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Fixed points and the stability of the linear functional
equations in a single variable
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ABSTRACT. In this paper we prove that an interesting result concerning the generalized Hyers-Ulam stability
of the linear functional equation g(¢(z)) = a(z) @ g(z) on a complete metric group, given in 2014 by S.M. Jung,
D. Popa and M.T. Rassias, can be obtained using the fixed point technique. Moreover, we give a characterization
of the functions that can be approximated with a given error, by the solution of the linear equation mention
above. Our results are also related to a recent result of G.H. Kim and Th.M. Rassias concerning the stability of
Psi functional equation.

1. INTRODUCTION

“When a solution of an equation differing slightly from a given one must be somehow
near to the solution of the given equation?” is the question formulated in 1940 by S.M.
Ulam [33] while giving a lecture at the University of Wisconsin, on the stability group
homomorphisms. In a more precise formulation, its problem of stability reads as follows:

Let (Gy,0) be a group, (G2, *) be a metric group with the metric d(-,-) and ¢ > 0. Does
there exists a § > 0 such thatif f : G; — G, satisfies

d(f(zoy), f(x)* f(y)) <6, forallz,ye Gy

there exists a homomorphism 4 : G; — G5 with
d(f(x),h(z)) <e, forallz € G1?

A first answer to Ulam’s question was given by D. H. Hyers [22] in 1941 concerning
the Cauchy functional equation. Afterwards different generalizations of that initial an-
swer of Hyers were obtained. Hyers’ theorem was generalized by Aoki [1] for additive
mappings and by Th.M. Rassias [31] for approximately linear mappings, by considering
an unbounded Cauchy difference. See also [17], [30] and [32]. Nowadays we speak about
the concept of Hyers-Ulam stability.

A further generalization was obtained by P. Gavruta [18] in 1994. See also [19] and [21]
for more generalizations. The papers mentioned above use the direct method (of Hyers),
i.e., the exact solution of the functional equation is explicitly constructed as a limit of a
sequence, starting from the given approximate solution.

For other results and generalizations, see the books [5],[15], [23],[25] and their refer-
ences.
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Among applications of the functional equations, we mention modeling in science and
engineering (see [13]). An interesting application of the stability in the sense of Hyers-
Ulam pointed out by D.H. Hyers, G. Isac and Th. M. Rassias is in the study of comple-
mentarity problems (see the book [23]). For other complementarity problems, see also the
article of G. Isac [24].

On the other hand, J.A. Baker [2] used in 1991 the Banach fixed point theorem to give
Hyers-Ulam stability results for a nonlinear functional equation.

In 2003, V. Radu [29] proposed a new method, successively developed in [6], to obtain
the existence of the exact solutions and the error estimations, based on the fixed point
alternative. For some other applications of the fixed point theorem in the generalized
Hyers-Ulam stability see the papers [7], [8], [9], [11], [12], [14], [16], [20], [28].

Recently, J. Brzdek, J. Chudziak & Z. Péles proved in [3] a general fixed point theo-
rem for (not necessarily) linear operators and they used it to obtain Hyers-Ulam stability
results for a class of functional equations in a single variable. A fixed point result of the
same type was proved by J. Brzdek & K. Cieplifiski [4] in complete non-Archimedean met-
ric spaces as well as in complete metric spaces. Also, they formulated an open problem
concerning the uniqueness of the fixed point.

In the paper [10] we obtained a fixed point theorem for a class of operators with suitable
properties, in very general conditions. Also, we showed that some recent results in [3] and
[4] can be obtained as particular cases of our theorem. Moreover, by using our outcome,
we gave affirmative answer to the open problem of J. Brzdek & K. Ciepliniski, formulated
at the end of the paper [4]. We also showed that our main Theorem is an efficient tool
for proving generalized Hyers-Ulam stability results of several functional equations in a
single variable. To this end, we prove in this paper that an interesting result concerning
generalized Hyers-Ulam-Rassias stability of a linear functional equation obtained in 2014
by S.M. Jung, D. Popa and M.T. Rassias in [26] is a particular case of a fixed point theorem
given by us in [10]. Moreover, we give a characterization of the functions that can be ap-
proximated with a given error, by the solution of the previously mention linear equation.

We consider a nonempty set X, a complete metric space (Y, d) and the mappings
ARy 5RYand 7T : VY 5 V™.

We recall that, for two sets M and N, N is the space of all mappings from M to N and
if (6,,)nen is a sequence of elements of RY, we write
lim §, =0 pointwiseif lim 6,(z) =0 forevery z € X.
n—oo

n— oo

R, stands for the set of all nonnegative numbers, i.e., Ry = [0, 00) and R* = (0, 00).
Definition 1.1. [10] We say that T is A— contractive if for all u,v € Y and § € R with
d(u(z),v(z)) < d(x), Ve X,

it follows
d(Tu)(z), (Tv)(z)) < (Ad)(z), Vz € X.

In the paper [10] we obtained the following fixed point theorem:

Theorem 1.1. We suppose that the operator T is A—contractive, where A satisfies the condition:
(C1)  for every sequence (8, )nen in R such that

lim 6, = 0 pointwise, it follows that lim Ad,, = 0 pointwise.
n— o0

n—oo
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We suppose that € € R is a given function such that

o0

(Cq) e*(z) = Z (APe) (z) < o0, Yz € X.

k=0

We consider a mapping f € Y~ such that

(1.1) d(Tf)(x), f(z)) < e(x), Vo € X.

Then, for every x € X, the limit

(12) g(x) = Tim (7" f)(x),

exists and the function g is the unique fixed point of T with the property

(1.3) d(T™f)(x),9(z)) < > (AFe) (1), 2 € X, m e N.
k=m

Moreover, if we have

(Cs) lim A"e* = 0 pointwise,

n—oo

then g is the unique fixed point of T with the property
(14) d(f(z),9(x)) < *(z), Vo € X.

Theorem 1.1 generalizes a result of J. Brzdek and K. Ciepliniski [4] concerning the exis-
tence of the fixed points. Moreover, our theorem provides a positive answer to the open
question raised by these authors concerning the uniqueness of the fixed point.

2. STABILITY OF THE FUNCTIONAL EQUATION g(p(x)) = a(z) & g(z)

We take a nonempty set X and a complete metric group (G, e,d) with the metric d
invariant to the left translation, i.e.,

dlxzey,xzez)=d(y,z), forallz,y,z € G.

We consider the given functions ¢ : X - X anda : X — G.
We denote

Ap(z)=a(p" ' (2))e...0a(p(z))ea(z), z€X, n>1
We have
An(p(x)) = Apsa(2) @ (a(z)) ™, z€X,n>1,
and successive by
Ap (0" () = Apym(x) o (Am(ac))f1 .z X, myn>1.

In this section we discuss the generalized Hyers-Ulam-Rassias stability of the func-
tional equation

(2.5) 9(p(x)) = a(z) e g(x),x € X,

where g : X — G is the unknown function.
The equation (2.5) is equivalent to

(2.6) (a(z)) "t e glp(x)) = g(z),z € X,
We remark also that

(2.7) g(¢"(z)) = An(z) 0 g(z), z€X,n>1
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In what follows we will show that the main result of the paper [26] concerning the
generalized Hyers-Ulam-Rassias stability of the equation (2.5) is a consequence of our
Theorem 1.1. To this end, we start with the presentation of the main result from [26]:

Theorem 2.2. [26] Let € : X — R be a given function with the property

oo

e*(x) == Zs (¢*(2)) < o0, Yz € X.
k=0

Then, for every function f : X — G satisfying the inequality

(2.8) d(f(p(2)),a(z) e f(x)) < e(@), Vo € X,
there exists a unique solution g of the equation (2.5) such that

29 d(f(z),9(x)) < &*(z), Vo € X.

This solution is given by the formula

(2.10) g(x) = lim (Au(2))"" e f(¢"(@)).

n—oo

We can easily see that the above theorem is a particular case of our fixed point result
emphasized in the first section.

Proof. We take in Theorem 1.1
(Tu)(z) = (a(z)) " e u(p(z)) and (Ad)(x) = d(p(x)).

So, it follows
d((Tu)(z), (Tv)(x)) = d(u(p(x)), v(p(2))) < (Ad)(x)
if
d(u(z), v(z)) < 6(x),
hence the operator 7 is A— contractive in the sense of the Definition 1.1.
On the other hand, by using the invariance property to the left translation of the metric
d and the assumption (2.8), we obtain that (1.1) holds.

Uniqueness of g results also from Theorem 1.1. In fact, we prove that A satisfies the
hypothesis (Cs) :

A'(e*(x)) = A" (ZE ((pk(x))> =
k=0
= Y e(@™@) =) (@)
k=0 m=n

Thus

O

In the second Theorem of this section we will give a characterization of the functions
f + X — G that can be approximated with a given error, by a solution of the equation
(2.5).
We denote by
£, = {g eRY, lim e(¢™(z)) =0,Vx € X} .

n—oo
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Theorem 2.3. The following statements are equivalent:
() There exists a unique solution g of (2.5) such that

d(f(x),9(x)) < e(x), Vo € X.
(1) d(f("(x)), An(x) @ f(z)) < e(x) +e("(2)), v € X,n =1

(1) thereexists o6 € £, such that
d(f(¢"(x)), An(z) @ f(z)) <e(x) +6(¢"(z), z€ X,n > 1.

Proof. (i) = (ii). We have, by using (2.7)
d(f (¢"(2)), An(z) o f(2)) < d(f(¢"(2)),9(¢"(2))) +d(g(¢"(2)), An(z) ® f(2))
< e (¢"(2) + d(An(z) 0 g(), An(z) o f(2))
= e(p"(x)) +e().

(79) = (7i1). We take in (i3) 6 = .
(#91) = (7). In (449) with ¢ (x) instead of x, we have

d(f (" (@)), An (" () @ f (™ (2))) < (™ (2) +6 (" (2)),
which means

d(f (")), Angm(x) @ (Ap(x)) " o f (@™ (2))) <e (@™ (@) +6 (" (@),
hence

A ((Ansm(@) ™ 0 F (™) s (An(@) " 0 (7)) < 2 (" (@) +6 (9" ().
It follows that the sequence

{Au(@) " 0 F (" (@)}

is a Cauchy sequence. Since (G, o, d) is complete, it results that there exists

o(x) = lim (Au(x) "o F (" (@) € X,

n>1

We have
9(p(2) = alz) o lm (Apia(2)) ' f (¢"(2)) = ax) e gla), 2 € X,
hence g is a solution of (2.5) and
a(g(), (Am(@) ™" o f (9™ (@) < & (" (@) 2 € X,m = 1.
By (447) it follows that
4 ((An(@) ™ 0 £ (" (@), f(@)) < e(@) +0 (" (2))
and by letting n go to infinity, we obtain
d(f(z),9(z)) < &(x), vz € X.

We prove now the uniqueness of g¢. To this end, let us consider a solutionk : X — G
of the equation (2.5), satisfying the relation

d(h(z), f(z)) < e(x),Vz € X.
By replacing z by ¢ (z), we have
d(h (9™ (2)), f (¢™(2))) < e(¢™(z)), Ve € X.
Having in mind that & (¢™(x)) = A, (z) @ h(x), it follows

a(h(@), (Am(@)) ™" 0 F (¢"(@))) <& (¢"(2)) 2 € X.
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Letting m go to infinity, we obtain
d(h(z),g(z)) =0,Vz € X.
|
As a direct application of the Theorem 2.3 we will obtain the following result concern-

ing the characterization of the functions f : R* — R that can be approximated with a
given error, by the solutions of Digamma functional equation

1 *
(2.11) g(x—i—l):g(a:)—i—;, reRY.

Corollary 2.1. The following statements are equivalent:
(i) There exists a unique solution g of (2.11) such that

|f(z) — g(2)| < e(x),Vz € R}

n—1 1

(i) ‘f(ﬂ?Jrn)—f(x)—Z

pry <e(x)+e(r+n), zreRi,n>1

(7i1) There exists

de&, = {5:X—>R+, nli_}n;oa(x—&—n):O,VaceRi}

so that
(m n) (x) n—1 | <5(x)+5(33+n) zeR . n>1.
} } kE k = 9 =+ -

Proof. The result follows immediately by taking in Theorem 2.3, X =R, (G, ) = (R, +),
1
d the Euclidean metricon R, p(z) =z + 1, a(z) = —, 2 € R}.. O
x
We give below a more general result obtained in the same way, which is in connection
with the recent paper of G.H. Kim and Th. M. Rassias [27].

Corollary 2.2. Let p be a positive real number. The following statements are equivalent:
() There exists a unique solution g of the functional equation

g(z +p) = g(z) +a(z), r € R}

such that
f(z) — g(z)| < e(z), (V) z € RY.
n—1
(i1) ‘f(m—i—np)—f(m)— a(z + kp)| <e(x) +e(z+np), z € R ,n > 1.
k=0

(#i1) There exists
Se&, = {g :X > Ry, lim £ (z+np) = 0,Vz eRﬂ;}

so that

3
|
-

‘f(CU‘an) - f(z) - a(zx +kp)| <e(x) +0(x+np), € R, n> 1

0

~
Il
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