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Viscosity algorithm for solving split generalized
equilibrium problem and fixed-point problem

JAMILU ABUBAKAR"? and JITSUPA DEEPHO?”

ABSTRACT. This article considers a split generalized equilibrium problem and fixed point problem for infi-
nite family of nonexpansive mapping in Hilbert space. We propose an algorithm for finding a common solution
of these problems. Under mild assumptions, we establish a strong convergence theorem for the sequence gen-
erated by the proposed algorithm using viscosity technique. We present the implementation of the proposed
algorithm by considering some numerical illustrations and comparison of the proposed algorithm with an ex-
isting algorithm in the literature.

1. INTRODUCTION

Throughout this article, we denote C to be a nonempty closed and convex subset of a
real Hilbert space H;. A mapping K of C onto H; is said to be nonexpansive if for each
u,v € C

1 (u) = K@)} < [lu =]
We denote F'(K) to be the set of fixed points of K. It has been established that if C is
closed, bounded and convex, then F(K') is nonempty (see for instance [19]). There are
several methods for approximating the fixed points of K. For some recent numerical methods
and application (Ref. [1, 9, 10]). Moudafi [11] introduced a viscosity iterative technique that
starts with an arbitrary initial point ug € C, then defines recursively a sequence {u, } by

(1.1) Un+1 = in(un) + (1 - Qn)Kun Yn >0,

to approximate the fixed point of a nonexpansive mapping K, where [ is an a-contraction
on C (that is, for each u,v € C, ||l(u) — l(v)| < af|lu — v| with a € (0,1)). It is established
in [11] that under standard conditions imposed on {o, }, the sequence {u,} generated by
(1.1) strongly converges to the unique solution v* € Fiiz(K), which is an optimal solution
to the variational inequality problem (VIP)

(1.2) (I =Du",u—u*) >0, Yu € Fiz(K).

Suppose F; : C x C — R with Fi(u,u) = 0, for each v € C be a bifunction, an
equilibrium problem (EP) involving the bifunction F} is a problem of finding a point u €
C such that

(1.3) Fi(u,v) >0, Vv e C.

In the sequel, we will denote the solution set of (1.3) by EP(Fy) = {u € C : Fi(u,v) > 0,
Vv € C}. This problem contains as a special case many important problems, for instance,
fixed point problems, optimization problems, variational inequality problem and Nash
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equilibrium. Additionally, many problems arising in Engineering and Economics can be
reduced to problem (1.3) (Ref. [4, 18]).

Takahashi and Takahashi [18] introduced a viscosity approximation method for equi-
libriums and fixed point of a nonexpansive mapping in real Hilbert space based on the
viscosity technique for nonexpansive mapping [11]. Under some suitable conditions, it is
shown that the sequence generated by the method converges strongly to the solution of
(1.3) and fixed point of a nonexpansive mapping.

Kazimi and Rizvi in [6] introduced the split equilibrium problem (SEP) for two nonlin-
ear bifunctions F; : C x C' — Rand F3 : Q x @Q — R, under a bounded linear transforma-
tion A : H; — Hj, where @ is a closed and convex subset of a real Hilbert space Hs. The
problem concerns with finding v* € C such that

(1.4) Fi(u*,u) >0, Yu € C,
and such that
(1.5) v* = Au* € @ solves Fy(v*,v) >0, Yv € Q.

Observe that, the problems (1.4) and (1.5) consist of a pair of equilibrium problems and
problem (1.4) separately, is exactly problem (1.3). For some recent iterative methods for solving
SEP, the reader should refer to (Ref. [16, 24, 8]).

Recently, Kazmi and Rizvi in [7] further generalized SEP to a more general problem
by incorporating two more additional nonlinear bifunctions +; : C' x C' — R and 5 :
@ x @ — R, to introduce a split generalized equilibrium problem (SGEP) as follows: Find
u* € C such that

(1.6) Fi(u*,u) + 1 (u*,u) > 0, Yu € C,
and such that
(1.7) v = Au* € @ solves Fr(v*,v) 4+ 12 (v*,v) > 0, Vv € Q.

We denote the solution set of SGEP (1.6) and (1.7) by I' = {u* € GEP(F1,¢1) : Au* €
EP(F5,13)}. The authors in [7] proposed and studied an iterative method for solving
the common solution of SGEP, variational inequality problem and fixed point of a nonex-
pansive mapping K. Given an initial point ug € H;, the sequence {u,};>, is generated
via

v, = Tlf} (un + (5A*(T£} - I)Aun)
(18) wn = Po (Un - nnNU’n)

Un+1 = OnV + 79nun + Han'rw

where N : H; — H, is a strongly monotone operator. Under some suitable conditions on
the sequences p,,, 1, 0n, U and 6, the scheme (1.8) is shown to converge strongly to the
common solution of the considered problem in Hilbert space.

Furthermore, Hay et. al. very recently in [5] proposed a general iterative method for
approximations of common solution of split generalized equilibrium problems and fixed
points of a finite family of nonexpansive mappings. The method is as follows: For a given
u; € C; = C arbitrarily, for each i = 1,2,--- , N with positive integer N, the method
generates the sequences v, ;, wy,; and u,, as follows

oni = T (un + 847 (TS0 = 1) A )

(19) Wni = nn,iUnKi + (1 - nn,i)vn,i
Cn+1’i = {u* (S Cn : Hwn,i — u*” < ||un _ U*H}
Unt+1 = CﬂPCn+1u1 + (1 - Cn)wn,i-
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Under some appropriate conditions on the sequences 7, ;, ¢, and 4, strong convergence of
the sequence generated by (1.9) is established. It can be observed that, the strong conver-
gence of the sequences generated by (1.9) is obtained by the so called shrinking technique
of which it requires the projection onto the closed and convex set C,; for implementa-
tions. However, it is known that the projection onto a closed set is difficult and sometimes
computationally expensive.

In this paper, based on the viscosity iteration method introduced in [11], motivated and
inspired by the work of Kazmi and Rizvi [7], we introduce an iterative method that does
not require any projection onto a closed set for finding a common solution of split gener-
alized equilibrium problem and fixed point problem for infinite family of nonexpansive
mappings in Hilbert spaces. Under some standard conditions, we show that the sequence
generated by the proposed method strongly converges to the solution of the considered
problem. In addition, we present some numerical illustrations to support our proposed
strong convergence theorem. Moreover, we demonstrate the implementation and compu-
tational performance of the proposed method with some existing results in the literature.

We outlined the article as follows: In Section 2, we recalled some important definitions,
Lemmas and results that are needed for the convergence analysis of the proposed method.
In section 3, we present our main strong convergence theorem and its proof. In the last
section, we report the numerical implementation.

2. PRELIMINARIES

Let C be a nonempty closed convex subset of a real Hilbert space H; with inner product
and induced norm denoted respectively as (-,-) and || - ||. It is well known that for any
uy,ug € Hy and k € [0, 1], we have

(2.10) [ur = ua||® = [[un||* = [Juzl® = 2(ur — uz, us),

(211) Jur + ug|? < [Jun]|® + 2(uz, ur + uz),

and

(2.12) [wur + (1 = m)usl® = kllur||? + (1 = w)ua? = £(1 = &)[lur — uz]|?,

We now state the standard assumptions on the bifunctions involved in the considered
split generalized problem (1.6) and (1.7).

Assumption 2.1. Let F : C x C' — R be a bifunction satisfying the following assumptions:

(1) Fi(ui,u1) >0, Vug € C,

(2) Fi is monotone, i.e. Fy(ui,uz)+ Fi(ug,u1) <0, Yug,us € C,

(8) Fi is upper hemicontinuous, i.e., for each uy,us,us € C,limsup,_o Fi(rus + (1 —

T)U17 ’U,g) S Fl (u17 U’Z)/

(4) Foreachuy € C fixed, the function us — Fy(uy,us) is convex and lower semicontinuous.
Furthermore, let 41 : C x C' — R be such that

(1) 1/)1(U1,U1) > O7 Vul (S C,

(2) For each uy € C fixed, the function u; — 1 (u1, u2) is upper hemicontinuous,

(8) Foreachuy € C fixed, the function ug — 1 (uy, ug) is convex and lower semicontinuous.

We recall the following result on the existence and some characterizations of proximity
operator associated with the bifunctions for the generalized problem (1.6) and (1.7).

Lemma 2.1. [7] Suppose that the bifunctions Fy, ;1 : C x C' — R satisfy Assumption 2.1. Then

for a positive number y and ug € Hy, there exists uy € C such that Fy(uy, us) + 91 (ug, ug2) +

i<UQ — Uy, U1 —U3> > O,VUQ e C.
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Lemma 2.2. [2] Suppose that the bifunctions F1,1, : C x C — R satisfy Assumption 2.1, 1, is
monotone and for any uy € Hq and pn > 0, define a mapping T,EF“%) : Hy — C as follows:

1
T, = {U3 € C: Fi(ur,u) + 1 (ur, u2) + ;<U2 —u1,up —u3) > 0}7 Vuz € C

Then, the followings are true:

(1) TﬁFl’wl) is single - valued.
(2) For every uy,us € Hy

HT}SFIJM)Ul - Zl’ﬁ(bj‘pl’wl)uQ|\2 < (T;SFl’q/’l)ul - TPEFl’wl)UQ,Ul — ug),

that is, T,EF”‘M is firmly nonexpansive.
(3) The fixed points set of Fia(TS™ ") = GEP(Fy, 11).
(4) The solution set GEP(F,11) is convex and compact.

Similarly, if we suppose that F», 15 : Q@ x @Q — R are bifunctions satisfying Assumption
2.1. Then for each p > 0 and v; € Hy, a mapping TéFQ’wg) : Hy — @ is defined as:

1
T2y = {vg € Q : Fy(v1,v2) + Ya(v1,v2) + ;(Uz — 1,01 —v3) > 0} , Vog € Q.

Hence, it readily follows that, the mapping ngFz’wZ) satisfies the characterizations (1), (2)
in Lemma 2.2 and the solution set GEP(F5, ) is also convex and compact.

Lemma 2.3. [3] Let Fy : C x C — R be a bifunction satisfying Assumption 2.1 and let the
mapping T be defined as in Lemma 2.2. Then, for every u,v € Hy and pi, p > 0, we have

50 = Tl < ol + | 222 0 o

Lemma 2.4. [20] Let F; : C x C — R be a bifunction satisfying Assumption 2.1 and for y > 0
let T be defined as in Lemma 2.2. Then for any u € Hy and p > 0
Fy, _ mF 2 p—p P, _ Fy,
1T, — T, ul||” < —— (T, u = T, " u, T, u — u).
The following Lemmas are essential for the convergence of the iterates generated by
the proposed iterative method.

Lemma 2.5. [17] Let {u,} and {v,} be bounded sequences in a Banach space X and {c,} be a
sequence in [0, 1] satisfying 0 < liminf,,_, o 0, < limsup,,_,. on < 1. For all integers n > 0,
let upt1 = (1 — op)vp + onuy and limsup,_, o (|[vns1 — vnll = |unt1 — unll) < 0. Then,
limy, 00 [|Un — unl] = 0.

Lemma 2.6. [22] Suppose that {(,,} is a sequence of nonnegative real numbers satisfying C,+1 <
(1 = 0n)Cn + Kn,n > 0 where {p,} is a sequence in (0, 1) and {x,, } is a sequence in R such that

(i) Y207 | 0n = oo (i) limsup,,_, o s < 0 or (iii) >0 0n < 00. Then lim,, o0 ¢, = 0.

Next, we introduce a mapping generated by infinite self-mappings of a closed and
convex subset C' of H;. For more on this mapping see [21]. Let o1, 09, . . . be real numbers
such that 0 < 0; < 1 and K4, Ko, ..., K, ..., be infinite mappings of C into C for each
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i € N.For any n € N, amapping W, of C into C is defined recursively as follows:

Un,nJrl = Iv
Un,n = UnKnUn,nJrl + (]- - O—n)Ia
Un,n—l = Un—lKn—lUn,n + (1 - O'n—l)Ia
Uni = 0:KUsit1+ (1 —ou)l,
Upno = 02KoUp3+ (1—02)1,
(213) Wn = n,1 = glKlUn,Q + (]. - 01)1.

is called the W-mapping generated by K,,, K;,_1,..., Ky and oy, 001, ...,01.

Lemma 2.7. Let C be a nonempty closed convex subset of a real Hilbert space Hy and K1, Ko, ...
be nonexpansive mappings of C into C' such that N2, Fixz(K;) is nonempty. Let 01,09, ... be
real numbers such that for each i € N,0 < o; < b < 1. Then, for every u € C, the lim,_,o Uy, ;u
exists for each i € N.

Remark 2.1. It is clear that, if C' is bounded, then from Lemma 2.7, for any ¢ > 0 and
u € C, there exists a common positive integer number N* such that, ||U, ;u — Usu| < €
for all n > N*. In fact, let u* € NS, Fiz(kK,,), since C is bounded, it can be seen by
similar argument to Lemma 3.2 in [15], there exists a constant N > 0 such that for all
u € C,|lu—u*|| < N.Fixi € N, then forany u € C and n € N with n > 4, we have

Un+1.0t = Ungull < 200G 0p)|lu — w*|| < 2N (I3 o).

Therefore, for ¢ > 0, there exists n* € N with n* > i such that for all uw € C,b" ~"+2 <
e(1—0b)/2N. Thus, for every m,n with m > n > n*, we have

||Um,7,u - Un,zu”
m—1 m—1 )
< Myl < 3 {2l -l
j=n j=n
m—1 :
o 2an72+2
—1+2
(2.14) < 2N ;L b <= <s

Again, using Lemma 2.7, one can define a mapping W of C as Wu = limy,_oc Wyu =
limy, ;0 Up,1u. Such a W is called the W-mapping generated by K1, Ks,...and 01,09, ...
We observe that if {u,,} is a bounded sequence in C, then we have

(2.15) ILm ||W'U'n - WnunH = 0.

In fact, from Remark 2.1, we have that, for any given ¢ > 0, there exists n* such that || Wu—
Wyu| < eforall n > n*. In particular, |Wu,, — W,u,| < ¢ for all n > n*. Consequently,
limy, o0 |Wupn — Whug| = 0, as claimed. Throughout this article, we suppose that, for
everyi € N,0<o; <b< 1l

Lemma 2.8. Let C be a nonempty closed convex subset of a real Hilbert space H. Let K1, K>, ...
be nonexpansive mappings of C into C such that N2, Fix(K;) is nonempty, and let o1, 09, . . . be
real numbers such that 0 < o; <b < 1foranyi € N. Then Fiz(W) = N2, Fiz(K;).
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3. MAIN RESULTS

In this section, we present our proposed algorithm and the strong convergence result.
LetC C Hy,Q C Hy benonempty closed and convex subsets of real Hilbert spaces H; and
H, respectively. Let F1,91 : C x C = Rand F», 9 : @ x @ — R be nonlinear bifunctions
satisfying Assumption 2.1 with F, as upper semicontinuous in the first argument and
for each i > 1, let {K;}2, be an infinite family of nonexpansive mappings of C' into C
such that N2, Fiz(K;) NI # (. Furthermore, let f : Hy — H; be a contraction mapping
with constant x € (0,1) and A : H; — Hj be a bounded linear operator with Adjoint
operator A*. Suppose that {g,},{9,} and {6,,} are three sequences in (0,1) such that
on + Uy, + 6, = 1 and the following conditions are satisfied.

(Cl) lim o, =0and ) 0, = o0;
n—o00 n=1
(C2) 0 < liminfd,, <limsupd, < 1;
n—oo

n—roo

(C3) Timinfp, >0, 3 [pnt1 = pn| < 00 and 3. |ppi1 = pn| = 0.

n=0 n=0

Algorithm 1: Viscosity-type Algorithm for GSEP

Initialization: Choose the sequence {¢,}, {0}, {¢,} in (0, 1) such that C1-C2 are

satisfied and § € (0, 7%), L is the spectral radius of the operator A*A. Given

{pn} C [, 00) with u > 0,{p,} C [p, 0) with p > 0 such that C3 is satisfied.

Iterative Steps: For u,, € H;, Compute v, as:

Un = TSP (wy, + GAX(TS>¥2) — 1) Auy,),

Step 2. Compute
Unt+1 = Onf(Un) + Pty + 0, Wy,
If v, = uy, stop vy, is the solution of the SGEP, otherwise set n :=n + 1 and go
back to Step 1.

We are now ready to present our main strong convergence result.

Theorem 3.2. Let Hy and Hy be two real Hilbert spaces and C C Hy,Q C Hy be nonempty
closed and convex subsets. Let Fi,1¢1 : C x C — Rand Fy,19 : Q x Q — R be nonlinear
mapping satisfying Assumption 2.1 and F; is upper semicontinuous in the first arqument and for
each i > 1, let {K;}2, be an infinite family of nonexpansive mappings of C into C' such that
N2, Fiz(K;)NT # (. Also, let f : Hy — H; be a contraction mapping with constant r € (0, 1)
and A : Hy — Hy be a bounded linear operator. Suppose that {9, },{0,} and {6,,} are three
sequences in (0, 1) such that C1-C2 are satisfied and o,, + 9, + 0,, = 1. Given uy € C arbitrary,
the sequence {u,,} generated by Algorithm 1 converges strongly to u* = Prec pia(x,)nr f(u*).

Proof. For § € (0, 55 ), the mapping I + 5A*(T,§f2’w2) — I)A is a nonexpansive mapping

2L°
and A* (T,Ef 2t2) T )Ais a 51- inverse strongly monotone mapping. In fact, since T,Ef 22)
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is (firmly) nonexpansive and T,Sf 2%2) _Tis 1-inverse strongly monotone, we have
||A*(T(F27¢2) —I)Au — A*(T(Fzﬂlfz) — 1) Av|?

(A (TP 2) — T)(Au — Av), A*(TSF%2) — [)(Au — Av))
(Fzﬂbz _ _ * (F27¢2 _ _
(T I)(Au — Av), AA*(T}; I(Au — Av))

< LTS — I)(Au — Av), (TSP %2) — T)(Au — Av))
= L*|(T{"%) — I)(Au — Av)|?
< 2L2<Au v, (T, (F2:92) _ T)(Au — Av))

(

)
= 2L%u—vw A*( F“ZQ — I)(Au — Av)),

(Fzﬂbz)

forall u,v € Hy, which implies that A*(T) I)Ais a 57- inverse strongly monotone

mapping. Note that § € (0, ). Thus I + 5A*(T;§52’w2) — I)A is nonexpansive mapping.
Step 1. We will show that, the sequence {u,,} generated by Algorithm 1 is bounded.
Letp € N2, Fiz(K;)NT'and @ = Pm?ilpiz(Ki)me(p). Note that, since f is a contraction
mapping with coefficient x € (0,1), then

1QF (u) = Qf () < I (u) = f()I| < Kllu =], Yu,v € Hi.

Therefore Q) f is a contraction of H; into itself, which implies that there exists a unique
element p € H; such that p = Qf(p). At the same time, we note that p € C. Following a
similar argument as in Theorem 3.1 in [23], one obtains

(3.16) Jon =l <l =+ 8(5 = 75 ) I4°(T) = w2
Since § € (0, 37=), we have
(3.17) lvn = pll < [lun —pl|-
Therefore
luns1 —pll < onllf(un) —pll + Inllun — pll + 0n|[Whvn — p|
< ol f(un) = fFI+11f () = 2ll) + Onllun — pll + Onllvn — pl|
S Qn(ﬂ”un _p” + Hf(p) _pH) + (1 - Qn)”un _p”

(3.18)

IA

{0 = sl 72150 =51

Therefore, {u,} is bounded. Consequently, we have {v,}, {W,u,} and {f(u,)} are all
bounded.
Step 2. We will show that lim [luy 1 — u, | = 0 and lim |A*(TSY2) — 1) Ay, || = 0.

Again by following similar arguments as in Theorem 3.1 in [23], we have

1
1 — 2 1 —
(319)  [onss — vl < ||un+1—un||+6||A||("°"+ ”"'Qn) e =gl
Pn+1 Hn+1

where
Vg1 =sup HT (F1 ) (un+1 +SAR(TF2ve) — I)Aun+1) - (unﬂ +OAT (T2 — I)AunH) H

and

Q :sup<T(F2’w2)Au — TF292) gy, TF2%2) Aqy, — Au >
e A n Pn L ppia n n
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Setting w41 = Jpun + (1 — 9,,)2, for all n > 0, we have that

> 5 Up42 — Ung1Un1 Uny1 — Tnlin
1 — _
e 1— Uiy 11—,

2t flanen) = flun) ) + (255 = 2 ) fw)

1—Unis 1—VUpq 1-0
9n+1 9n+1 Qn
2 Il (w —w, _ W,
(3 0) +1 — 19n+1 ( n+1Un+1 n'Un> + (1 — 19”+1 1— 19”> nUn

Therefore, we have

ROn+1
lzn4e1 — 2nll < ﬁ”urﬂrl — Uy |
On+1 On
- n Wn n
e e )l + W
On
(3.21) +#||Wn+1vn+1 — Woun.

— Un+41

Since K; and U, ; are nonexpansive, then from (2.13), we have

||Wn+lvn - ann” ||01K1Un+1,2vn - UlKlUn,ZvnH

S Ul||Un+1,QUn - n,2Un||
< 0'10'2HU71+1,3UTL - Un,S'Un”
(3.22) <
< 0102... Un||Un+1,n+1Un - n,nJrlvnH
n
< M 1T Oi,
i=1

where M is denote the possible different constants appearing in (3.22).
Hence

||Wn+lvn+1 - ann” S ”WnJrlUnJrl - WnJrlvnH + ||Wn+1vn - annH

(3.23)

IN

n
||'Un+1 — ’Un” -+ Mil;llai.

Substituting (3.23) into (3.21), we have

KO
lznr =zl < ﬁllum — |
On+1 On
o W,
" 1=y 1=, (1 ()l + [[Weonll)
O MO, n
(3.24) JrA”Un-H _ Un” + +1 1 o:.

1-— ﬁn{»l 1-— 19n+1 i=1
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Substituting (3.19) into (3.24), we get

KOn
HZn—&-l - Zn” S 1_719:;Hun+1 - Un”
On+1 On
- n WTI n
et O () + (W)
9n n - FPn % mn - Mn
4 Intl |:||un+1 — || + 5] A (WQO + M‘I’nﬂ
1- 19”4_1 Pn Hn+1
M9n+1 n
It Mg,
+1 — Upi1 =7
KOn+1
< %Hufﬁl |
On+1 On
— w,
e O () + (W)
1
en n - FPn 2
i =l + g (L2 =elg, )
1- 19n+1 Pn+1
0n+1 |Mn+1 - /u/n| M9n+1 n
(3.25) + Vpp1+ ——— o,
1- ’lgn-l-l Hn+1 i 1- 1971-&-1 i=1
From conditions (C1), (C2) and (C3) imply that
(3.26) limsup(|[zn+1 — 2nll = [[unt+1 — unl]) <0.
n— oo

Hence by Lemma 2.5, we obtain ||z, — u, || — 0 as n — co. Consequently,

(3.27) li_>m [ttrnt1 — unl| = li_)m (1 =9,)||zn — un| = 0.
From (3.19), (3.27), conditions (C1), (C2) and (C3), we get
(3.28)

HILH;O [vnt1 = vnll = 0.
Since up+1 = 0nf(un) + Ipuy, + 0, Wyv,, we have

[un = Wavnll < flun — tnsall + [unsr = W]

(329) S Hun - un—i—l” + Qn”f(un) - ann” + 1971”“77, - Wn”n”,
that is

On
(3.30) [un — Wyon|| < 1-0, [un — untrll + 1-0, f(un) = Wyoy]|.
Since from (3.27), conditions (C1) and (C2), we get
(3.31) llm lwn, — Whv,l| = 0.

Now, using the definition of w11, (3.16) and (3.17), we have

l[tn+1 _pH2 < onllf(un) —p||2 + V|t —p||2 + On|| Wy, _p”2
< onllf(un) = pI* + Onllun — plI* + Onllvn — pl|®
< onllf(un) —p||2 + O lun —p||2
1\,
#0456 - 25 ) LA~ Dt )

onll f(un) —p||2 + nllun —p||2
1 *
(3.32) (1= 2 — Oa)lllun — p* - 6(L2 - 6) 1A% (T3 %) = 1) Au ]
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Therefore
1 * 2 2
(1 g0 = 0,08 7z =0 )IA4" (TS - Dw P
< Hun - pH2 - Hun-i-l - un||2 =+ anf(un) —p||2
(3.33) < (un = pll + lunt1 = pl)lun = wniall + onll f(un) — pl*.

Since ¢, — 0 and ||up+1 — un|| — O that

(3.34) lim [|A*(T$%2) — 1) Au, ||* =
n—oo
Step 3. We claim that lim |ju,, — v,|| =0and lim |[Wv, — v,|| = 0.
n—o00 n—oo

Since T P s firmly nonexpansive and / +JA* (Tp(fz’wZ) -

ping, from the definition of vy, we get that

I) A is nonexpansive map-

-
ITEE ) (a4 SA* (TF2) — 1) Au,) — TF 902

(U, — D, Up, + 5A*(T(F2’w2) —I)Au,, — p)

IN

S0 = I+ + SA*(T42) — 1) Au, — pl?

Mo = p [ + SA° (TS — 1) Aug — ]I}

= S llon — pl 4 I+ SA* (T — 1) Ay — (14 5A* (T — 1) A)p?
—lvn = un — AT (TSF2Y2) — 1) Au, ||}

1 *
< Glllvn = I + flun = pI* = [lvn = un — SA (T — T) Auy ||}
1 *
= 5l = pI* + llun = plI* + [Ilvn = up|? + O AN (T — 1) Ay |?

—20(vy, — wp, A*(TF202) )Aunﬁ}?

which implies that
335)  on = pl* < llun = I = v — wnll® + 26]|vn — wn ||| A*(TS>¥2) — T) Auy |,
From
[unsr =pl* < onllf(un) = pII* + Onllun —plI* + Onllvn — p|?
< oallf(un) = plI? +Onllun — pll?
+0n [ ur, _pH2 |vn — un||2 + 26||vn, — un[[|A( pf2’w2) — 1) Auy||]
< oallf(un) = pl* + (1 = 00 = 05)un — p||”
0 lllun = plI* = l[vn = unll® + 28] vn — wnll[| A*(T5F2¥2) = 1) Aug ]
< onllf(un) = pl? + l[un — pl?

—On|lvn — un||2 + 20,6 |vn — unH”A*(T;Sf‘z’wz) —I)Au,||
(3.36)
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Therefore

IN

onllf (un) = plI* + lun = plI*> = luns1 — pl?
+20,,8]|vp — ||| A*(TSF242) — 1) Au, |

< Qn”f(un) _pH2 + Hun - un-i-l”(”un —pH + ||un+1 —p”)
(3.37) 420,000 — un ||| A% (TSF2¥2) — 1) Au, |

Fa,42)

n

On|lvn *UHHQ

Since g, — 0, ||tn — tUns| — 0, ||A*(T}
liminf,, - 0, > 0, so we have

(3.38) lim |jv, — u,l| = 0.

n—oo

— I)Auy|| — 0 and it is easily seen that

From |W, v, — vy || < [|Whvn — un|| + ||un — v ||, we also have ||W,,v,, — v,,|| — 0. At the
same time, we note that

(3.39) [Wop = vn| < [[Won = Wyvn || + [[Wavp — vn.
It follows from (3.39) and Remark 2.1 that
(3.40) lim |[Wuv, —v,| =0.

n—oo

Step 4. We show that {u,} generated by Algorithm 1 converges strongly to u* €
N2 Fiz(K;) NI, where u* = P piz(x;)nrf(u”). To that end, we show that
(3.41) lim sup{f(u*) — u*, u,, —u*) <O0.

n—oo

where u* = P pig(r,)nr f(u”). First, we choose a subsequence {vy, } of {v,,} such that
(3.42) lim (f(2) = z,vn, — 2) = limsup(f(z) — z,v, — 2).
j—oo

n— oo

Step 4.1 We show that u* € N2, Fiz(K;) NT.

Since {vy, } is bounded, there exists a subsequence {v,, } of {v;,}, which converges
weakly to u*. Without loss of generality, we can assume that v,, — u*. From ||[Wv, —
vn|| = 0, we obtain Wu,,, — u*.

Next, we will show u* € Fiz(W). Assume that u* # Fiz(W). Since v,, — u* and
u* # Wu*, from Opail’s condition, we have

liminf [|v,, —«*|| < liminf [jv,, — Wu"||
j—00 j—00

< liminf(||vn, — Wou, || + [[Won, — Wu™||)
j—o00 ’
(3.43) < liminf v, —u*|.
j—o0

This is a contradiction. So we get u* € Fiz(W) = N2, Fix(K;).
Now, we show u* € I". Since v,, = Tl(tfl’wl)(un + 6A*(Tp(fz’w2) — I)Au,,), we have

1
(344) Fl(vnvv) + 1/11(Umv) + 7<’U — Un,Un — dn> > O,V’U € Cv
where d,, = u,, + §A* (Téf 2%2) _ 1 )Au,,. It follows from the monotonicity property of F}
that

1
(345) 1/}1(Un7v)+ 7<U_Unvvn_dn> zFl(U,Un),V’U S C

L

which implies that

(F2,92)
i ; Ta, -1
(346) '1/11 (vn; 'U) + <’U—'Uni7 M +5A* <( ng ;

n

)Au,
> > Fi(v,v,,), Vo € C.
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From ||v,, — u,|| — 0, we get v,, — u* and v”}%” — 0. Since lim,,_, ||A*(T,§52’w2) -
T(F2:%2) _T) Au,,, /

I)Auy|| = 0, then A* (“M) — 0. Therefore

(347) 1#1(%”71) > Fl(vvvni)a 1/11(71*»”) > Fl(va U*)'

Letv, = tv + (1 —t)u* forall ¢ € (0,1]. Since v € C'and u* € C, we get v, € C. It follows

from Assumption 2.1 that
0= Fi(ve,v) + 1(vg,vp) < tFy(vg,0) + (1 — ) Fy (vg, u™)
+ithy (v, v) + (1 — €)1 (v, u™)
= t(F1(ve,v) + Y1 (v, u”))

+(1 =) (F1(ve, u™) + b1 (v, u™))
(3.48) < Fi(ve,v) + 11 (vg,v),
50 0 < Fy(vg,v) + 41 (v, v). Letting ¢t — 0, se obtain 0 < Fy (u*, v) + 11 (u*, v). This implies
that u* € GEP(F,, ).

Next, we show that Au* € GEP(Fy,s). Since ||v, — uy|| = 0,v, — u* as n — oo and
{un} is bounded, there exists a subsequence {u.,, } of {u,} such that u,, — «* and since

A'is bounded linear operator, thus, Au,, — Au*. From ||Tp(F 22) g )Au,|| — 0, we have
Téf Q’W)Aunj — Au*. Therefore from Lemma 2.2, we have
(3.49)
1
Fy(TSF2%2) Ay, 0) 02 (T2 Auy,, v)+ — (=T %) Auy, ,, TSFY2) Au,, — Au™) > 0,
nj J nj J nj J nj J

g
Vv € Q. Since F; is upper semicontinuous in first argument, from above inequality, we
obtain

(3.50) Fo(Au*,v) + o (Au*,v) > 0,Vv € Q,
which mean that Au* € GEP(F5,v») and hence u* € I'. So, we get u* € N2, Fia(K;)NT.
Step 4.2 We show that {u,} convergence strongly to v* € N2, Fiz(K;) N T, where

u* = Pre pig(r)nrf (u¥).
Since u* = Pm?ilFm(Ki)mpf(u*), we have

limsup(f(u*) — uv*, u, — u*) lim (f(u") —u*, un, —u")

n—oo j—o0
= lim (f(u") —u",vn; —u®)
j—oo
(3.51) = (f(u")—u",u" —u") <0

From the definition of u,,+; in Algorithm 1, we get that

[

90 (tn —u*) + On(Whnvn — U*)HQ + 200 (f(un) — u*, upp1 —u*)

= {Onllun — || + 0nl[Wovn — u*}> + 200 (f (un) — f(u*) + f(u) = 0", upy1 — u*)

< {Onllun — w4 0n[Wovn — w|[}2 + 200 (f (u*) — w*, g1 —u*)
+29n<f(un) - f(U*)aun-‘rl - u*>
< {Onllun = u*|| + Onllvn — w1} + 2k0nlun — u|[lunts — ||

+20n (f(un) — U™, Upg1 — u*)
< (1= on)?lun — w|* + Kon(lunts — u*)* + [un — u*[|?)
(352) +29n <f(u*) - U*v Un+1 — U*>a
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which implies that

1-— 2 2
funss = < USRIy 2O ) s )
1 — 20, + Ko ) o )
= #Hun — |+ T g, lum —u I®
2@” * * *
()~ — )
2(1—k n * 21—k n
< |- 21-r)on ||un_u|‘2+g
1-— KOn 1-— KOn
Mo, 1 * * *
X - il —
{2(1_ﬁ)+1_ﬁ<f(u) Uy Un+1 ’LL>}
(3.53) = (L= ¢n)llun = w"|* + énpn,
where @,, = 2(11:7:35” and ¢,, = 2%5’;) + = (f(u*) — u*, upq1 — u*). It easily seen that

> o on = oo and limsup,,_, . ¢, < 0. Now applying Lemma 2.6, (3.51), (3.52) and (3.53),
we conclude that u,, — u* as n — oco. Consequently, from (3.38), we have v,, — u* as
n — oo. This completes the proof. O

For each i = 1,2,-- -, setting the infinite family K; of nonexpansive mappings to be
identity mappings. We obtain the following algorithm for solving split generalized equi-
librium problem.

Initialization: Choose the sequence {¢,}, {0}, {¥.} in (0, 1) such that C1-C2 are
satisfied and § € (0, ), L is the spectral radius of the operator A*A. Given
{ttn} C [u, 00) with u > 0, {pn} C [p, o0) with p > 0 such that C3 is satisfied.

Iterative Steps: For u,, € H;, Set v, as:
vn = TS (wy, + GAX(T(>¥2) — 1) Auy,),

Step 2. Compute
Un+1 = an(un) + Intp + O vy,
If v, = uy, stop vy, is the solution of the SGEP Problem, otherwise setn :=n +1
and go back to Step 1.

Corollary 3.1. Let C C Hy,Q C Hj be nonempty closed and convex subsets of real Hilbert
space Hy and Hj respectively. Suppose Fi,¢1 : C x C — Rand Fy,¢2 : Q@ x Q — R
be nonlinear mappings satisfying Assumption 2.1 with Fy as upper semicontinuous in the first
argument. Assume that the solution set I # (). Also, let f : Hy — H, be a contraction mapping
with constant k € (0,1), A : Hy — Hs be a bounded linear operator with adjoint A*. Suppose
that {0}, {9} and {6,,} are three sequences in (0, 1) such that o,, + 9, + 0,, = 1. For given
uo € C arbitrary, the sequence {u,} generated by the above algorithm converges strongly to
u* = Prf(u*).

Proof. Take K;u =wuforalli=1,2,...and for all u € C W,u = u in Theorem 3.2. Hence,
the proof follows immediately from Theorem 3.2. O

4. NUMERICAL ILLUSTRATIONS

In this section, we give some numerical examples to illustrate the computational per-
formance of the proposed algorithm.
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Example 4.1. Suppose that H; = H, = R* and C = Q = [0,10] x [0, 10] x [0, 10]. Suppose
foreach w € Hy, A: Hy — Hj be defined by Au = ¢ and foreachu € C,i =1,2,--- , we
define K; : C — H as
u+ 21
Ki(u) = -
() 1434
It can be easily seen that K; is a nonexpansive mapping for each i € N. and F(K;) = {2
For each u, v € C, define the bifunctions Fi,9; : C x C — Rby Fi(u,v) = 2(u+1)(v —
and 91 (u,v) = u(v — u). Also for each @,v € Q, define F3, 12 : Q x Q@ — Rby F»(a,v) =
(@ —10)(v — @) and ¢o (1, v) = @ — v. It is easy to check that

TFub1,, — U= 24
Hn 3, +1
and B
TEF2b2 5 — u+ 11/’6”.
Hn H”I’L + 1
We define the contraction map f(u) = % with constant x = 0.5. p, = S on =
0 = 550 = 1= 00 — Upyin = %H,Cn = ﬁ and § = W as the control
parameters for the numerical illustrations.
\\7\77
(A) Case I: Convergence of u, (B) Case I: Error against number of Iterations

1
T
\
=/ | i
|
|
|
|
|

\

02 \
10 15 20 2 %o 2 3 6
iter

() Case II: Convergence of u, (D) Case II: Error against number of Iterations

FIGURE 1. Convergence of the sequence u,, with different initial points.

In Figure 1, we illustrate the convergence of the sequence generated by Algorithm 1 by
considering four different cases of initial points randomly generated in [0, 10]. It can be
seen that the iterates of the proposed algorithm converges to the common solution of the
considered problem (1.4)-(1.5).
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TABLE 1. Comparative results of Algorithm 1 and the Scheme 1.9 (Algo-
rithm 2) with different initial values and tolerance

TOL =z Algorithm 1~ Algorithm 2

Iterr CPU  Iter. CPU

107 (=3,4,—1) 31 0.0504 46 0.0646

(4,0,2) 31 0.0678 48 0.1058

(5,—8,1) 31 0.0414 48 0.1104

10°7 (=3,4,—1) 57 0.0418 81 0.1103

(4,0,2) 57 0.0341 83 0.1042

(5,—8,1) 57 0.0372 81 0.0867

1078 (=3,4,—1) 109 0.0357 142 0.0997

(4,0,2) 109 0.0311 144 0.1145

(5,—8,1) 109 0.0365 143 0.0948

o1\ = I\ ==
w:' ‘\\.‘ ‘\\\
Emz ‘\\, Em \
WERRN RN
0 S . S
. \\ \\

(A) CaseL: up = (—3,4,—1)

(B) Case IL: up = (4,0,2)

—— Agorthm 1
Agorithn 2

50

ter

100

(C) Case IIL: up = (5,8, 1)

FIGURE 2. Example 4.1, compared results for different initial values with

tolerance 108,

277

It can be observed from Table 1 that, for the given tolerances, the choices of inertial
points do not affect the convergence of the proposed Algorithm. The proposed algorithm
competes well and performs better than the compared algorithm in terms of less number
of iterations and computational time.

Next, we present an example in infinite dimensional space to support our strong con-
vergence result. We reported the computational performance of the proposed algorithm
in Figure 3 and the comparative results in Figure 4.
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Example 4.2. Suppose H; = Hy; = [2(R) = {u = (u1,ug, - ,u,--+),uy € R and

2
Yooy Ju|” < oo ¢ be the vector space whose elements are 2-summable sequences {u; }72;

of scalars in R. with inner product (-,-) : Iz x lo — R and induced norm ||-|| : Iy —
R defined for each u = {w;}2,,v = {v}2; € ly as (u,v) = Y oo, wv, and |ul| =
/320, |ug|® respectively. Suppose the bounded linear operator A : Iy — Iy be de-

fined by Au = (%, %, ,%,.-.) for any {u:}{2; € Iy, therefore, the adjoint is A*v =
v vy

Ltz ... %) foreach {0 )22, € lp. Wesetthesets C ={u€ly: |lul| <1} and Q =
{vely:|v|| <1}.For each {u;}i2;,{v:}2, € C, we define the bifunctions Fy, 9, : C x
C — Rby Fi(u,v) = v*+3uv—4v* and ¢ (u,v) = v? —u?. Also for each {u; }3°,, {0+ }52, €

Q, define F», 15 : Q x Q — Rby Fy(u,v) = 20% + 40 + 3u? and ¢ (u, v) = @ — v. It is easy
to check that

)
AR — d TPRvg=_—Fn
Hn u 7ﬂn+1 an Hn u 5ﬂn+1
Foreachi=1,2,--- , we define K; : C — H as
u+ 21
Ki - e
14 3¢

forall {u.}g2, € C.

For this example, for all {u}{2; € C, we define the contraction map f(u) = 4. We set
the control parameters the same as in Example 4.1. We present the computational result
for two different initial points ug = (1,2,...,1000,0,...)T and
(1,1,...,11000,0,...)T.

\

1
0s \
» E o 2 4 o

(A) Case I: Convergence of u, (B) Case I: Error against number of Iterations

(c) Case II: Convergence of (D) Case II: Error against number of Iterations

FIGURE 3. Convergence of the sequence u,, with different initial points.
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(A) CaseI: up = (1,2, ...,1000,0,...)" (B) CaseII: (1,1, .., 11000,0,...)7.

FIGURE 4. Example 4.2, compared results for two different initial values
with tolerance 1078.

5. CONCLUSION

In this paper, an iterative method for solving a common solution of a split generalized
equilibrium problem and a fixed point of a set of family of an infinite nonexpansive map-
pings in real Hilbert space is proposed and studied. Under some suitable and easy to
verify conditions, a strong convergence theorem of the sequences generated by the pro-
posed method to the common element of the solutions of the considered problems based
on the viscosity method are established. Numerical examples to illustrate the implemen-
tation of the proposed method indicates that, the proposed method is implementable and
our theorem is an extension and improvement of some results obtained in the literature.
As a future work, we are going to consider a self-adaptive version of the proposed method
that does not require the computation of the operator norms involved.
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