
CARPATHIAN J. MATH.
Volume 38 (2022), No. 1,
Pages 231 - 248

Online version at https://www.carpathian.cunbm.utcluj.ro/

Print Edition: ISSN 1584 - 2851; Online Edition: ISSN 1843 - 4401

DOI: https://doi.org/10.37193/CJM.2022.01.19

Dedicated to the memory of Academician Mitrofan M. Choban (1942-2021)

Extension of Haar’s theorem

JATURON WATTANAPAN, WATCHAREEPAN ATIPONRAT, SANTI TASENA and
TEERAPONG SUKSUMRAN

ABSTRACT. Haar’s theorem ensures a unique nontrivial regular Borel measure on a locally compact Haus-
dorff topological group, up to multiplication by a positive constant. In this article, we extend Haar’s theorem to
the case of locally compact Hausdorff strongly topological gyrogroups. We simultaneously prove the existence
and uniqueness of a Haar measure on a locally compact Hausdorff strongly topological gyrogroup, using the
method of Steinlage. We then find a natural relationship between Haar measures on gyrogroups and on their
related groups. As an application of this result, we study some properties of a convolution-like operation on the
space of Haar integrable functions defined on a locally compact Hausdorff strongly topological gyrogroup.

1. INTRODUCTION

Usually, analyzing the structure of topological groups (especially compact and locally
compact groups) involves the presence of invariant measures. In fact, if G is a locally
compact Hausdorff topological group, then Haar’s theorem states that there is, up to multi-
plication by a positive constant, a unique nontrivial regular measure µ on the Borel subsets
of G, the so-called (left) Haar measure, that satisfies the following properties:

(1) The measure µ is invariant under left translation: µ(gB) = µ(B) for all g ∈ G and
for all Borel subsets B of G.

(2) The measure µ is finite on all compact sets: µ(K) <∞ for all compact sets K ⊆ G.
Existence, uniqueness (up to scaling), and applications of Haar measures attracted the
attention of several mathematicians, including A. Haar, A. Weil, H. Cartan, and R. C.
Steinlage, to name a few. The importance of Haar’s theorem lies in the fact that it was used
to solve Hilbert’s fifth problem (on studying Lie groups) for compact groups by John von
Neumann. Actually, the notion of a Haar measure has applications in several fields such
as analysis, number theory, group theory, representation theory, statistics, probability
theory, and ergodic theory. For an introduction to the theory of Haar measures, we refer
the reader to [6].

The notion of a gyrogroup was introduced by A. A. Ungar, arising from the study of
the parametrization of the Lorentz transformation group [13]. Roughly speaking, a gyro-
group is a nonassociative group-like structure that shares many properties with groups
and, in fact, every group may be viewed as a gyrogroup with trivial gyroautomorphisms.
In [1], W. Atiponrat introduced the notion of a topological gyrogroup, a gyrogroup with a
compatible topology. In [2], M. Bao and F. Lin defined the notion of a strongly topological
gyrogroup. It seems that strongly topological gyrogroups suitably generalize topological
groups. Several results that are valid for topological groups can be extended to the case
of strongly topological gyrogroups in a natural way; see, for instance, [2, 3, 15, 16].
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This work is a continuation of the study of strongly topological gyrogroups. In fact, we
prove the existence and uniqueness of a Haar measure on a locally compact Hausdorff
strongly topological gyrogroup, following the method of Steinlage. This result extends
Haar’s theorem to the case of gyrogroups. As shown in [14], every locally compact
Hausdorff topological gyrogroup G can be embedded in a completely regular topological
group Γ(G,Agyr). We then find a natural relationship between Haar measures on gyro-
groups and on their related groups. We also investigate some properties of a convolution-
like operation on the space of Haar integrable functions defined on a locally compact
Hausdorff strongly topological gyrogroup. We emphasize that topological gyrogroups
enjoy several (but not all) of the properties of topological groups as we will see in Section
3.2.

2. PRELIMINARIES

In this section, we collect basic definitions and relevant results for reference. See, for
instance, [5, 7, 8, 13].

2.1. Strongly topological gyrogroups. In the case when G is a nonempty set equipped
with a binary operation ⊕ on G, let AutG be the group of automorphisms of (G,⊕).

Definition 2.1 (Definition 2.7, [13]). A nonempty set G, together with a binary operation
⊕ on G, is called a gyrogroup if it satisfies the following axioms:

(G1) There exists an element e ∈ G such that e⊕ a = a for all a ∈ G.
(G2) For each a ∈ G, there exists an element b ∈ G such that b⊕ a = e.
(G3) For all a, b ∈ G, there is an automorphism gyr[a, b] ∈ AutG such that

(2.1) a⊕ (b⊕ c) = (a⊕ b)⊕ gyr[a, b]c

for all c ∈ G. (left gyroassociative law)
(G4) For all a, b ∈ G, gyr[a⊕ b, b] = gyr[a, b]. (left loop property)

We remark that the axioms in Definition 2.1 imply the right counterparts. In fact, any
gyrogroup has a unique two-sided identity, denoted by e, and that an element a of the
gyrogroup has a unique two-sided inverse, denoted by	a. The automorphism gyr[a, b] is
called the gyroautomorphism generated by a and b. The gyrogroup cooperation (cf. Definition
2.9, [13]) of a gyrogroup G, denoted by �, is defined by

(2.2) a� b = a⊕ gyr[a,	b]b, a, b ∈ G.
Let G be a gyrogroup. Define a 	 b = a ⊕ (	b) and a � b = a � (	b) for all a, b ∈ G. For
each a ∈ G, the left gyrotranslation by a, denoted by La, is defined by La(g) = a⊕ g for all
g ∈ G. Similarly, the right gyrotranslation by a, denoted by Ra, is defined by Ra(g) = g ⊕ a
for all g ∈ G. They are indeed bijections from G to itself (cf. Theorem 2.22, [13]). For a
subgyrogroup H of a gyrogroup G, set G/H = {a ⊕ H | a ∈ G}, where a ⊕ H is the left
coset defined by a⊕H = {a⊕ h | h ∈ H}.

Definition 2.2 (Definition 17, [12]). A subgyrogroupH of a gyrogroupG is an L-subgyrogroup,
denoted by H 6L G, if gyr[a, h](H) = H for all a ∈ G, h ∈ H .

We remark that a generic subgyrogroupH of a gyrogroupG do not partitionG into left
cosets. However, if H is an L-subgyrogroup of G, then G/H forms a partition of G and,
in particular, two distinct left cosets of H are disjoint (cf. Theorem 20, [12]).
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Theorem 2.1 (see [11, 13]). The following properties hold in any gyrogroup G:
(1) 	(a⊕ b) = gyr[a, b](	b	 a);
(2) (b� a)⊕ a = b; (right cancellation law)
(3) (	a⊕ b)⊕ gyr[	a, b](	b⊕ c) = 	a⊕ c;
(4) gyr−1[a, b] = gyr[b, a], where gyr−1[a, b] denotes the inverse of gyr[a, b] with respect

to composition of functions; (inversive symmetry)
(5) L−1a = L	a.

for all a, b, c ∈ G.

Recall that a gyrogroup G endowed with a topology is called a topological gyrogroup if
(i) the gyroaddition map (x, y) 7→ x ⊕ y is jointly continuous, and (ii) the inversion map
x 7→ 	x is continuous (cf. Definition 1, [1]).

Proposition 2.1 (Lemma 4, [1]). Let G be a topological gyrogroup. Then gyr[a, b] is a homeo-
morphism of G for all a, b ∈ G.

Proposition 2.2 (Proposition 7, [1]). Let G be a topological gyrogroup, and let A be a sub-
gyrogroup of G. If A is open, then it is also closed.

Proposition 2.3 (Corollary 5, [1]). Suppose that G is a topological gyrogroup, and let A,B be
subsets of G. If A and B are compact, then A⊕B is compact.

Definition 2.3 (p. 5116, [2]). A topological gyrogroup G is strong if there exists a neigh-
borhood base U at the identity e of G such that gyr[x, y](U) = U for all x, y ∈ G,U ∈ U . In
this case, we say that G is a strongly topological gyrogroup with neighborhood base U at e.

Recall that a nonempty subset A of a gyrogroup G is symmetric if 	A = A, where
	A = {	a | a ∈ A}. In the case when G is a strongly topological gyrogroup, there exists
a neighborhood base N at e such that for all U ∈ N ,

(1) gyr[a, b](U) = U for all a, b ∈ G;
(2) U is symmetric.

In fact, if G is a strongly topological gyrogroup with neighborhood base U at e, then the
collection N = {U ∩ (	U) | U ∈ U} is the desired neighborhood base. We call any
neighborhood base that also satisfies property (2) a symmetric neighborhood base at e.

2.2. Basic knowledge in topology and measure theory. Standard terminology in topo-
logy and measure theory used throughout this article are defined as usual.

Let X be a nonempty set, and let A,B ⊆ X ×X . We will use the symbol A−1 to denote
the set {(x, y) ∈ X ×X | (y, x) ∈ A} and A ◦B to denote the set {(x, z) ∈ X ×X | (x, y) ∈
A and (y, z) ∈ B for some y ∈ X}. The diagonal of X is defined as ∆X = {(x, x) | x ∈ X}.
Definition 2.4 (p. 45, [7]). A uniformity on a set X is a collection U of subsets of X × X
such that the following properties hold:

(1) If U ∈ U and U ⊆ V , then V ∈ U .
(2) If U ∈ U and V ∈ U , then U ∩ V ∈ U .
(3) ∆X ⊆ U for all U ∈ U .
(4) If U ∈ U , then U−1 ∈ U .
(5) If U ∈ U , then there is a set V ∈ U such that V ◦ V ⊆ U .

If U is a uniformity on X , then the pair (X,U) is called a uniform space.

Theorem 2.2 (p. 48, [7]). Let (X,U) be a uniform space. For all U ∈ U , x ∈ X , define U [x] =
{y | (x, y) ∈ U}. Then the collection

(2.3) TU = {O ⊆ X | for each x ∈ O, there is a set U ∈ U such that U [x] ⊆ O}
is a topology on X . The topology TU is called the uniform topology on X derived from U .
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Definition 2.5 (p. 48, [7]). Let X be a topological space. If the topology of X can be
derived from a uniformity on X , then X is uniformizable.

Let X be a nonempty set. A filterbase B on X is a collection of subsets of X such that (i)
∅ /∈ B, and (ii) if A,B ∈ B, then there is a set C ∈ B satisfying C ⊆ A ∩ B. A filterbase B
on X ×X is said to be a base for a uniformity if the collection

(2.4) {E ⊆ X ×X | B ⊆ E for some B ∈ B}
is a uniformity on X (cf. Theorem 1 on p. 46 of [7]).

Definition 2.6 (p. 225, [7]). Let (X,U) and (Y,V) be uniform spaces. A function f from
X to Y is uniformly continuous on X if for each V ∈ V , there is a set U ∈ U such that
(f(x1), f(x2)) ∈ V for all (x1, x2) ∈ U .

Definition 2.7 (Definition 4.8, [10]). Let X be a topological space, and let (Y,U) be a uni-
form space. A collection F of functions from X to Y is equicontinuous at a point x of X if
for each U ∈ U , there is an open set O containing x such that f(O) ⊆ U [f(x)] for all f ∈ F .
If F is equicontinuous at every point of X , we say that F is equicontinuous.

Definition 2.8 (see [10]). Let X be a topological space, and let G be a group of homeomor-
phisms of X to X .

(1) G is weakly transitive if for every nonempty open set O, X =
⋃
g∈G

g(O).

(2) G is x0-weakly transitive if X ⊆
⋃
g∈G

g(O) for all neighborhoods O of x0.

(3) G separates compact sets if for each pair of disjoint compact sets B,C in X , there is
a nonempty open set O such that g(O) ∩ C = ∅ or g(O) ∩B = ∅ for all g ∈ G.

(4) G separates compact sets with neighborhoods of x0 if for each pair of disjoint compact
setsB,C inX , there is a neighborhoodO of x0 such that g(O)∩C = ∅ or g(O)∩B =
∅ for all g ∈ G.

It is not difficult to see that “being weakly transitive” implies “being x0-weakly tran-
sitive” and that “being able to separate compact sets with neighborhoods of x0” implies
“being able to separate compact sets”.

Let X be a locally compact Hausdorff space, and let G be a group of homeomorphisms
of X to X . A Haar measure µ on X with respect to G is a nontrivial, regular, Borel measure
µ such that µ(g(B)) = µ(B) for all Borel sets B and for all g ∈ G (cf. Definition 3.1, [10]).

Theorem 2.3 (Theorem 4.4, [10]). If G is an x0-weakly transitive group of homeomorphisms of a
nonempty locally compact Hausdorff space X and if G separates compact sets with neighborhoods
of x0, then there is a Haar measure µ on X with respect to G. Furthermore, µ(O) > 0 whenever
O is a neighborhood of x0.

Theorem 2.4 (Theorem 5.3, [10]). Let G be an equicontinuous group of homeomorphisms of a
nonempty locally compact Hausdorff spaceX whose topology is generated by a uniformity U . Then
a Haar measure on X is unique if and only if G is weakly transitive.

In view of Theorems 2.3 and 2.4, if X is a certain topological group and if G is chosen
to be the group of left translations in X , we recover the classic version of a Haar measure
as mentioned in Haar’s theorem. As shown in Section 9.4 of [6], the Haar measure µ
constructed via Theorems 2.3 and 2.4 satisfies the property that µ(K) <∞ for all compact
sets K in X .

Let X and Y be nonempty sets, and let U ⊆ X × Y . For all x ∈ X , y ∈ Y , define

Ux = {z ∈ Y | (x, z) ∈ U} and Uy = {z ∈ X | (z, y) ∈ U}.
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Let f be a function with domainX×Y . For all x ∈ X , y ∈ Y , let fx and fy be the functions
defined by

fx(w) = f(x,w) and fy(z) = f(z, y)

for all w ∈ Y, z ∈ X , respectively.

Proposition 2.4 (Proposition 7.6.5, [5]). Let X and Y be locally compact Hausdorff spaces, let
µ and ν be regular Borel measures on X and Y , respectively, and let µ × ν be the regular Borel
product of µ and ν. If U is an open subset of X × Y , then

(1) the functions x 7→ ν(Ux) and y 7→ µ(Uy) are lower semicontinuous and hence Borel
measurable;

(2) (µ× ν)(U) =

∫
X

ν(Ux)µ(dx) =

∫
Y

µ(Uy)ν(dy).

Proposition 2.5 (Exercise 7.6.4, [5]). LetX and Y be locally compact Hausdorff spaces, let µ and
ν be regular Borel measures on X and Y , respectively, and let µ×ν be the regular Borel product of
µ and ν. If f : X × Y → [0,∞] is a nonnegative Borel measurable function that vanishes outside
a Borel rectangle with σ-finite sides, then

(1) x 7→
∫
f(x, y)ν(dy) and y 7→

∫
f(x, y)µ(dx) are Borel measurable;

(2)
∫
fd(µ× ν) =

∫ ∫
f(x, y)ν(dy)µ(dx) =

∫ ∫
f(x, y)µ(dx)ν(dy).

Proposition 2.6 (Proposition 2.6.8, [5]). Let (X,A, µ) be a measure space, let (Y,B) be a
measurable space, and let f : (X,A) → (Y,B) be measurable. Let g be an extended real-valued
B-measurable function on Y . Then g is µf−1-integrable if and only if g ◦f is µ-integrable. If these

functions are integrable, then
∫
Y

gd(µf−1) =

∫
X

(g ◦ f)dµ.

Proposition 2.7 (Proposition 7.6.7, [5]). Let X and Y be locally compact Hausdorff spaces, let
µ and ν be regular Borel measures on X and Y , respectively, and let µ × ν be the regular Borel
product of µ and ν. If f belongs to L1(X × Y,B(X × Y ), µ× ν) and vanishes outside a rectangle
whose sides are Borel sets that are σ-finite under µ and ν, respectively, then

(1) fx ∈ L1(Y,B(Y ), ν) for µ-almost every x and fy ∈ L1(X,B(X), µ) for ν-almost every
y;

(2) the functions

x 7→


∫
fxdν if fx ∈ L1(Y,B(Y ), ν),

0 otherwise,
and

y 7→


∫
fydµ if fy ∈ L1(X,B(X), µ),

0 otherwise,

belong to L1(X,B(X), µ) and L1(Y,B(Y ), ν), respectively; and

(3)
∫
fd(µ× ν) =

∫
X

∫
Y

f(x, y)ν(dy)µ(dx) =

∫
Y

∫
X

f(x, y)µ(dx)ν(dy).

3. MAIN RESULTS

In Section 3.1, we prove the existence and uniqueness of a Haar measure on a locally
compact Hausdorff strongly topological gyrogroup, following the method of Steinlage.
We then find a natural relationship between Haar measures on gyrogroups and on their
appropriate corresponding groups.
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3.1. Haar measures on locally compact Hausdorff strongly topological gyrogroups. We
begin this section by showing that a concrete example of a strongly topological gyrogroup
in which symmetric neighborhood base at the identity does exist.

Example 3.1. Consider the open unit ball in C, D = {z ∈ C | |z| < 1}, together with
Möbius addition ⊕M given by

(3.5) a⊕M b =
a+ b

1 + ab

for all a, b ∈ D. The pair (D,⊕M ) is called the (complex) Möbius gyrogroup. When D is
equipped with the subspace topology of C, it becomes a topological gyrogroup (cf. Exam-
ple 2, [1]). Furthermore, if a, b ∈ D, then the gyroautomorphism gyr[a, b] is given by

gyr[a, b]c =
1 + ab

1 + ab
c

for all c ∈ D. Hence, |gyr[a, b]c| = |c| for all a, b, c ∈ D. This implies that

gyr[a, b](B(0, r)) = B(0, r)

for all a, b ∈ D and for all r with 0 < r ≤ 1, where B(0, r) is the open ball in C of
radius r centered at 0. Therefore, D is a strongly topological gyrogroup with symmetric
neighborhood base {B(0, r) | 0 < r ≤ 1} at 0.

Inspired by the definition of a Haar measure on a locally compact Hausdorff topo-
logical group, we formulate the following definition for topological gyrogroups.

Definition 3.9. Let G be a locally compact Hausdorff strongly topological gyrogroup. A
(left) Haar measure µ on G is a nontrivial, regular, Borel measure such that

(i) µ(K) <∞ for all compact sets K in G;
(ii) µ(x⊕B) = µ(B) for all Borel sets B and for all x ∈ G.

The next theorem is the main result of this section. By following the method of Steinlage
in [10], its proof will be divided into several parts; some of them are important in their
own right.

Theorem 3.5. Let G be a locally compact Hausdorff strongly topological gyrogroup. Then there
exists a unique Haar measure on G, up to multiplication by a positive constant. Moreover, every
nonempty open set has nonzero measure.

Let G be a strongly topological gyrogroup with symmetric neighborhood base N at e.
For each U ∈ N , set

(3.6) EU = {(x, y) ∈ G×G | 	x⊕ y ∈ U}.
Observe that if U ∈ N and if x ∈ X , then

EU [x] = {y | (x, y) ∈ EU} = {y | 	x⊕ y ∈ U} = x⊕ U.
In order to simultaneously prove the existence and uniqueness of a Haar measure on a
locally compact Hausdorff strongly topological gyrogroup, we first show that any strongly
topological gyrogroup is a uniformizable space in the sense of Definition 2.5.

Theorem 3.6. Every strongly topological gyrogroup is uniformizable.

Proof. Let G be a strongly topological gyrogroup with symmetric neighborhood base N
at e, and let B = {EU | U ∈ N}. We first prove that B is a base for a uniformity on G.
Obviously, ∆G ⊆ EU for all U ∈ N . If U and V are in N , then there is a set W ∈ N such
thatW ⊆ U ∩V . Let (x, y) ∈ EW . Then	x⊕y ∈W ⊆ U ∩V . Thus, (x, y) ∈ EU ∩EV . This
proves that EW ⊆ EU ∩ EV . Let V ∈ N . If 	x⊕ y ∈ V , then 	(	x⊕ y) ∈ V because V is
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symmetric. Since 	(	x⊕ y) = gyr[	x, y](	y ⊕ x) and V ∈ N , it follows that 	y ⊕ x ∈ V
by Theorem 2.1 (4). This implies that E−1V = EV . Let V ∈ N . Then there is a set W ∈ N
such that W ⊕W ⊆ V . Suppose that (x, y) and (y, z) lie in EW . Then 	x⊕ y and 	y ⊕ z
are in W . It follows that gyr[	x, y](	y ⊕ z) ∈W . Thus, by Theorem 2.1 (3),

	x⊕ z = (	x⊕ y)⊕ gyr[	x, y](	y ⊕ z) ∈W ⊕W ⊆ V.

Therefore, EW ◦ EW ⊆ EV . According to Theorem 1 on p. 46 of [7], the collection

U = {E ⊆ G×G | EU ⊆ E for some U ∈ N}

is a uniformity on G.
Next, we prove that the uniform topology derived from U is the same as the original

topology of G. Let O be an open set in G, and let x ∈ O. Then there is a set U ∈ N such
that x ⊕ U ⊆ O. Thus, EU [x] ⊆ O. Conversely, let O′ be an open set with respect to the
uniform topology derived from U , and let x ∈ O′. Then there is a set E ∈ U such that
E[x] ⊆ O′. Let U ∈ N be such that EU ⊆ E. Note that x ⊕ U = EU [x] ⊆ E[x] ⊆ O′.
Thus, O′ is an open set in G. This shows that the two topologies are the same. Hence, G
is uniformizable. �

It turns out that gyroautomorphisms of a strongly topological gyrogroup, which are
fundamental functions that encode information about the gyrogroup structure, are uni-
formly continuous, as shown in the following proposition.

Proposition 3.8. Every gyroautomorphism of a strongly topological gyrogroup is uniformly con-
tinuous.

Proof. Let G be a strongly topological gyrogroup with symmetric neighborhood base N
at e. Let a, b ∈ G, and let U ∈ N . Suppose that (x, y) ∈ EU . Then

	gyr[a, b]x⊕ gyr[a, b]y = gyr[a, b](	x⊕ y) ∈ gyr[a, b](U) = U.

Thus, (gyr[a, b]x, gyr[a, b]y) ∈ EU , which completes the proof. �

For any Hausdorff strongly topological gyrogroup G, let H(G) be the group of all
homeomorphisms from G to G, and let T be the smallest subgroup of H(G) that contains
all left gyrotranslations of G. According to Part (5) of Theorem 2.1, L−1a = L	a for all
a ∈ G. It follows that T consists precisely of all finite compositions of left gyrotrans-
lations. Lemma 3.1 shows that the image of any neighborhood of the identity under a
transformation in T coincides with the image under a left gyrotranslation. This lemma
will be used to prove Lemma 3.2, which shows that T is weakly transitive, separates
compact sets with neighborhoods of e, and is equicontinuous. Therefore, Theorems 2.3
and 2.4 apply.

Lemma 3.1. Let G be a strongly topological gyrogroup with neighborhood base N at e. For all
g ∈ T , there is an element x ∈ G such that g(U) = Lx(U) for all U ∈ N .

Proof. Let x, y ∈ G. Note that

(Lx ◦ Ly)(U) = (x⊕ y)⊕ gyr[x, y](U) = (x⊕ y)⊕ U = Lx⊕y(U)

for all U ∈ N . Hence, the lemma follows from mathematical induction. �

Remark 3.1. From the proof of Lemma 3.1, we obtain that for all x1, x2, . . . , xn ∈ G and
for all U ∈ N ,

xn ⊕ (xn−1 ⊕ (· · · (x2 ⊕ (x1 ⊕ U)))) = (xn ⊕ (xn−1 ⊕ (· · · ⊕ (x2 ⊕ x1))))⊕ U.
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Lemma 3.2. Let G be a Hausdorff strongly topological gyrogroup with symmetric neighborhood
base N at e. Then T is weakly transitive, separates compact sets with neighborhoods of e, and is
equicontinuous. In particular, T is e-weakly transitive and separates compact sets.

Proof. First, we prove that T is weakly transitive. LetO be a nonempty open set, let x ∈ O,
and let y ∈ G. Then Ly�x ∈ T and, by the right cancellation law (cf. Theorem 2.1 (2)),
Ly�x(x) = y. Hence, G ⊆

⋃
g∈T

g(O) and so equality holds.

Next, we prove that T separates compact sets with neighborhoods of e. Let B,C be
disjoint compact sets in G. Suppose that for each U ∈ N , there is an element xU ∈ G
such that LxU

(U) ∩ B 6= ∅ and LxU
(U) ∩ C 6= ∅. Then for each U ∈ N , there are elements

bU , cU ∈ U such that LxU
(bU ) ∈ B and LxU

(cU ) ∈ C. Recall that the collection N with
the reverse inclusion—that is, for all sets U, V ∈ N , U ≤ V if and only if V ⊆ U—is a
directed set. It follows that {xU⊕bU}U∈N is a net inB. SinceB is compact, {xU ⊕ bU}U∈N
has a convergent subnet, say {xU ⊕ bU}U∈B, where B is cofinal in N . Assume that
{xU ⊕ bU}U∈B converges to b ∈ B. Notice that {xU ⊕ cU}U∈B is a net in C. Since
C is compact, {xU ⊕ cU}U∈B has a convergent subnet, say {xU ⊕ cU}U∈C , where C is
cofinal in B. Assume that {xU ⊕ cU}U∈C converges to c ∈ C. Note that {xU ⊕ bU}U∈C
is a subnet of {xU ⊕ bU}U∈B that converges to b. Since bU ∈ U , gyr[xU , bU ]bU ∈ U . It
follows that the net {gyr[xU , bU ]bU}U∈C converges to e. By the continuity of 	, the net
{gyr[xU , bU ](	bU )}U∈C = {	gyr[xU , bU ]bU}U∈C converges to e. Since the operation ⊕ is
continuous, the net

{xU}U∈C = {xU ⊕ (bU 	 bU )}U∈C = {(xU ⊕ bU )⊕ gyr[xU , bU ](	bU )}U∈C

converges to b⊕e = b, noting that the second equality follows from the left gyroassociative
law. Similarly, one can show that the net {xU}U∈C converges to c. Since G is Hausdorff,
b = c. This contradicts the fact that B ∩ C = ∅. Therefore, there is a set U ∈ N such that
Lx(U)∩B = ∅ or Lx(U)∩C = ∅ for all x ∈ G. This combined with Lemma 3.1 shows that
T separates compact sets with neighborhoods of e.

Finally, we prove that T is equicontinuous. Let x ∈ G, let U ∈ N , and let f ∈ T . Then
x⊕ U is an open set containing x. We can assume that f = Lx1 ◦ Lx2 ◦ · · · ◦ Lxn for some
x1, x2, . . . , xn ∈ G. As noted in Remark 3.1,

f(x⊕ U) = (f ◦ Lx)(U) = Lf(x)(U) = f(x)⊕ U = EU [f(x)],

which completes the proof. �

We are now in a position to prove Theorem 3.5.

Proof of Theorem 3.5. By Theorems 2.3, 2.4, 3.6, and Lemma 3.2, there exists a unique Haar
measure µ on G with respect to T such that (i) every neighborhood of e has nonzero
measure, and (ii) µ(K) < ∞ for all compact sets K in G. Hence, µ is indeed a Haar
measure in the sense of Definition 3.9. Let O be a nonempty open set in G. Suppose that
x ∈ O. Then 	x⊕O is a neighborhood of e and so µ(O) = µ(	x⊕O) > 0. �

As indicated in Example 1.1 of [14], the aforementioned Möbius gyrogroup can be

embedded in the general linear group GL2(C) via the topological embedding a 7→
[
1 a
ā 1

]
for all a ∈ D. This suggests studying connections between Haar measures on groups and
on gyrogroups. We emphasize that an explicit formula for the Haar measure on the open
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disk D is known. In fact, if dA represents the area measure on D, then the function

(3.7) µ(B) =

∫
D

1B
(1− |z|2)2

dA(z)

for all Borel sets B of D defines a Haar measure on D that is invariant under Möbius
addition ⊕M ; see, for instance, [9] or Section 4.1 of [17].

Let G be a locally compact Hausdorff topological gyrogroup. As shown in [14], the
group Agyr generated by all the gyroautomorphisms of G,

(3.8) Agyr = {gyr[a1, b1] ◦ gyr[a2, b2] ◦ · · · ◦ gyr[an, bn] | n ∈ N, ai, bi ∈ G},

forms a Hausdorff topological group with respect to the subspace topology induced by
the g-topology of the homeomorphism group of G. Recall that the space

(3.9) Γ(G,Agyr) = {(a, τ) | a ∈ G, τ ∈ Agyr},

endowed with the product topology, forms a completely regular topological group with
group law

(3.10) (a, τ)(b, σ) = (a⊕ τ(b), gyr[a, τ(b)] ◦ τ ◦ σ)

for all a, b ∈ G and for all τ, σ ∈ Agyr. Furthermore, according to Theorem 3.9 of [14], G is
embedded in Γ(G,Agyr) via the topological embedding a 7→ (a, i), where i is the identity
function of G. By Theorem 3.5, if G is strong, then G possesses a unique Haar measure.
However, the existence of a Haar measure on Γ(G,Agyr) is in question because the local
compactness of this group is not known. Assuming the local compactness of Agyr, we
obtain a strong connection between Haar measures on G and Γ(G,Agyr), as shown in the
following theorem and corollary.

Theorem 3.7. Let G be a locally compact Hausdorff strongly topological gyrogroup with a Haar
measure µ. If Agyr is locally compact, then there exists a unique Haar measure ν on Agyr.
Consequently, the regular Borel product µ× ν is the unique Haar measure on Γ(G,Agyr).

Proof. The existence and uniqueness of a Haar measure on a locally compact Hausdorff
topological group is well known. Note that µ× ν is a nontrivial regular Borel measure on
Γ(G,Agyr). Let K be a compact subset of Γ(G,Agyr). Then

(µ× ν)(K) ≤ (µ× ν)(p1(K)× p2(K)) = µ(p1(K))ν(p2(K)) <∞.

Next, let U and V be open sets in G and Agyr, respectively, and let (a, τ) ∈ Γ(G,Agyr).
Note that

(a, τ)(U × V ) = {(a, τ)(b, σ) | b ∈ U, σ ∈ V }
= {(a⊕ τ(b), gyr[a, τ(b)] ◦ τ ◦ σ) | b ∈ U, σ ∈ V }.

Then, for each (x, α) ∈ Γ(G,Agyr), (x, α) ∈ (a, τ)(U × V ) if and only if x = a ⊕ τ(b), α =
gyr[a, τ(b)]◦τ◦σ for some (b, σ) ∈ U×V if and only if x ∈ a⊕τ(U), α ∈ (gyr[a,	a⊕x]◦τ)V .
It follows that

((a, τ)(U × V ))x =

{
(gyr[a,	a⊕ x] ◦ τ)V if x ∈ a⊕ τ(U);

∅ otherwise.

This shows that

ν(((a, τ)(U × V ))x) =

{
ν(V ) if x ∈ a⊕ τ(U);

0 otherwise.
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By Proposition 2.4,

(µ× ν)((a, τ)(U × V )) =

∫
ν(((a, τ)(U × V ))x)µ(dx)

=

∫
ν(V )1a⊕τ(U)µ(dx)

= ν(V )µ(a⊕ τ(U))

= (µ× ν)(U × V ).

Claim. Let W1,W2, . . . ,Wn be Borel sets in G, and let Z1, Z2, . . . , Zn be Borel sets in Agyr.
Then, for each ε > 0, there are open sets U1, U2, . . . , Uk of G and open sets V1, V2, . . . , Vk of Agyr

such that
n⋃
i=1

(Wi × Zi) ⊆
k⋃
i=1

(Ui × Vi),

and
k∑
i=1

(µ× ν)(Ui × Vi) < (µ× ν)

(
n⋃
i=1

(Wi × Zi)

)
+ ε.

Proof of the Claim. Let Q(n) be the statement “If W1,W2, . . . ,Wn are Borel sets in G, and
if Z1, Z2, . . . , Zn are Borel sets in Agyr, then there are Borel sets A1, A2, . . . , Ak in G and

B1, B2, . . . , Bk inAgyr such that
n⋃
i=1

(Wi×Zi) =

k⋃
i=1

(Ai×Bi) and (Ai×Bi)∩ (Aj×Bj) = ∅

whenever i 6= j.” Note that Q(1) holds trivially. Assume that Q(N) holds. Recall that for
all sets A,B,C, and D, (A × B) \ (C × D) = ((A ∩ C) × (B \ D)) ∪ ((A \ C) × B). Let
W1,W2, . . . ,WN+1 be Borel sets in G, and let Z1, Z2, . . . , ZN+1 be Borel sets in Agyr. Then,

N+1⋃
i=1

(Wi × Zi) =

(
N⋃
i=1

(Wi × Zi)

)
∪ (WN+1 × ZN+1)

=

(
N⋃
i=1

(Wi × Zi)

)
∪

(
(WN+1 × ZN+1) \

(
N⋃
i=1

(Wi × Zi)

))

=

(
N⋃
i=1

(Wi × Zi)

)
∪ ((· · · ((WN+1 × ZN+1) \ (W1 × Z1)) \ · · · ) \ (WN × ZN )).

Therefore, Q(N + 1) holds.
Let W and Z be Borel sets in G and Agyr, respectively, and let ε > 0. Then, there

is a number δ > 1 such that δµ(W )ν(Z) < µ(W )ν(Z) + ε. By regularity of µ and ν,
there are open sets U and V with W ⊆ U and Z ⊆ V such that µ(U) <

√
δµ(W ) and

ν(V ) <
√
δν(Z). Then,

(µ× ν)(U × V ) = µ(U)ν(V )

< (
√
δµ(W ))(

√
δν(Z))

= δµ(W )ν(Z)

< µ(W )ν(Z) + ε.
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LetW1,W2, . . . ,Wn be Borel sets inG, let Z1, Z2, . . . , Zn be Borel sets inAgyr, and let ε > 0.
Then, there are Borel sets A1, A2, . . . , Ak in G and B1, B2, . . . , Bk in Agyr such that

n⋃
i=1

(Wi × Zi) =

k⋃
i=1

(Ai ×Bi),

and (Ai × Bi) ∩ (Aj × Bj) = ∅ whenever i 6= j. For each i with 1 ≤ i ≤ k, there are open
sets Ui and Vi with Ai ⊆ Ui and Bi ⊆ Vi such that

(µ× ν)(Ui × Vi) < (µ× ν)(Ai ×Bi) +
ε

k
.

It follows that

(µ× ν)

(
k⋃
i=1

(Ui × Vi)

)
≤

k∑
i=1

(µ× ν)(Ui × Vi)

<

k∑
i=1

(µ× ν)(Ai ×Bi) + ε

= (µ× ν)

(
k⋃
i=1

(Ai ×Bi)

)
+ ε

= (µ× ν)

(
n⋃
i=1

(Wi × Zi)

)
+ ε.

Let K ⊆ Γ(G,Agyr) be a compact set, let O be an open set containing K, and let ε > 0.
Since K is compact, there are open sets U1, U2, . . . , Un of G and open sets V1, V2, . . . , Vn of

Agyr such that K ⊆
n⋃
i=1

(Ui × Vi). By the claim, there are open sets A1, A2, . . . , Ak of G and

open sets B1, B2, . . . , Bk of Agyr such that
n⋃
i=1

(Ui × Vi) ⊆
k⋃
i=1

(Ai ×Bi),

and
k∑
i=1

(µ× ν)(Ai ×Bi) < (µ× ν)(
n⋃
i=1

(Ui × Vi)) + ε ≤ (µ× ν)(O) + ε.

Thus,

(µ× ν)((a, τ)K) ≤ (µ× ν)

(
n⋃
i=1

((a, τ)(Ui × Vi))

)

≤
n∑
i=1

(µ× ν)((a, τ)(Ui × Vi))

=

n∑
i=1

(µ× ν)(Ui × Vi)

< (µ× ν)(O) + ε.

This shows that

(µ× ν)((a, τ)K) ≤ inf{(µ× ν)(O) | O is an open set containing K}+ ε

= (µ× ν)(K) + ε.
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Similarly, one can show that (µ× ν)(K) ≤ (µ× ν)((a, τ)K) + ε. This proves that

(µ× ν)((a, τ)K) = (µ× ν)(K).

Let O be an open set in Γ(G,Agyr), and let (a, τ) ∈ Γ(G,Agyr). Set

A = {(µ× ν)(K) | K is a compact subset of O}
and

B = {(µ× ν)(K) | K is a compact subset of (a, τ)O}.
Then, for r ≥ 0,

r ∈ A ⇐⇒ r = (µ× ν)(K) for some compact subset K of O

⇐⇒ r = (µ× ν)((a, τ)K) for some compact subset K of O

⇐⇒ r = (µ× ν)(K) for some compact subset K of (a, τ)O

⇐⇒ r ∈ B.
Thus, (µ×ν)(O) = supA = supB = (µ×ν)((a, τ)O). By the same argument, (µ×ν)(W ) =
(µ×ν)((a, τ)W ) for all Borel setsW . Therefore, µ×ν is a Haar measure on Γ(G,Agyr). �

Corollary 3.1. Let G be a locally compact Hausdorff strongly topological gyrogroup and suppose
that Agyr is locally compact. Let ν and θ be the Haar measures on Agyr and Γ(G,Agyr), respec-
tively. Let K ⊆ Agyr be a Borel set such that 0 < ν(K) < ∞. Then the function µK , defined by
µK(A) = θ(A×K) for all Borel sets A in G, defines a Haar measure on G.

Proof. Let µ be a fixed Haar measure on G. By Theorem 3.7, there is a number r > 0 such
that θ = r(µ × ν). Therefore, µK(A) = θ(A × K) = r(µ × ν)(A × K) = rµ(A)ν(K) =
(rν(K))µ(A) for all Borel sets A in G. �

Hoping that the assumption of Agyr being locally compact may be dropped, we pose
the following question.

Question 1. Let G be a locally compact Hausdorff topological gyrogroup. Is the group
Agyr described by (3.8) locally compact?

We close this section with the remark that Haar measures on finite groups and on finite
gyrogroups are the same. In fact, recall that if G is a finite discrete gyrogroup, then every
subset of G is open and compact. Therefore, the counting measure µ on G is a regular
Borel measure such that every compact set has finite measure. Moreover, µ is invariant
under the left gyrotranslations because they are bijective. Hence, the Haar measure on a
finite discrete gyrogroup is the counting measure.

3.2. Convolution and its basic properties. In this section, we will give an application of
Theorem 3.5. We begin this section by proving that there exists a nice subgyrogroup of a
locally compact Hausdorff strongly topological gyrogroup. This subgyrogroup will prove
useful when we extend the notion of convolution, defined for locally compact Hausdorff
topological groups, to the case of gyrogroups.

Lemma 3.3. If G is a gyrogroup, then the collection

I = {∅ 6= U ⊆ G | gyr[a, b](U) = U for all a, b ∈ G}
forms a monoid under the operation ⊕ defined by

U ⊕ V = {u⊕ v | u ∈ U, v ∈ V }
for all U, V ∈ I with identity {e}. Moreover, if G is a topological gyrogroup, then

(1) U ∈ I implies U ∈ I;
(2) U, V ∈ I implies 	(U ⊕ V ) = 	V 	 U .
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Proof. Part (1) of the lemma follows from Proposition 2.1 and the fact that gyr[a, b] pre-
serves the gyrogroup operation for all a, b ∈ G. Let U, V ∈ I, let u ∈ U , and let v ∈ V .
Then, 	(u ⊕ v) = gyr[u, v](	v 	 u) = 	gyr[u, v]v 	 gyr[u, v]u ∈ 	V 	 U . Furthermore,
	v	 u = gyr[v, u](	(u⊕ v)) = 	(gyr[u, v]u⊕ gyr[u, v]v) ∈ 	(U ⊕ V ). This proves Part (2)
of the lemma. �

Proposition 3.9. Let G be a locally compact Hausdorff strongly topological gyrogroup. Then
there is an open, closed, σ-compact subgyrogroup H of G that is invariant under all the gyro-
automorphisms. In particular, H is an L-subgyrogroup.

Proof. Since G is a locally compact Hausdorff strongly topological gyrogroup, there is a
neighborhoodU of e such that gyr[a, b](U) = U for all a, b ∈ G,	U = U , andU is compact.
Define U1 = U and Un = U ⊕ Un−1 for n > 1. By Lemma 3.3, Un ∈ I for all n ∈ N and
Un ⊕ Um = Un+m for all n,m ∈ N. Note that 	U = U and that if 	Un = Un, then
	Un+1 = 	(U ⊕ Un) = 	Un 	 U = Un ⊕ U = Un+1 by Lemma 3.3 (2). By mathematical
induction, 	Un = Un for all n ∈ N. Set H =

⋃
n∈N

Un. Note that

gyr[a, b](H) = gyr[a, b]

(⋃
n∈N

Un

)
=
⋃
n∈N

gyr[a, b](Un) =
⋃
n∈N

Un = H

for all a, b ∈ G. This implies that H is an L-subgyrogroup of G. Clearly, H is open and
hence is closed by Proposition 2.2. Since U is compact, U

n
is compact for all n ∈ N by

Proposition 2.3. Furthermore, U
n ⊆ H for all n ∈ N because U ⊆ H . It follows that

H =
⋃
n∈N

Un ⊆
⋃
n∈N

U
n ⊆ H . This shows that H is σ-compact. �

From now on, let G be a locally compact Hausdorff strongly topological gyrogroup,
and let µ be a fixed Haar measure on G. Set

(3.11) L1(G) = {f : G→ C | f is a Haar integrable function} ,

(3.12) N 1(G) = {f ∈ L1(G) | f = 0 almost everywhere},
and let L1(G) be the quotient vector space given by

(3.13) L1(G) = L1(G)/N 1(G).

In other words, f ∈ L1(G) if and only if f is µ-measurable and

(3.14) ‖f‖1 =

∫
G

|f |dµ <∞.

To define a convolution-like operation on L1(G), we first prove the following ad hoc
lemmas.

Lemma 3.4. If f ∈ L1(G), then there is a sequence {Kn} of compact subsets of G such that
f(x) = 0 for all x /∈

⋃
n∈N

Kn.

Proof. It follows from Corollary 2.3.11 of [5] that A = {x ∈ G | f(x) 6= 0} is σ-finite.
Then there exists a sequence {An} of Borel sets such that A =

⋃
n∈N

An and µ(An) < ∞

for all n ∈ N. Since µ is regular, there exists a sequence {Un} of open sets such that
A ⊆

⋃
n∈N

Un and µ(Un) < ∞ for all n ∈ N. Let H be an open, σ-compact L-subgyrogroup
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of G (such H exists by Proposition 3.9). Let k ∈ N be fixed. For each N ∈ N, set MN ={
X ∈ G/H | µ(Uk ∩X) >

1

N

}
. ThenMN is a finite set since otherwise there is a sequence

{Xn} in MN such that Xn 6= Xm if n 6= m, which implies that µ(Uk) ≥
∞∑
n=1

µ(Uk ∩Xn) ≥

∞∑
n=1

1

N
= ∞, a contradiction. Let x ∈ Uk. Then, x ∈ X for some coset X ∈ G/H . It

follows that Uk ∩X is a nonempty open set in G and so µ(Uk ∩X) > 0. This means that

X ∈
⋃
n∈N

Mn. Therefore, Uk =
⋃{

Uk ∩X | X ∈
⋃
n∈N

Mn

}
. This proves that Un is a subset

of a countable union of σ-compact sets (that is, left cosets of H) for all n ∈ N and so is⋃
n∈N

Un. Therefore,
⋃
n∈N

Un is contained in a countable union of compact sets. �

Lemma 3.5. Define F : G×G→ G×G by F (x, y) = (x,	x⊕y). Then F is a homeomorphism
and (µ × µ)(A) = (µ × µ)(F−1(A)) for each Borel set A of G × G, where µ × µ is the regular
Borel product of µ.

Proof. Note that F−1(x, y) = (x, x ⊕ y) for all x, y ∈ G. Clearly, F is a homeomorphism.
Hence, the measure (µ × µ)F−1 is regular. Let U be an open set in G × G, and let x ∈ G.
Then

z ∈ (F−1(U))x ⇐⇒ (x, z) ∈ F−1(U)

⇐⇒ (x,	x⊕ z) ∈ U
⇐⇒ 	x⊕ z ∈ Ux
⇐⇒ z ∈ x⊕ Ux

for all z ∈ G. Thus, (F−1(U))x = x⊕ Ux. By Proposition 2.4,

(µ× µ)(U) =

∫
µ(Ux)dµ

=

∫
µ(x⊕ Ux)dµ

=

∫
µ((F−1(U))x)dµ

= (µ× µ)(F−1(U)).

Since µ× µ is regular, it follows that (µ× µ)(A) = (µ× µ)(F−1(A)) for any Borel set A of
G×G. �

Let f, g ∈ L1(G). Define a function f ∗ g : G→ C by

f ∗ g(x) =


∫
f(y)g(	y ⊕ x)dµ(y) if y 7→ f(y)g(	y ⊕ x) is integrable;

0 otherwise.
(3.15)

The function f ∗ g is called the convolution of f and g.

Theorem 3.8. Let f, g ∈ L1(G).
(1) The function y 7→ f(y)g(	y ⊕ x) is in L1(G) almost every x in G.
(2) The convolution f ∗ g is in L1(G) and ‖f ∗ g‖1 ≤ ‖f‖1‖g‖1.
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Proof. Let f, g ∈ L1(G). By Lemma 3.4, there are sequences {An} and {Bn} of compact sets
in G such that f and g vanish outside

⋃
n∈N

An and
⋃
n∈N

Bn, respectively. Define a function

M : G × G → C by M(x, y) = f(x)g(y) for all x, y ∈ G. Note that M is a measurable
function that vanishes outside

⋃
n,m∈N

(An ×Bm) =
⋃
n∈N

An ×
⋃
n∈N

Bn. By Proposition 2.5,

∫
|M |d(µ× µ) =

∫
|f(x)|

(∫
|g(y)|dµ(y)

)
dµ(x) = ‖f‖1‖g‖1 <∞.

Therefore,M is integrable. By Proposition 2.6, the function |M ◦F | = |M |◦F is integrable.
Observe that M ◦ F vanishes outside

F−1

 ⋃
n,m∈N

(An ×Bm)

 =
⋃

n,m∈N
F−1(An ×Bm),

which is a σ-compact set. In fact, M ◦ F vanishes outside

p1

 ⋃
n,m∈N

F−1(An ×Bm)

× p2
 ⋃
n,m∈N

F−1(An ×Bm)

 ,

which is a rectangle with σ-finite sides. Here, p1 and p2 are the projections to the first and
second coordinate, respectively. By Proposition 2.7, the function y 7→ f(y)g(	y ⊕ x) is in
L1(G) almost every x in G and f ∗ g ∈ L1(G). Direct computation shows that

‖f ∗ g‖1 =

∫
|(f ∗ g)(x)|µ(dx)

≤
∫ ∣∣∣∣∫ f(y)g(	y ⊕ x)µ(dy)

∣∣∣∣µ(dx)

≤
∫ ∫

|f(y)g(	y ⊕ x)|µ(dy)µ(dx)

=

∫ ∫
|f(y)g(	y ⊕ x)|µ(dx)µ(dy)

=

∫
|f(y)|

(∫
|g(	y ⊕ x)|µ(dx)

)
µ(dy)

=

∫
|f(y)|

(∫
|g(x)|µ(dx)

)
µ(dy)

= ‖f‖1‖g‖1,

noting that the first and third equalities follow from Propositions 2.7 and 2.6. �

The next proposition lists some basic properties of the convolution on L1(G).

Proposition 3.10. Let f, g, h ∈ L1(G), and let a ∈ C. Then

(1) f ∗ (g + h) = f ∗ g + f ∗ h almost everywhere;
(2) (g + h) ∗ f = g ∗ f + h ∗ f almost everywhere;
(3) a(f ∗ g) = (af) ∗ g = f ∗ (ag); and
(4) if f1, f2, g1, g2 ∈ L1(G) with f1 = f2 almost everywhere and g1 = g2 almost everywhere,

then f1 ∗ g1 = f2 ∗ g2 almost everywhere.
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Proof. It follows from Theorem 3.8 that f(g ◦Rx ◦	) and f(h ◦Rx ◦	) are both integrable
for almost every x in G. Let x ∈ G be such that both f(g ◦ Rx ◦ 	) and f(h ◦ Rx ◦ 	) are
integrable. Then, f((g + h) ◦Rx ◦ 	) = f(g ◦Rx ◦ 	) + f(h ◦Rx ◦ 	) is integrable. Thus,

(f ∗ (g + h))(x) =

∫
f(y)(g + h)(	y ⊕ x)dµ(y)

=

∫
f(y)g(	y ⊕ x) + f(y)h(	y ⊕ x)dµ(y)

=

∫
f(y)g(	y ⊕ x)dµ(y) +

∫
f(y)h(	y ⊕ x)dµ(y)

= (f ∗ g + f ∗ h)(x).

Therefore, f ∗(g+h) = f ∗g+f ∗h almost everywhere. Parts (2) and (3) can be proved in a
similar fashion. To prove Part (4), let f1, f2, g1, g2 ∈ L1(G) with f1 = f2 almost everywhere
and g1 = g2 almost everywhere. Then,

‖f1 ∗ g1 − f2 ∗ g2‖1 = ‖f1 ∗ g1 − f1 ∗ g2 + f1 ∗ g2 − f2 ∗ g2‖1
≤ ‖f1 ∗ (g1 − g2)‖1 + ‖(f1 − f2) ∗ g2‖1
≤ ‖f1‖1‖g1 − g2‖1 + ‖f1 − f2‖1‖g2‖1
= 0,

which completes the proof. �

We emphasize that the identity f ∗ (g ∗ h) = (f ∗ g) ∗ h, where f, g, h ∈ L1(G), which is
true for the case of groups, is missing. In fact, the following example shows that this is not
the case, in general. Thus, topological groups and topological gyrogroups are somewhat
different.

Example 3.2. LetG = {0, 1, 2, 3, 4, 5, 6, 7} be the gyrogroup given in Example 3.2 of [4]. Its
gyroaddition and gyration tables are given by Table 1. If G is endowed with the discrete
topology, then G becomes a locally compact Hausdorff strongly topological gyrogroup.
Note that the counting measure µ on G, defined by µ(A) = |A| for all A ⊆ G, is a Haar
measure on G. Let f, g, h be the functions from G to R defined by two-row notation as

f =

(
0 1 2 3 4 5 6 7
0 1 2 3 4 5 6 7

)
,

g =

(
0 1 2 3 4 5 6 7
1 2 3 4 5 6 7 8

)
,

h =

(
0 1 2 3 4 5 6 7
2 3 4 5 6 7 8 9

)
.

Then,

((f ∗ g) ∗ h)(x) =
∑
y∈G

∑
z∈G

f(z)g(	z ⊕ y)h(	y ⊕ x)µ({z})µ({y}),

and
(f ∗ (g ∗ h))(x) =

∑
y∈G

∑
z∈G

f(y)g(z)h(	z ⊕ (	y ⊕ x))µ({z})µ({y})

for all x ∈ G. We have by inspection that ((f ∗ g) ∗h)(1) = 5224, whereas (f ∗ (g ∗h))(1) =
5044. This shows that f ∗ (g ∗ h) 6= (f ∗ g) ∗ h in general. In fact,

µ({x ∈ G | (f ∗ (g ∗ h))(x) 6= ((f ∗ g) ∗ h)(x)}) ≥ 1.
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⊕ 0 1 2 3 4 5 6 7
0 0 1 2 3 4 5 6 7
1 1 0 3 2 5 4 7 6
2 2 3 0 1 6 7 4 5
3 3 5 6 0 7 1 2 4
4 4 2 1 7 0 6 5 3
5 5 4 7 6 1 0 3 2
6 6 7 4 5 2 3 0 1
7 7 6 5 4 3 2 1 0

gyr 0 1 2 3 4 5 6 7
0 I I I I I I I I
1 I I A A A A I I
2 I A I A A I A I
3 I A A I I A A I
4 I A A I I A A I
5 I A I A A I A I
6 I I A A A A I I
7 I I I I I I I I

TABLE 1. The gyroaddition table (left) and the gyration table (right) for
the gyrogroup G in Example 3.2. The gyroautomorphism A is given in
cycle notation by A = (1 6)(2 5).

The seminorm ‖ · ‖1 on L1(G) induces a norm on L1(G) by defining

(3.16) ‖f +N 1(G)‖1 = ‖f‖1
for all f ∈ L1(G). Note that (3.16) is well defined because if f, g ∈ L1(G) with f = g almost
everywhere, then ‖f‖1 = ‖g‖1. Therefore, L1(G) forms a normed space. Furthermore, the
convolution ∗ on L1(G) induces a convolution-like operation on L1(G) by defining

(3.17) (f +N 1(G)) ∗ (g +N 1(G)) = (f ∗ g) +N 1(G)

for all f, g ∈ L1(G). Note that (3.17) is well defined by Proposition 3.10 (4). From this point
of view, L1(G), where G is a locally compact Hausdorff strongly topological gyrogroup,
is a nonassociative normed-algebra. This makes sense since gyrogroup operations are
nonassociative, in general.
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