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Feedback null controllability for a class of semilinear
control systems

O. CArRjA' and A. 1. LazU?

ABSTRACT. For a class of semilinear control systems we get null controllability results and estimates for the
minimum time function by considering appropriate feedback laws.

1. INTRODUCTION AND PRELIMINARIES

Let X and U be two Hilbert spaces and consider the nonlinear control system described
by the equation

(1.1) v () =Ay )+ f(y @)+ Bu(t), y(0) =z,
where A : D (A) C X — X generates a Co-semigroup {S(¢) : X - X;t>0},B:U - X
is a linear continuous operator, f : X — X is a given function, z € X and u (-) is the
control.

Denote by U the set of all admissible controls, i.e. measurable functions taking values
in By (0,1). We denoted by By (0,1) the closed unit ball in U. For z € X and v € U
consider the mild solution of equation (1.1) which satisfies the initial condition y (0) = =,
i.e. a continuous function y : [0, 00) — X satisfying

v =SWa+ [ SE=9)[F (()+Bu(s)ds

We shall denote itby y (-, z, u) .
Denote by C (t) the null controllable set at time ¢ > 0, i.e. the set of all points = € X for
which there exists u € U with y (t,z,u) = 0. Set C = |J C (¢) called the null controllable
t>0

set, and define the minimum time function 7 : X — [0, +o0] by

T(x)_{inf{tzo; zeC(t)},ifrecC

+o00, otherwise.

Our aim here is to get a feedback law which leads to null controllability and, further, to
get estimates for the minimum time function around the target.

In [4] it was studied the semilinear system (1.1) with B = I, in Banach spaces. The
approach used there allowed to obtain an estimate of the following type: there exists a
control u (-) such that ||y (¢, z, w)|| < c(t) (J|z|| — 7 (¢)) , for some positive functions ¢ (-) and
v (+). Feedback controls of the form u(t) = —sign(y(t)), where sign(x) = x/||z| for x # 0
and sign(0) = B(0,1), were used. The above inequality provided null controllability of
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the system and estimates for the minimum time function around the target. See also [1],
(2], [5], [6]-

In the linear case we mention [9], [10] when B is the identity operator, [11], [12] for the
wave equation.

In the present paper we will use viability results for suitable sets and evolution equa-
tions. To our knowledge, this technique of studying controllability problems by means
of viability was first used in [8] (see also [7]). More precisely, viability leads to the exis-
tence of trajectories which satisfy an inequality of type ||y (¢)| < « (t), where « (¢) will be
given explicitly. This inequality leads to null controllability and, implicitly, by solving the
equation « () = 0, to estimates for the minimum time for which controllability holds.

In the end of this section we present some concepts and results concerning viability
theory, which will be used in the next section. For more details see [7].

Let X be a Banach space, A : D(A) C X — X the generator of a Cy-semigroup
{§(): X - X; t >0}, K anonempty subsetin X and g : K — X a given function.

Definition 1.1. The set K is viable with respect to A + f if for each { € K there exists
T > 0 such that the Cauchy problem (1.2) has at least one solution y : [0,T] — K.

By a solution of the Cauchy problem
W V()= Ay (1) +9(u (1)
y(0)=¢

on [0, T] we mean a continuous function y : [0, 7] — K such that the mapping s — g (y (s))
is Bochner integrable on [0, 7] and

t
v =S5O+ [ Stt-s)as)ds
0
forany ¢ € [0,77].
Definition 1.2. We say that n € X is A-tangent to K at § € K if

S
hrirllilonfﬁdzst (S(h)E+hn; K)=0.

We denote by T (¢) the set of all A-tangent elements to K at ¢ € K.
The following characterization by sequences will prove to be useful later.

Remark 1.1. n € X is A-tangent to K at ¢ € K if and only if there exist two sequences
(hy) in Ry with A, | 0 and (p,,) in X with lim p,, = 0 such that
n— oo
S(hn)§+hn(n+pn) €K
foreachn € N.
We present now two viability results from [7] that will be used in the next section. In

fact, in [7] there are given several viability results based on this tangency concept, under
different assumptions on A4, g and K.

Theorem 1.1. [7, Theorem 8.2.3] Let X' be a Banach space, A : D (A) C X — X the generator
of a compact Co-semigroup {S (t) : X — X; t > 0}, K a nonempty and locally closed subset in
Xand g : K — X a continuous function. Then K is viable with respect to A + g if and only if,
foreach & € K, the tangency condition

(1.3) g(8) € T (&)
is satisfied.
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Theorem 1.2. [7, Theorem 8.2.6] Let X’ be a Banach space, A : D (A) C X — X the generator
of a Co-semigroup {S (t) : X — X; ¢ > 0}, K a nonempty and locally closed subset in X and
g : K — X alocally Lipschitz function. Then K is viable with respect to A + g if and only if, for
each & € K, the tangency condition (1.3) is satisfied.

2. MAIN RESULTS

In this section we provide an admissible control u (-) in order to reach the origin starting
from the initial point « in some time 7', by mild solutions of equation (1.1) . More precisely,
we use a feedback control of the type —B*y (t) / || B*y (¢)]| -

We assume that B is surjective. This implies that there exists v > 0 such that
(2:4) 1Bz = ||l
for any = € X.

First, we prove the following result.

Theorem 2.3. Assume that the semigroup {S (t) : X — X; t > 0} is compact and satisfies the
condition ||S (t)|| < e¥', w € R, B satisfies (2.4) and f : X — X is a continuous function
satisfying

(2.5) (. f () < Llyl’
forany y € X. Then, for any x € X with ||| > 0 there exist c > 0 and y : [0,0) — X solution

of

_ _p By
(2.6) { S BHB*yII
y(0) =z
which satisfies
27) IIy(t)Ilﬁllxl\—vt+(L+w)/0 ly ()l ds

and y (t) # 0 for every ¢ € [0,0).
Proof. Consider the space X = R x X, the operator A = (0, A) which generates the com-
pact Cy-semigroup (1,5 (t)) on R x X, the set

K ={(\2) € Ry x X\{0}; [lz]| < A},
which is locally closed, and the function F' : Ry x X\ {0} — R x X given by

B*x
F(e) = (L4l =S (o) - Bros ).

We show that K is viable with respect to

N { 2 () = (L+w) |y @) By )
Y (1) = Ay (t) + f (y (1)) — B||B* @l

To this end we will apply Theorem 1.1 and we have to verify that the tangency condi-
tion
F(z,x) € T (2,2)
holds for any (z,z) € K. Therefore, let (), z) € K. By Remark (1.1) we have to show that
there exist (hy,), (0,,) inR, Ay, | 0, 6, — 0 such that

‘S(hn)m—khn (f(m)—B B >

2.9
29) 1B]

<At by (L +w) [J2]]l =) + hnbn
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for any n € N. First, for i > 0 we have that

oo (105

HS(h)x +hS (h) (f (r) — B ”g:i”) +

lgizu‘sij“@‘Béi%>w

+h-f(x)—

B*z
< HS(h):C + hS(h) (f (z) — B||B*x||) +
h _
+‘f HB* (f HPMO‘
h B
S O<> an0H+
h _
*‘W HB* f= an0H
This implies that
B*
(H x+h( (=)= Bu%i>H"”)
B*z
" z+h (f(x) - B||B*x||> H — |||l ewh 1
B*x B*x
—B—— —S(h —B— .
T @ = B (>@“) HFMOH

Denoting the right hand side by II},, letting & | 0 and using (2.5) and (2.4) we get

B*z B*z
hmmé[aﬂw—B } n|—< f&)-B >+mm|
i 1B el 1B

1 1 B*z
MM@J@%Lﬂ<LBu%ﬂ>+WWH

1 1
@ f (2)) = 7= (BT, Bra) + w o]
| ]| {| B*|
B ]|
< L] - Tzl Fwlzll < Lzl = +wl].

This clearly implies the existence of (h,,) and (6,,) which satisfy (2.9) . Hence, for each z €
X, z # 0, there exist ¢ > 0 and a noncontinuable solution on [0, ) of the Cauchy problem
(2.8) with z (0) = ||z||, y (0) = =, which satisfies (z (t) ,y (t)) € K forany ¢ € [0, o). Clearly,
y (o) exists and equals 0. Hence,

t
ly O < ll=ll + (L+w)/0 lly (s)ll ds —~t
foranyt € [0, 0). O

Theorem 2.4. Assume that the semigroup {S (t) : X — X; t > 0} satisfies the condition ||S (t)| <
e“! w € R, Bsatisfies (2.4) and f : X — X isalocally Lipschitz function satisfying (2.5) for any

y € X. Then, for any x € X with ||| > 0 there exist o > 0 and a unique solutiony : [0,0) — X
of (2.6) which satisfies (2.7) and y (t) # 0 for every t € [0, 0).
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Proof. First, observe that the function x — B is Lipschitz continuous on X\ B (0, R) ,

B*x
| Bl
for each R > 0. It is used that B and B* are linear and bounded operators.

Then, we apply Theorem 1.2 to show that the unique solution of (2.6) reaches B (O R)
in time ¢ and satisfies (2.7) for ¢t € [0,%). If R; < Rj then the corresponding times #; and
t, satisfy o < t; and the corresponding solutions y; (-) and ys (-) satisfy y1 (t) = ya (t) on
[0, fg] . Hence, the solution of (2.6) does not depend on R > 0 untill it reaches B (0, R) .
Taking a sequence R,, | 0 we get a sequence of times t,, inscreasing to some ¢ and the
inequality (2.7) is satisfied on [0, o). O

From Theorems 2.3 and 2.4 we get estimates for the minimum time function.

Corollary 2.1. Under the hypotheses of Theorem 2.3 or Theorem 2.4, the following properties
hold.

(@) Incase L+ w < 0, for any x € X, x # 0, there exist an admissible control v () and a mild
solution y (+) of (1.1) that reaches the origin of X in some time T < ||z|| /~ and satisfies

ly (DI < [l[] =
forany t € [0,T]. Therefore,
T(x) <[l /v
forany x € X.

(ii) In case L+w > 0, for every x € X satisfying 0 < ||z| < v/ (L + w), there exist an admissible
control w (-) and a mild solution y (-) of (1.1) that reaches the origin of X in some time

1 gl
T< log
— (L+w) ||

~ L+w
w v Y
ly ()] < @+ Qm )+

and satisfies

L+w L+w
cy ¥ . . 1
orany t € [0,T]. Considering 0 < p < and defining r = ——————— we have
forany t € [0,T] §0<p <15 fining 1 = 0,
T(z) <l

forany x € X with 0 < ||z]| < p.

Proof. Lety : [0,0) — X be the solution of (2.6) given by Theorem 2.3, which satisfies
(2.7) and y (t) # O forany ¢ € [0,0) and y (o) = 0. Then y () is a solution of (1.1) with
u(t) =—=By(t) /By (t)] fort € [0,0).

(i) In the case when L + w < 0, by (2.7) we get that ||y (¢)|| < ||z|| — ~t for any ¢ € [0, 0].
Hence 7 (z) < ||z|| /7.

(i) If L + w > 0, from (2.7) , using Gronwall inequality, we get

< o(LHw)t 7 Y
Iy < e (ol - 22 ) + £
1 gl
for any t € [0, Further, we get that T 1 for an e X
yt€0,0]. 8 (@) < T T T o) y T

with 0 < |jz| < 7/ (L + w). Using now the elementary inequality log (1 +y) < y, for
every y > 0, we get

forany z € X with 0 < |jz|| < p. O
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Proposition 2.1. Assume that the semigroup {S (t) : X — X; t > 0} satisfies the condition
IS ()] < e, w € R, B satisfies (2.4) and f : X — X is \-Lipschitz and satisfies (2.5) for
anyy € X.

. ¥ . 1 .
(i) Suppose L +w > 0,1et 0 < p < and definer = ————— . Ifx € Cand z € X is
pp w < T o fine r L)y If z
such that
(2.10) |z — x| < pe”HIT@),

then z € C and
T (2) < T (x) + reMTIT@) ||z — 2.

Moreover, C is open, T (-) is locally Lipschitz continuous on C if A +w > 0 and globally Lipschitz
continuous on C if A+ w < 0.
(i) If L + w < 0, then, for any x, z € X we have

1
T(2) <T(x)+ ;6(”“)7“) [ = =] -

Moreover, T () is locally Lipschitz continuous on C if \+w > 0 and globally Lipschitz continuous
onCif A\ +w <0.

Proof. (i) The proof follows the same ideea as the one of [3, Proposition 3.3]. First, let us
remark that, for any z, z € X and any control u, we have

(2.11) ly (t.2,u) =y (t,2,0)| < Nz — 2],

for any ¢ > 0. To simplify the exposition we assume the existence of an optimal control u
for z,ie. y (T (z),z,u) = 0. Using (2.11) and (2.10) , we get

ly (T (2), 2, u)l| < VT Jlz — 2| < p.

By Corollary 2.1 we get that y (7 (z),2,u) € C and

1 Y
T (T (x),2,u) < L+w1°g7—(L+w)uy(”r(x),z,u)ll'

Further, using the inequality log (1 + y) < y for every y > 0, we get

ly (T (z), 2, W]
TW(T @), 20) S g ST @), 2.0

T <rlly (T (), 2w

< re@tNT@) |1 — 2.
Applying now the dynamic programming principle we obtain that
T ST @) +T (T (@),20) <T (@) +re VT o — 2.

Suppose that A + w > 0. Let 29 € C and take § = ge_(‘*"M)(T(zO)”P). Then, from the
first part of the proof, we get

T (x1) — T (22) < re@TNT@Fre) |13 gy |

for any x1, 22 € B (z0,0) . If A +w < 0, the conclusion follows immediately.
The proof of (ii) is similar. O
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3. AN EXTENSION
In this section we assume that there exists v > 0 such that

ol Edl
" (ll=]))

for any z € X with 0 < ||z|| < n, for some 1 > 0, where ¢ : R, — R is derivable, strictly
increasing and ¢ (0) = 0. For example, ¢ (t) = t# with 0 < 8 < 1.

(3.12) 1B >

Theorem 3.5. Assume that the semigroup {S (t) : X — X; t > 0} is compact and satisfies the
condition ||S (t)|| < e*', w € R, B satisfies (3.12) and f : X — X is a continuous function
satisfying (2.5) for any y € X. Then, for any v € X with 0 < ||z|| < n there exist o > 0 and
y : [0,0) — X solution of (2.6) which satisfies

(3.13) e (ly D) < e () + /Ot (L+w) ¢ (ly (5)I) lly ()]l ds — vt
and y (t) # 0 for every t € [0, 0).
Proof. We take

K ={(A2) € Ry x X\{0}; ||zl <nand o ([l«]]) <A},
and show that it is viable with respect to

4= (L0 (WOl
@19 V(0= Ay(0)+ £ (00~ B

To this end, let (A, z) € K, hence 0 < ||z|| < nand ¢ (||z]]) < A. We have to show that there
exist (hy,), (0,) inR, b, | 0, §,, — 0 such that

(A, S (hn) ) + hn <(L+w) o () |zl =~ + 6n, f (z) — Hg:xn) K

for each n € N, that is

B*x
19 [s s (160 By )| <o
and
(3.16)

o (s et (1@ - Brgm)|) <A+ @+ Qald el =2t + 100

for each n € N. First, observe that, since ¢ is derivable,

o(|sern (s -sgap)]) -eten
h

lim inf
h10

B*z
S (h x—l—h(f a:)—B)H — ||
) (@)~ Brgaoy ) | - e
- .
Further, as in the proof of Theorem 2.3, using (3.12), we get that

hmmf(” wa+n(fie- Bﬁ?%)b—wwﬂb<

hl0 h -

— !/ 1- . f
¢ (Jal) lap n
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Bz

< ¢/ (lal) (£ ol - L1

This implies the existence of (h,,) and (6,,) which satisfy (3.16) . Clearly, (h,,) can be chosen
such that (3.15) holds. Hence, for each x € X, with 0 < ||z|| < 7, there exist ¢ > 0 and
a noncontinuable solution on [0, ) of the Cauchy problem (3.14) with z (0) = ¢(||z])),

y (0) = = which satisfies (z (t) ,y (t)) € K forany ¢ € [0, 0). Clearly, y (o) exists and equals
0. Hence,

fw ||x|) <t (LW (el ]

ey 1) < ¢ ll) +/O (L +w) " (ly () 1y (s)ll ds —~t
forany t € [0,0). O

From Theorem 3.5, using a similar argument as in the proof of Corollary 2.1, we get the
following result.

Corollary 3.2. Assume that L + w < 0. Under the hypotheses of Theorem 3.5, for any x € X,
with 0 < ||z|| < m, there exist an admissible control w (-) and a mild solution y (-) of (1.1) that
reaches the origin of X in some time T < ¢ (||x||) /v and satisfies

e(ly @O < elzll) =t

forany t € [0,T]. Further,

T (x) <@ (ll=l) /~
forany x € X, with 0 < ||| < n.

Corollary 3.3. Assume that L +w > 0and ¢ (t) = t°, with 0 < 3 < 1. Under the hypotheses
of Theorem 3.5, for any x € X satisfying 0 < ||z|| < nand ¢ (||z]]) < m
admissible control v () and a mild solution y (-) of (1.1) that reaches the origin of X in some time
Y

, there exist an

T 112 e i
B(L+w)t _ 2 g
PO < (o llel) - 5755 ) + 555
o 04 .. _ 1
foranyt € [0,T]. Considering 0 < 6 < Fl+o) and defining k = TR Twn we have

T(x) < we ()
forany x € X with 0 < ||z|| < nand ¢ (||z]]) <.

Proof. Lety : [0,0) — X Dbe the solution of (2.6) given by Theorem 3.5, which satisfies
(3.13) and y (¢t) # O for any ¢t € [0,0) and y (o) = 0. Then y (-) is a solution of (1.1) with
w(t) = —B*y (1) / | By (t)] for t € [0, 0).
Clearly, ¢’ (t)t = By (t) for any ¢ > 0. Hence, (3.13) becomes
t
e (ly A1) < @ (ll=) +/0 (L +w)Be(lly (s)ll) ds —

and, using Gronwall inequality, we get

e < (o llel) - 577575 ) + 50

B(L+ w) L+ w)
1 Y
for any ¢t € [0,0]. Further, we get that 7 () < lo . Fi-
yielool 8 7 gy sy vy P )

nally, we use the inequality log (1 +y) < y, for every y > 0, to complete the proof, as in
Corollary 2.1. O
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