known. Assuming the local compactness of Ay, we
obtain a strong connection between Haar measures on G and I'(G, Agy: ), as shown in the
following theorem and corollary.

Theorem 3.7. Let G be a locally compact Hausdorff strongly topological gyrogroup with a Haar
measure . If Agy. is locally compact, then there exists a unique Haar measure v on Agy,.
Consequently, the reqular Borel product p x v is the unique Haar measure on I'(G, Agy: ).

Proof. The existence and uniqueness of a Haar measure on a locally compact Hausdorff
topological group is well known. Note that ;2 x v is a nontrivial regular Borel measure on
I'(G, Agyr). Let K be a compact subset of I'(G, Agyr ). Then

(1 xv)(K) < (nx v)(p1(K) x p2(K)) = p(p1(K))v(p2(K)) < oc.
Next, let U and V be open sets in G and Ay, respectively, and let (a,7) € T'(G, Agyr).
Note that
(a, ") (U xV)={(a,7)(b,0) | beU,oc eV}
={(a® 7(b),gyr[a,7(b)]oTo0o)|beU,o €V}
Then, for each (z,a) € T'(G, Agy), (z,a) € (a,7)(U x V)ifandonlyif x = a @ 7(b), @ =
gyr[a, 7(b)]oToo for some (b,0) € UxVifand onlyif z € a®7(U), a € (gyr|a, Sadz]oT)V.
It follows that
(gyrja,ca® x]oT)V ifzxcadT(U);
0 otherwise.

((a,)(U xV))e = {

This shows that
v(V) ifzeadr(U);
0 otherwise.

v(((a, ) (U x V))a) = {
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By Proposition 2.4,
(uxv)((a,7)(U xV)) = /V(((&T)(U X V))z)u(dz)

_ / V(V)aer @y u(dz)
=v(V)u(a @ 7(U))
=(uxv)(UxV).

Claim. Let Wy, W, ..., W, be Borel sets in G, and let Z,Zs, ..., Zy, be Borel sets in Agy,.
Then, for each € > 0, there are open sets Uy, Us, . .., Uy of G and open sets V1, Va, ..., Vi, of Agyr
such that

n k

Ui x z) < | Wi x vy,

i=1 i=1

and

k n
D (ux ) (Ui x Vi) < (1 x v) <U(Wz X Zi)) + €.
i=1 i=1
Proof of the Claim. Let Q(n) be the statement “If Wy, Wa, ..., W,, are Borel sets in G, and

if Z1,2,...,Z, are Borel sets in Agy,, then there are Borel sets A, A,..., A in G and
k

By, By, ..., By in Agy, such that U(Wl X Z;) = U(Al x B;)and (A; x B;)N(A; xBj) =0
i=1 i=1

whenever i # j.” Note that Q(1) holds trivially. Assume that Q(N) holds. Recall that for

all sets A, B,C,and D, (A x B)\ (C x D) = ((ANC)x (B\D))U((A\C) x B). Let

Wi, Wa,...,Wn41 be Borel sets in G, and let 71, Z», .. ., Zn 41 be Borel sets in Agy,. Then,

N+1 N
U (Wz X Zz) = (U(Wl X Zl)> U (WN+1 X ZN+1)

=1 =1

( (Wz X Zl)) U <(WN+1 X ZN+1>\ <U(Wl X Zz)))

g

U

C=

(Wi X ZO)

(W X Zngn) \ (W x Z)) \ =) \ (W X Z)).

S,

—~ I
— =

Therefore, Q(N + 1) holds.

Let W and Z be Borel sets in G and Ay, respectively, and let ¢ > 0. Then, there
is a number 6 > 1 such that ou(W)v(Z) < pu(W)v(Z) + e. By regularity of p and v,
there are open sets U and V with W C U and Z C V such that u(U) < Vou(W) and
v(V) < Vév(Z). Then,

(nxv)(Ux V)= pU)wp(V)
< (Vop(W))(
— Su(W)(2)
<u(WHv(Z) +e.

Vér(Z))
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Let Wi, W, ..., W,, beBorel setsin G, let Z;, Zs, . . . , Z,, be Borel sets in Agy,, and let € > 0.
Then, there are Borel sets Ay, As, ..., Ay in G and By, By, ..., By in Agy, such that

k

O(W, X Zz) = U(AL X BZ),

i=1

and (A; x B;) N (A; x B;) = () whenever i # j. For each i with 1 < i < k, there are open
sets U; and V; with A; C U; and B; C V; such that

(1 x V) (Ui x Vi) < (ux v)(Ai x By) + 1.

It follows that

(n>xv)(Us x Vi)

k
(1 xv) (U(UZ- x%)) <

i=1

<Y (pxv)(A; x B;) + ¢

M- -

I
-

K2

k
= (uxv) (U(AZ XBZ-)> +e

= ('u X 1/) (U(Wl X Z7)> + €.

Let K C I'(G, Agyx) be a compact set, let O be an open set containing K, and let € > 0.
Since K is compact, there are open sets Uy, Us, ..., U, of G and open sets V1, V5, ..., V,, of

Agyy such that K C U (U; x V;). By the claim, there are open sets A1, Ao, ..., A of G and

=1
open sets By, By, ..., By of Agy, such that
n k

U(UZ X ‘/z) g U(AZ X Bi),
and . ) )
> (nx v)(A; x Bi) < (% V)(_U(Uz- xVi))+e< (uxv)(0)+e
Thus, . .
(1 xv)((a,7)K) < (uxv) (U((aaT)(Ui X Vi)))
< Z(u x v)((a,7)(U; x V;))
=D (1 xv)(Us x Vi)
i=1

< (uxv)(0)+e

This shows that

(i x v)((a,7)K) < inf{(p x v)(O) | O is an open set containing K} + ¢
=(uxv)(K)+e.
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Similarly, one can show that (1 x v)(K) < (¢ x v)((a, 7)K) + €. This proves that

(nxv)((a,)K) = (p x v)(K).
Let O be an open set in I'(G, Agy:), and let (a,7) € T'(G, Agy:). Set
A={(uxv)(K) | K is a compact subset of O}
and
B ={(p xv)(K) | K is a compact subset of (a,7)O}.
Then, forr > 0,

reA r = (p x v)(K) for some compact subset K of O

=

<~ r=(pxv)((a,7)K) for some compact subset K of O
< r=(pxv)(K) for some compact subset K of (a, )0
<~ recb.

Thus, (uxv)(0) = sup A = sup B = (uxv)((a, 7)O). By the same argument, (uxv)(W) =
(1 xv)((a, )W) for all Borel sets W. Therefore, ;1 x v is a Haar measure on I'(G, Agyr). O

Corollary 3.1. Let G be a locally compact Hausdorff strongly topological gyrogroup and suppose
that Agy, is locally compact. Let v and 0 be the Haar measures on Agy, and I'(G, Agyx), respec-
tively. Let K C Agy, be a Borel set such that 0 < v(K) < co. Then the function jix, defined by
i (A) = 0(A x K) for all Borel sets A in G, defines a Haar measure on G.

Proof. Let pbe a fixed Haar measure on G. By Theorem 3.7, there is a number » > 0 such
that 6 = r(u x v). Therefore, ux(A) = (A x K) = r(u x v)(A x K) = ru(A)v(K) =
(rv(K))u(A) for all Borel sets A in G. O

Hoping that the assumption of Ay, being locally compact may be dropped, we pose
the following question.

Question 1. Let G be a locally compact Hausdorff topological gyrogroup. Is the group
Agy described by (3.8) locally compact?

We close this section with the remark that Haar measures on finite groups and on finite
gyrogroups are the same. In fact, recall that if G is a finite discrete gyrogroup, then every
subset of G is open and compact. Therefore, the counting measure p on G is a regular
Borel measure such that every compact set has finite measure. Moreover,  is invariant
under the left gyrotranslations because they are bijective. Hence, the Haar measure on a
finite discrete gyrogroup is the counting measure.

3.2. Convolution and its basic properties. In this section, we will give an application of
Theorem 3.5. We begin this section by proving that there exists a nice subgyrogroup of a
locally compact Hausdorff strongly topological gyrogroup. This subgyrogroup will prove
useful when we extend the notion of convolution, defined for locally compact Hausdorff
topological groups, to the case of gyrogroups.

Lemma 3.3. If G is a gyrogroup, then the collection
I={0#UCG|gyr[a,b)(U)=U forall a,b € G}
forms a monoid under the operation & defined by
UaV={udv|uelUwveV}
forall U,V € Lwith identity {e}. Moreover, if G is a topological gyrogroup, then

(1) U € LimpliesU € T;
(2) U,V € Limplies 5(U & V) = &V & U.
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Proof. Part (1) of the lemma follows from Proposition 2.1 and the fact that gyr[a, b] pre-
serves the gyrogroup operation for all a,b € G. Let U,V € I, letuw € U, and letv € V.
Then, S(u ® v) = gyr[u, v](Gv 6 u) = Ogyr|u,v]v & gyr[u,vju € &V & U. Furthermore,
ovou = gyrv,ul(6(u®v)) = &(gyru, v]u ® gyrlu,vjv) € ©(U @ V). This proves Part (2)
of the lemma. d

Proposition 3.9. Let G be a locally compact Hausdorff strongly topological gyrogroup. Then
there is an open, closed, o-compact subgyrogroup H of G that is invariant under all the gyro-
automorphisms. In particular, H is an L-subgyrogroup.

Proof. Since G is a locally compact Hausdorff strongly topological gyrogroup, there is a
neighborhood U of e such that gyr[a, b](U) = U foralla,b € G, U = U, and U is compact.
Define U' = U and U" = U @ U™ ! for n > 1. By Lemma 3.3, U" € I for all n € N and
Ur @ U™ = U™ for all n,m € N. Note that ©U = U and that if U™ = U", then
eUntl =o(UaU") =cU"eU =U"a U = U™ by Lemma 3.3 (2). By mathematical
induction, U™ = U™ foralln € N. Set H = U U™". Note that

neN
gyrla, b)(H) = gyr|a, b] (U U") Ugyrab (U™) UU"—
neN neN neN

for all a,b € G. This implies that H is an L- subgyrogroup of G. Clearly, H is open and

hence is closed by Proposition 2.2. Since U is compact, U is compact for all n € N by

Proposition 2.3. Furthermore, U" C Hforalln € N because U C H. It follows that

H= U u" cC U U" C H. This shows that H is o-compact. O
neN neN

From now on, let G be a locally compact Hausdorff strongly topological gyrogroup,
and let p be a fixed Haar measure on G. Set

(3.11) LYG) ={f: G — C| fis a Haar integrable function},
(3.12) NYG) = {f € LY(G) | f = 0 almost everywhere},
and let L'(G) be the quotient vector space given by

(3.13) LYG) = LYG)/INYG).

In other words, f € £1(G) if and only if f is y-measurable and

314 11 = [ Ifldu < o

To define a convolution-like operation on £'(G), we first prove the following ad hoc
lemmas.

Lemma 34. If f € L}(G), then there is a sequence {K,} of compact subsets of G such that
f(z)=0forallx ¢ U K,.

neN
Proof. 1t follows from Corollary 2.3.11 of [5] that A = {z € G | f(x) # 0} is o-finite.

Then there exists a sequence {A,,} of Borel sets such that A = U A, and p(4,) < oo
neN
for all n € N. Since p is regular, there exists a sequence {U,,} of open sets such that
AC U U, and p(U,) < oo for alln € N. Let H be an open, o-compact L-subgyrogroup
neN
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of G (such H exists by Proposition 3.9). Let k& € N be fixed. For each N € N, set My =

1
{X €eG/H | u(U;NX) > i } Then My is a finite set since otherwise there is a sequence

{X,} in My such that X,, # X,, if n # m, which implies that ;(Uy) Z wUxNX,) >

n=1

1
Z N = oo, a contradiction. Let z € Uy. Then, x € X for some coset X € G/H. It
n=1

follows that Uy, N X is a nonempty open set in G and so p(Ux N X) > 0. This means that

X e U M,,. Therefore, U, = U {Uk NX|Xe U Mn} This proves that U, is a subset

neN neN
of a countable union of s-compact sets (that is, left cosets of H) for all n € N and so is

U U,,. Therefore, U U, is contained in a countable union of compact sets. O
neN neN

Lemma 3.5. Define F : GxG — G xG by F(z,y) = (z,0x®y). Then F is a homeomorphism
and (u x p)(A) = (u x p)(F~1(A)) for each Borel set A of G x G, where y x pu is the reqular
Borel product of p.

Proof. Note that F~1(z,y) = (z,z ® y) for all z,y € G. Clearly, F is a homeomorphism.
Hence, the measure (u x pu)F~! is regular. Let U be an open setin G x G, and let x € G.
Then

z€ (FHU))a (z,2) € F71(U)
(x,0x@2)eU
cxdzelU,

zexd U,

1oy

forall z € G. Thus, (F~'(U)), = = & U,. By Proposition 2.4,
(wxw)U) = | p(Us)dp
p(z @ Uy )dp

Il
— S —

p(F=HU))dp

= (ux p)(F~H(U)).

Since p x p is regular, it follows that (u x w)(A4) = (u x u)(F~(A)) for any Borel set A4 of
G x G. g

Let f,g € L}(G). Define a function f x g : G — C by

(3.15) [+ g(x /f gey®x)du(y) ify— f(y)g(cy ® z) is integrable;
otherwise.

The function f * g is called the convolution of f and g.

Theorem 3.8. Let f,g € L1(G).

(1) The function y — f(y)g(Sy ® x) is in L1 (G) almost every x in G.
(2) The convolution f x g isin LY(G) and || f * gll1 < || fll1llgll1-
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Proof. Let f, g € £L'(G). By Lemma 3.4, there are sequences {4,, } and { B,,} of compact sets

in G such that f and g vanish outside U A,, and U B, respectively. Define a function

neN neN
M :GxG — Cby M(z,y) = f(z)g(y) for all z,y € G. Note that M is a measurable

function that vanishes outside U (A, x B,,) = U A, X U B,,. By Proposition 2.5,
n,meN neN neN

[ 1ariatux o = [ ( g(y)du(y)> du(z) = | gl < oo.

Therefore, M is integrable. By Proposition 2.6, the function |[M o F'| = |M|o F is integrable.
Observe that M o F' vanishes outside

F7UL U (AuxB) | = | F'(An x Bn),
n,meN n,meN

which is a o-compact set. In fact, M o F' vanishes outside

U F~Y (A, x By) U F~Y(A, x By)
n,meN n,meN

which is a rectangle with o-finite sides. Here, p; and p, are the projections to the first and
second coordinate, respectively. By Proposition 2.7, the function y — f(y)g(Sy @ z) is in
L' (G) almost every z in G and f x g € L(G). Direct computation shows that

199l = [ (£ *9)(@)ln(da)

</ ] / f(y)g(®y@w)u(dy)‘ (i)

< [ [ 11wty olndn(s)
— [ [ 11wty e n)lutdontay)

= [ ([ 1atey e olutao) ) utan)
- [16) ( / g<x>|u(dx>) u(dy)

= 171 gl

noting that the first and third equalities follow from Propositions 2.7 and 2.6. O

The next proposition lists some basic properties of the convolution on £(G).

Proposition 3.10. Let f, g, h € L}(G), and let a € C. Then

(1) f*(g+h)=f*g+ f=halmost everywhere;

(2) (g+ h)* f =g f+ hx falmost everywhere;

(3) a(f * g) = (af) * g = f * (ag); and

(4) if f1, fa, 01,92 € LYG) with f1 = fo almost everywhere and g, = go almost everywhere,
then fy * g1 = fa * g2 almost everywhere.
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Proof. Tt follows from Theorem 3.8 that f(go R, 0 ©) and f(ho R, o ©) are both integrable
for almost every z in G. Let € G be such that both f(go R, 0 ©) and f(h o R, 0 ©) are
integrable. Then, f((g+h) o R, 0©) = f(go Ry 0©) + f(ho R, 0 ©) is integrable. Thus,

(f * (g + ) /f (g + h)(©y ® 2)du(y)
/f 9(Ey & 2) + FW)h(Sy & x)duly)

/f 9(Oy @ x)du(y /f h(oy @ x)du(y)
=(f*xg+ fxh)(x).

Therefore, f*(g+h) = f+g+ f*h almost everywhere. Parts (2) and (3) can be proved in a
similar fashion. To prove Part (4), let f1, f2, g1, g2 € £'(G) with f; = f» almost everywhere
and g; = g2 almost everywhere. Then,

lf1 %91 — faxgellh = [fix g1 — f1 ¥ g2+ f1 ¥ g2 — fa* g2l
< |[f1* (g1 — g2) |l + | (f1 = f2) * g2|l1

<|\fillillgr = g2llx + IIfr = fallallg2ll1
:O7

which completes the proof. O

We emphasize that the identity f % (g * h) = (f * g) x h, where f, g, h € L}(G), which is
true for the case of groups, is missing. In fact, the following example shows that this is not
the case, in general. Thus, topological groups and topological gyrogroups are somewhat
different.

Example 3.2. Let G = {0,1,2, 3,4, 5,6, 7} be the gyrogroup given in Example 3.2 of [4]. Its
gyroaddition and gyration tables are given by Table 1. If G is endowed with the discrete
topology, then G becomes a locally compact Hausdorff strongly topological gyrogroup.
Note that the counting measure p on G, defined by u(A) = |A| for all A C G, is a Haar
measure on G. Let f, g, h be the functions from G to R defined by two-row notation as

(001 2345 6 7
F=lo1 2345 %6 7)
(001 23 45 6 7
9=\1 2 3 45 6 7 8)°
L (001234567
“\2 3456 789/
Then,
(fxg)xh)(@) =Y fz)g(@z@y)h(ey & x)u({Hu{y}),
yeG zeG
and
(f(gxm)(@) =D > fg(z)h(©z @ (oy & 2))u({z}u({y})
yeG zeG

for all z € G. We have by inspection that ((f * g) * h)(1) = 5224, whereas (f * (g *h))(1) =
5044. This shows that f * (g * h) # (f * g) * h in general. In fact,

p{z e G (f(gxh)(@) # ((f+g)xh)(2)}) = 1.
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®@|0 1 2 3 4 5 6 7 gyr |0 1 2 3 4 5 6 7
0|01 23 45 6 7 o(r I 1 I I I I I
111 0 3 2 5 4 7 6 111 I A A A A T 1
2123 016 7 45 2 |1 A 1T A A I A I
313 5607124 3|11 A A1 I A A I
414 217 0 6 5 3 4 |I A AT I A AT
5|54 7 6 10 3 2 511 A I A A I A I
6|6 7 45 23 01 6 |I I A A A A I 1
717 6 54 3 2 10 71 1 I I I I I I

TABLE 1. The gyroaddition table (left) and the gyration table (right) for
the gyrogroup G in Example 3.2. The gyroautomorphism A is given in
cycle notation by A = (1 6)(25).

The seminorm || - [|; on £!(G) induces a norm on L!(G) by defining

(3.16) 1F + NGl = 1£]1x

forall f € £!(G). Note that (3.16) is well defined because if f, g € £L!(G) with f = g almost
everywhere, then || f||; = ||g||1. Therefore, L'(G) forms a normed space. Furthermore, the
convolution * on £!(G) induces a convolution-like operation on L' (G) by defining

(3.17) (f + NHG)) * (g + NHG)) = (f x9) + N(G)

forall f, g € £L*(G). Note that (3.17) is well defined by Proposition 3.10 (4). From this point
of view, L'(@), where G is a locally compact Hausdorff strongly topological gyrogroup,
is a nonassociative normed-algebra. This makes sense since gyrogroup operations are
nonassociative, in general.
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