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Fixed point theorems for nonself generalized contractions
on a large Kasahara space

ALEXANDRU-DARIUS FILIP

ABSTRACT. In this paper we give some fixed point theorems for nonself generalized contractions on a large
Kasahara space, which generalize some results given by I.A. Rus and M.-A. Serban (I.A. Rus, M.-A. Serban, Some
fixed point theorems for nonself generalized contractions, Miskolc Math. Notes, 17(2016), no.2, 1021-1031) and by S.
Reich and A.]. Zaslavski (S. Reich, A.J. Zaslavski, A note on Rakotch contractions, Fixed Point Theory, 9(2008), no.1,
267-273) in complete metric spaces. We prove our results without using the completeness of the metric structure.

1. INTRODUCTION AND PRELIMINARIES

There are several techniques in the fixed point theory for nonself operators on a com-
plete metric space ([7], [19], [13], [16], [15], [3], [9], [20], ...). Some results are given in
the case of Kasahara spaces ([4], [5], [14]). By following the papers of S. Reich and A.].
Zaslavski [9] and I.A. Rus and M.-A. Serban [20] we give some fixed point theorems for
nonself generalized contractions on a large Kasahara space, a metric structure in which
the completeness of the metric does not necessarily have to be satisfied.

In this paper we will use the notations and terminology given in [4] and [20]. We recall
some notions, notations and results which will be used in the sequel of this paper.

1.1. L-spaces. The notion of L-space was given by M. Fréchet in 1906 (see [6]).

Let X be a nonempty set. Let s(X) := {{z,}nen | 2, € X, n € N}. Let ¢(X) be a subset
of s(X) and Lim : ¢(X) — X be an operator. By definition, the triple (X, ¢(X), Lim) is
called an L-space (denoted also by (X, E>)) if the following conditions are satisfied:

(1) if x,, =z, forall n € N, then {x,, }nen € ¢(X) and Lim{x, }neny = 2.
(1) if {zp}nen € ¢(X) and Lim{z,}nen = z, then for all subsequences {x,, };cn Of
{zn}nen, we have that {z,,, }ien € ¢(X) and Lim{z,, }ien = .

By definition, an element {z,, } ,en of ¢(X) is a convergent sequence, © = Lim{z, }nen

is the limit of this sequence and we also write z,, 5 zasn — cc.

In general, an L-space is any nonempty set endowed with a structure implying a notion
of convergence for sequences. Other examples of L-spaces are: Hausdorff topological
spaces, R'"'-metric spaces, cone-metric spaces, gauge spaces, 2-metric spaces, D-R-spaces,
probabilistic metric spaces, syntopogenous spaces (see: [19], [4], [7]).
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1.2. Matrices which converge to zero. We denote by M,,(R.) the set of all m x m square
matrices with positive real elements, by I,,, the identity m x m matrix and by O,, the zero
m X m matrix.

S € M, (R4 ) is said to be a matrix convergent to zero if S — O,,, as n — .

A classical result in matrix analysis is the following theorem (see [21], [1]), which char-
acterizes the matrices that converge to zero.

Theorem 1.1. Let S € M,,(Ry). The following assertions are equivalent:

(1) S is convergent to zero;
(2) its spectral radius p(S) is strictly less than 1;
(3) the matrix (I, — S) is nonsingular and

(I, —=S) ' =1, +S+8*+...+8"+...;

(4) the matrix (I, — S) is nonsingular and (I, — S) ™" has nonnegative elements;
(5) S"z — 0€ R™asn — oo, forall x € R™.

Throughout this paper, we will make an identification between row and column vec-
tors in R™. Notice also that, if x = (z1,...,2m), ¥ = (y1,...,Ym) € R™, thenby z < y we
mean that z; < y;, foralli € {1,2,... ,m}.

1.3. R''-metric spaces. Let X be a nonempty set. A mapping d: X x X — R’ is called a
vector-valued metric on X if the following conditions are satisfied:
(1) d(z,y) =0 R" <z =y, forallz,y € X;
(2) d(z,y) = d(y,z), forallz,y € X;
(3) d(z,y) <d(z,z) +d(z,y), forall z,y,z € X.
Some examples of vector-valued metrics are given bellow.

Example 1.1. Let X = R™ and d : R™ x R™ — RT, be defined by d(x,y) := |v — y| =
(Jzr = w1l, - |@m = Yml), forallz = (z1,...,2m), y = (Y1, -, Ym) € R™.

Example 1.2. Let X := (Cla,b])? and d : (Cl[a,b])* x (C[a, b])? — R2, be defined by d(z,y) :=
(max{len(t) — yi(®)] | + € [a,b]}, max{lea(t) — yo(D)] | £ € [a,b]}), for all 2 = (w1,2),
y = (y1,52) € (Cla, b))%

Example 1.3. Let X be a nonempty set. Let d; : X x X — Ry be metrics on X, forall i = 1, m.
Then, the mapping d : X x X — R, defined by

d(l’,y) = (dl(x,y)v dg(fﬁ,y), e 7dm(xa y))v fOi’ llll x,y € X
is a vector-valued metric on X.

A nonempty set X endowed with a vector-valued metric d : X x X — R is called an
R'*-metric space and it is denoted by the pair (X, d). The notions of convergent sequence,
Cauchy sequence, completeness, open and closed subset and so forth are similar to those
defined for usual metric spaces.

In the context of R’’-metric spaces (X, d), we define the diameter functional § : P,(X) —
R, by 6(A) := (04, (A),...,04,,(A)), forall A € P,(X).

1.4. Large Kasahara spaces. The notion of large Kasahara space was given by . A. Rus in
[14], as follows:

Definition 1.1. Let X be a nonempty set, 5 be an L-space structure on X, (G, +, <, E>) be an
L-space ordered semigroup with unity, 0 be the least element in (G, <) and dg : X x X — G be

an operator. The triple (X, 5, dg) is a large Kasahara space iff we have the following compatibility
condition between > and da:
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(@) zn € X, (xn)nen a Cauchy sequence (in some sense) with respect to dg implies that
) F
(@ )nen converges in (X, —).

The notion of large Kasahara space which will be used in this paper, is the following:

Definition 1.2. Let X be a nonempty set, L bean L-space structureon X andd : X x X —
R™* be a metric on X. The triple (X, 5, d) is a large Kasahara space iff we have the following
compatibility conditions between L and d:

(1) {xn}tnen is a fundamental sequence in (X, d) = {x, }nen converges in (X, E>);

(#1) xn RS Yn LN y* and d(x,,yn) — 0asn — oo = z* = y*.
Example 1.4 (See [10], [18], [5]). Let (X, p) be a complete metric space and (X, d) be a metric
space, where p,d : X x X — R'"'. We suppose that there exists a real constant ¢ > 0 such that
p(z,y) < cd(z,y), forall x,y € X. Then, (X, 5 d) is a large Kasahara space.
Example 1.5. We give here an example, showing that the condition (ii) of the Definition 1.2 is
necessary.

Let X :=R™, ¢(R™) := ¢1(R™)Uco(R™)Ucs(R™), where c1 (R™) is the set of all convergent
sequences with respect to the metric d : R™ x R™ — R, defined as in the Example 1.1 and, on
c1(R™), we consider Li=% ¢, (R™) is the set of all subsequences {xy, }nen of {n}nen, where
n = (n,n,...,n) € N, with Lim{z, }nen = 0 € R™; c3(R™) be the set of all subsequences
{Yn}nen of {n + %_H}%N, where n + ﬁ = (n+ ﬁ,n + %_H, on+ ”Jlrl) e R™, with
Lim{yn}nen = (1,1,...,1) € R™. Notice that (R™, c(R™), Lim) is an L-space. But the triple
(R™, 5. d) is not a large Kasahara space. The condition (i) of Definition 1.2 is satisfied, but the

condition (ii) is not. Indeed, let x,, :== n and y, :== n + n%rl,for all n € N. For these two
sequences we have x,, Eoe R™, y,, LN (1,1,...,1) e R™and d(zp, yn) = 04s n — oo.

Remark 1.1. Lef (X, 5, d) be a large Kasahara space. Then for any sequence {zp tnen+ C X
with x,, 5 o* as n — oo, we have x,, = x* as n — occ. This implies that for any subset A C X,
with A closed in (X, £>), Ais closed in (X, d).

2. THE CASE OF CONTRACTIONS

Let (X, d) be an R'"-metric space. Let Y C X be a closed subset and f : ¥ — X be
a nonself operator. By definition (see [11], [19]) f is called a contraction if there exists
a matrix S € M,,(R}) convergent to zero, such that d(f(z), f(y)) < Sd(z,y), for all
z,y €Y.

We give here one of the main results of this paper, concerning the existence, uniqueness
and data dependence of fixed points for nonself contractions, in the context of a large
Kasahara space. The result generalizes Theorem 6, given by LA. Rus and M.A. Serban in
[20], in the context of complete metric spaces (X, d). In our result, the completeness of the
metric d does not necessarily have to be satisfied.

Theorem 2.2. Let (X, 5, d) be a large Kasahara space, Y C X be a closed subset of (X, E>) and
f Y — X be an operator. We suppose that:
(i) there exists y, € Y, foralln € N*, such that the set {y,, | n € N*} is bounded and f*(yy,)
is defined for i = 1,n, n € N*;
(it) f is continuous in (X, E)),
(#i1) f is a contraction w.r.t. the metric d.
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x
z*asn — oo;
( (I, — S)~Yd(x, f(z)), forallz € Y;
(f™(yn),x*) < S™d(yn, z*), forall n € N*;
if the operator g : Y — X is such that
(j) thereexists n € (R*%)™ such that d(f(x),g(x)) <n, forallz €Y;
(47) Fy # 2
then d(z*,y*) < (I, — S)~ ', forall y* € F,.

Proof. (1) + (2). First, we remark that {f%(y,) | i = 0,n — 1, n € N*} is a bounded set.
Indeed, since the set {y,, | n € N*} is bounded, for a given yy € Y there exists a constant
€ (R% )™ such that d(yo,yn) < r, forall n € N*.
By the assumption (iii), we have the following estimations

d(yo, f(yn)) < d(yo, f(yo)) + d(f(yo), f(yn)) < d(yo, f(yo)) + Sr, foralln € N*.
On the other hand, for any ¢ > 2, we have

d(yo, f*(yn)) < d(yo, f(y0)) + d(f (yo), [*(yn))
< d(yo, f(y0)) + d(f (o), f(yn)) + d(f (yn), [*(yn))

< dlyo, F(go)) + 5+ 3 d(F (), 7 (3)
j=1
< d(yo, F(40)) + S+ (I — 8) 15y, F(3)), foralln € N

and d(yn, f(yn)) < d(Yn,yo) +d(yo, f(yn)) < 7+ Sr+d(yo, f(yo)) =: R € (RL)™. So, there
exists R € (R%)™, R := d(yo, f(y0)) + St + (I, — S)"*SR > 0 such that d(yo, f(y»)) < R,
foralln € N* and i =0,n — 1. Thus, the set { f*(y,,) | i = 0,n — 1, n € N*} is bounded.

Let A€ P(Y )besuchthat{fz(yn) |i=0,n—1,n¢€ N*} C A

Let Ay := f(A), A2 := f(A1NA), ..., Apyq = f(A NA), for all n € N*. By this construc-
tion, we obtain the sequence of sets {An}neN* with the following properties: 4,11 C Ay,
foralln € N*, and f"(y,) € A, foralln € N*.

Since the operator f is a contraction w.r.t. the metric d, there exists a matrix S €
M., (R4) convergent to zero, such that d(f(z), f(y)) < Sd(z,y), for all z,y € Y. By
taking the supremum over z,y € Y we get that

5(f(B)) < S6(B), forall B € P,(Y).
By using the properties of the diameter functional § and taking into account the as-
sumption (#i7), we have
§(Ant1) =0(f(A,NA)) <O(f(An)) < SH(A,), for all n € N*.
By mathematical induction over n € N*, it follows that
§(Apt1) < S™HLS(A), forall n € N*.

By letting n — oo, we get that 6(A4,,+1) — 0.

Since f"(yn) € An, f" Hyn) € Ap-1 N Aand §(A,—1) — 0asn — oo, we get that
{F™(yn) }nen- and { f" ! (yn) }nen- are fundamental sequences in (X d).

By the condition (¢) of Definition 1.2 we have that f™~ 1(yn) = u* and f™(yn) L v as
n — oco. On the other hand, d(f™ (y,), f"(yn)) — 0asn — oo.

By the condition (i7) of Definition 1.2 we have that u* = v* =: z*.

Since f is continuous, we have

Fyn) = L") 5 fla®) asn — oc.
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So, f(z*) = z*. Hence Fy = {z*}.
(3). By (iii), d(f™(yn),2*) = d(f"(yn), f"(2*)) < Sd(f"H(yn), f* (") < ... <
S™d(Yn, ) = 0asn — co. So, f"(yn) 4 2* asn — 0.
(4). Let x € Y. By using the triangle inequality of the metric d and the assumption (i77),
we have d(z,z*) < d(z, f(x)) + d(f(z), f(z*)) < d(z, f(x)) + Sd(z, z*).
So, d(z,z*) < (I, — S)"d(z, f(z)), forallz € Y.
(5). Follows from (iii).
(6). Let y* € Fy,. Then, by choosing z := y* in the conclusion (4), we get
d(y*,x*) < (I = S) M d(y*, f(y*)) = (Im — S)"d(g(y*), f(y™))-
By the symmetry of the metric d and by condition (j), it follows that
d(x*,y*) < (I, — S)™'n, forall y* € F,.

We give next an application for Theorem 2.2.
To do this, we define the notion of large Kasahara space group.

Definition 2.3. Let X be a nonempty set, (X, +) be a group and (X, —, d) be a large Kasahara
space. By definition, the quadruple (X, +-, —,d) is a large Kasahara space group if:

(a) s1,82 €c(X) = c1 + 2 € ¢(X);

(0) +:(X,—) x (X,—=) — (X, —) is continuous;

(c) z,y,2 € X =d(z+2,y+2)=d,y)
Example 2.6. Let X := R™ endowed with the addition. Then (R™,+) is a group. Let d :

R™ x R™ — R be the generalized euclidean metric on R™, defined as in Example 1.1. Let < be
the convergence structure induced by d on R™. Let X € R, A # 0, := (0,0, ...,0) € R™. Let
px : R™ x R™ — R, be defined by

p,\(x,y) = {

forall x,y € R™. Then (R™, +, 4, px) is a large Kasahara space group.

d(z,y), iz £ Opandy # 0,
A, ifx =0pory =0y

The following result holds.

Theorem 2.3. Let (X, +, —,d) be a large Kasahara space group and f : X — X be an operator.
We suppose that:

(1) f:(X,—=) = (X, —) is continuous;

(2) f:(X,d) — (X,d) is a contraction.
Then the operator 1x — f : X — X is bijective.

Proof. In Theorem 2.2, letY = X. Let z € X. We shall prove that the equation f(z) = z
has a unique solution in X. To do this, let us consider the operator g : X — X, defined
by g(z) := f(z) + 2, for all z € X. We remark that the operator g satisfies the conditions
of Theorem 2.2, so there exists a unique z* € X such that 2* = g(z*). It follows that
z* = f(z*) + 2z, which implies that the operator 1x — f is bijective. O

The following problem rises.

Problem 2.1. Let (X, +, —, d) be a large Kasahara space group and Y € P,(X, —).
We suppose that:

(1) f:(Y,—) — (X, —) is continuous;

(2) f:(X,d) — (X,d)is a contraction;

(3) there exists y,, € Y, n € N*, such that {y,, | » € N} is bounded in (X, d) and f*(y,,)

is defined for i = 1,n, n € N*.

In which conditions f : Y — X is a bijective operator ?
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3. THE CASE OF ¢-CONTRACTIONS

Let ¢ : R — R be a function, defined by ¢(t) := (p1(t), p2(t), ..., @m(t)), for all
t € R, where ¢; : R — R, are functions, for all i = 1, m. If ¢ is monotone increasing,
ie, forall ti,ty € R, t1 <t implies ¢(t1) < ¢(t2) (i.e., @i(t1) < @i(t2), foralli = 1,m),
and the sequence ¢"(t) — 0 € R™ asn — oo (i.e., p1(t) = 0asn — oo, for all i = 1,m),
for all t € R, then ¢ is a comparison function.

If  is a continuous comparison function satisfying t — ¢(t) — +00™ ast — +o0™ (i.e.,
ti — pi(t) = +o0 ast; — 400, for all i = 1, m), then ¢ is called strict comparison function.
In this case, we can define the function 0, : R — RT", 0, (t) := (0, (t), 05 (1), - - -, 04, (1)),
where 0, (t) : R7 — R, is defined by 6, (t) = sup{s; € Ry | s; — ¢i(s) < t;}, for all
i =1,mand t € R7". The function 6, is increasing and has the property 0,(t) — 0 € R™
ast — 0 € R™ (ie, 0,,(t) = 0ast — 0 € R™, for all i = 1,m). We will use the function
8, to study the data dependence of the fixed points.

If ¢ is a comparison function satisfying

Z " (t) < +o00™ (ie., Z P (t) < oo foralli = 1,m),
neN neN

for all t € R, then ¢ is called strong comparison function.

More consideration on comparison functions are given in [2] and [11].

The following theorem generalizes Theorem 1 and Theorem 3 given by I.A. Rus and
M.-A. Serban in [20], for p-contractions in the context of complete metric spaces, and
Theorem 1, given by S. Reich and A.]. Zaslavski in [9], for Rakotch contractions, in the
same context. Notice that in our result, the completion of the metric space is not used at
all.

Theorem 3.4. Let (X, 5, d) be a large Kasahara space, Y C X be a closed subset of (X, g) and
f:Y — X be an operator. We suppose that:

i) thereexists y, € Y, for all n € N*, such that the set {y,, |n € is bounded and f*(ys,
) th ists yp, € Y 1l N*, such that the set {y N*} is bounded and f*(y
is defined for i = 1,n, n € N*;
(i) fis continuous in (X, g),
(#t) fisa @-contraction w.r.t. the metric d, where v is a strict and strong comparison function.
Then:

1
2

F
f”(yn £> x*asn — oo;

1" (m)

(" (yn) ) w(d(yn, *)), foralln € N¥;

d(z,z*) < 0,(d(z, f(x))), forallz € Y;

if g : Y—>Xzssuch that

(j) thereexists n € (R%.)™ such that d(f(x),g(x)) <, forallz €Y;
(47) Fy # 2

then d(z*,y*) < 0,(n), for all y* € F,,.

oy
~— A
&

*
-

<

(1)
(2)
(3)
(4)
(5)
(6)

~.

Proof. (1) + (2). First, we remark that {f*(y,) | i = 0,n — 1, n € N*} is a bounded set.
Indeed, since the set {y,, | n € N*} is bounded, for a given yy € Y there exists a constant
€ (R% )™ such that d(yo,yn) < r, forall n € N*.
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Since ¢ : R" — R’} is a comparison function, we have o(t) < t, for all t € R'!". By (i)
we have the following estimations

d(yo, f(yn)) < d(yo, f(v0)) +d(f (o), f(yn)) < d(yo, f(y0)) + ©(d(yo,yn))
< d(yo, f(yo)) + r, foralln € N*.

On the other hand, for any ¢ > 2, we have

d(yo, f*(yn)) < d(yo, (o)) +d(f(¥o), F'(yn))

< d(yo, f(y0)) + d(f(y0), f (yn)) + d(f (yn)s ' (yn))
i1

< d(yo, f(o) + 7+ Y A (yn), 7 (yn))
j=1

< d(yo, f(0) + 7+ Y ¢ (d(yn, f(yn))), forall n € N*.
j=1

Since ¢ is a strong comparison function, i O (d(Yn, f(yn))) < +00™. So, there exists

j=1

a number ® € R such that d(yo, f*(y,)) < d(yo, f(yo)) + 7 + ®, for all n € N*. Thus, the
set {fi(yn)|i=0,n—1, n € N*} is bounded.

Let A € P,(Y) be such that {fi(y,,) | i =0,n — 1, n € N*} C A.

Let Ay := f(A), Ay := f(A1NA), ..., Apt1 := f(A,NA), forall n € N*. By this construc-
tion, we obtain the sequence of sets {A,, },,cn+ with the following properties: 4,11 C A,
foralln € N*, and f"(y,) € A,, forall n € N*.

Since the operator f is a g-contraction w.r.t. the metric d, we have d(f(x), f(y)) <
p(d(z,y)), for all z,y € Y. By taking the supremum over z,y € Y in the contraction
condition, we get that

(f(B)) < ¢(6(B)), forall B € P,(Y).
By using the properties of the diameter functional § and by taking into account the
assumption (i), we have
0(Ant1) =0(f(AnNA)) <I(f(An)) < p(6(Ay)), for all n € N*.
By mathematical induction over n € N¥, it follows that
5(Ans1) < @"TH(A)), for all n € N*.

By letting n — oo, we get that 6(A4,,11) — 0.

Since f"(yn) € An, " Hyn) € An—1 N Aand §(A,—1) — 0asn — oo, we get that
{f™(yn) }nen- and {f" 1 (yn) }nen- are fundamental sequences in (X, d).

By the condition (i) of Definition 1.2 we have that f"~(y,,) 5 u* and F™(yn) 5 v as
n — co. On the other hand, d(f"~!(y»), f"(yn)) — 0 as n — co.

By the condition (i7) of Definition 1.2 we have that u* = v* =: z*.

Since f is continuous, we have

F(yn) = F(F" M) & f(a*) asn — co.

So, f(«*) = «*. Hence Fy = {z*}.

(3) 4+ (4). By using the assumption (i), we have d(f™(yn),z*) = d(f"(yn), f"(z*)) <
o(d(f™ (yn), [P H =) < ... < @"(d(yn,2*)), for all n € N*. Since ¢ : R — R is

a comparison function, we have that ¢"(d(y,,z*)) — 0asn — oo. So, [™(yn) 4 2* as
n — oo. On the other hand, ¢ is an increasing function on R and () <t, forallt € R?,
with equality when ¢ = 0. By mathematical induction over n € N* we have

d(f™(yn), z*) < " (d(yn,z*)) < ... < o(d(yn,x*)), for all n € N*.
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(5). Since d(z,z*) < d(z, f(z)) + d(f(x),z*) < d(z, f(x)) + ¢(d(x,z*)), forallx € Y, it
follows that d(z, 2*) — ¢(d(z,z*)) < d(z, f(x)), for all x € Y. We have next
d(z,z*) < sup d(z,z*) = 0,(d(z, f(x))), forallz € Y.
d(z,z*)—p(d(z,x*))<d(z,f(z))
(6). Let y* € F,. Then, from the conclusion (5) we have

d(z*,y*) = d(y*,z*) < 0,(d(y*, f(y*))) = 0,(d(g(y*), f(y*))) < 0,(n).

4. THE CASE OF KANNAN OPERATORS

We consider the following particular matrix set:

S11 S12 S13 ... Sim

0 s22 s23 ... Som )
MARy) = { 0 0 sss oo S3m | € M, (Ry) max s < 2}.

0 0 0 ... Smm

Lemma 4.1. Let S € M5 (Ry). Then S and (I, — S)~1S are convergent to zero.

Proof. Since the eigenvalues of the matrices S and (I,, — S)~1S are in the open unit disk,
the conclusion follows from Theorem 1.1. O

We define now the notion of nonself Kannan operator, which will be used throughout
this section.

Definition 4.4. Let (X, d) be a metric space, where d : X x X — R'. Let Y € P(X). The
operator f : Y — X is a Kannan operator, if there exists a matrix S € M5 (R, convergent to
zero, such that

d(f(z), f(y)) < Sld(x, f(x)) + dly, f(y))] forall z,y € Y.

In the proof of the main result of this section, we will use the maximal displacement
functional.

Definition 4.5. Let (X,d) be a metric space, Y € Py(X)and f : Y — X be a continuous
nonself operator. The functional Ey : P(Y') — [Ry U {4o00}|™ defined by

E;(A) :=sup{d(z, f(z)) |z € A}, forall A€ P(Y),
is called the maximal displacement functional corresponding to f.

The maximal displacement functional has the following properties:
(i)A,Be P(Y), AC Bimply E;(A) < Ef(B);
(i) Ef(A) = Ef(A), forall A € P(Y).
Lemma 4.2. Let (X, d) be a metric space, Y € Py(X)and f : Y — X be a continuous Kannan
operator. Then:
(1) E¢(f(A) < (Im — S)"LSEf(A), forall A € Y with f(A) C Y;
(2) Ef(f(ANY) < (I, — S)"'SE¢(A), forall A€ Y with f(A)NY # 2.

Proof. (1). From the definition of the maximal displacement functional corresponding to
f we have that E(f(A)) = sup{d(z, f(z)) |z € f(A)} = sup{d(f(u), f?(u)) |u € A}.
Since f is a Kannan operator, we have d(f(u), f?(u)) < S[d(u, f(u)) + d(f(u), f*(u))], for
all u € A. It follows that d(f(u), f2(u)) < (I, — S)~1Sd(u, f(u)), for all u € A. Hence
E(f(A) < (I, — S)" 'S sup{d(u, f(u)) |u € A} = (I, — S)"1SE;(A), forall A € Y with
f(A) CY.
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(2). Taking into consideration that f is a Kannan operator, we have that E;(f(A4) N
Y) = sup{d(z, f(2)) | x € f(A) NY} = sup{d(f(u), f*(v)) | u € A, f(u) € } < (I —
S) 1S sup{d(u, f(u)) |u € A} = (I, — S)"'SE;(A), forall A € Y with f(A)NY # 2. O

The following result generalizes Theorem 4 given by I.A. Rus and M.-A. Serban in [20]
for Kannan operators in the context of complete metric spaces. Our result is proved in the
context of a large Kasahara space, without imposing the completion condition upon the
metric structure.

Theorem 4.5. Let (X, E), d) be a large Kasahara space, Y C X be a closed subset of (X, E)) and
f:Y — X be an operator. We suppose that:

(i) thereexistsy, €Y, foralln € N*, such that the set {y,, | n € N*} is bounded and f*(y,)
is defined for i = 1,n, n € N*;
(i) f is continuous in (X, g),
(#41) f is a Kannan operator w.r.t. the metric d;
(iv) Ef(Y) < 4o0™.

i> r*asn — oo;
( <( S)d(x, f(z)), forallz € Y;

(f"‘l(xn),x*) (I + 8)[(Im — S)71S]"" 'd d(zy, f(xy,)), forall n € N*;
ifg:Y — X is such that

(j) thereexists n € (R% )™ such that d(f(x),g(x)) <n, forallz € Y;

(J7) Fy # @
then d(z*,y*) < (Im + S)n, for all y* € F,.

Proof. (1) + (2). First, we remark that {f(y,) | i = 0,n — 1, n € N*} is a bounded set.
Indeed, since the set {y,, | n € N*} is bounded, for a given yy € Y there exists a constant
€ (R%)™ such that d(yo, yn) < r, for all n € N*.
By (iii) we have the following estimations

< d(yo, f(y0)) + d(f(vo), f(yn))
< d(yo, f(y0)) + S[d(yo, f(0)) + d(Yn, f(yn))]
< (I + S)d(yo, f(y0)) + Sd(yn,yo) + Sd(yo, f(yn)), forall n € N*.

d(yo, f(yn))

It follows that d(yo, f(yn)) < (Im — S) (L + S)d(yo, f(vo)) + (I, — S)~1Sr, for all
n € N*. Let us denote A := (I,,, — S)71S € M,,(R,). So, there exists a constant R :=
(I = S) " (L, + S)d(yo, f(y0)) + Ar € (R%)™ such that d(yo, f(yn)) < R, for alln € N*.
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On the other hand, for any ¢ > 2, we have

d(yo.f* (yn)) < d(yo, f(yo)) + d(f (Wo), f* (yn))
< d(yo, f(y0)) + d(f (o), f(yn)) + A(f (yn), f'(yn))

< d(yo, f(v0)) + S[d(yo, f(y0)) + d(yn, f(yn))] + i d(f7 (yn), 71 (yn))
j=1
i—1
< (I + S)d(yo, f(y0)) + Sd(Yn; yo) + d(yo, f(yn))] + Z N d(yn, f(yn))

< (Im + S)d(yo, f(yo)) + ST + Sd(yo, f(yn))

+ (Im - A)_lA[d(yruyO) + d(y07 f(yn))]
< (I, + S)d(yo, f(0)) + [S+ (Im, — A)"*A](r + R), foralln € N*.

Thus, the set {f!(y,) | i = 0,n — 1, n € N*} is bounded.

Let A € P,(Y) be such that { fi(y,) | i =0,n — 1, n € N*} C A.

Let Ay := f(A), A2 := f(A1NA), ..., A1 := f(A,NA), forall n € N*. By this construc-
tion, we obtain the sequence of sets {4, },,en+ with the following properties: A,,+1 C A,
foralln € N*, and f"(y,) € A, foralln € N*.

By the definitions of the diameter functional § and maximal displacement functional
E; and taking into account the properties stated in Lemma 4.2, we have

5(Ans1) = 6(F(An NA)) < 2SE;(A, N A) = 2SE; (f(A,_1 N A) N A)
<2SAEf(Ap,—1NA)<...<2SA"E;(A) - 0asn — occ.

By following the proof of Theorem 2.2, the conclusions follow.
(3). Follows from the proof of (5).
(4). Let z € Y. By using the assumption (ii¢), we have
d(a,a*) < d(w, f(@)) + d(f (@), [(z)) < d(z, [(2)) + S[d(w, [ () + d(&", f(@))].
It follows that d(z, z*) < (I, + S)d(x, f(z)), forallz € Y.
(5). Let x := f"~!(z,) in the conclusion (4). Then we have

d(fn_l(xn)a %) < (Im + S)d(fn_l(xn)a [ (@n)) < (Im + S)Ad(fn_Q(xn)7 fn_l(xn))
<o < (I + S)A" (2, f(21)), foralln € N*, where A := (I, — S)™'S.

(6). Let y* € F,. By letting  := y* in the conclusion (4) we have d(y*,z*) < (I, +
S)d(y*, f(y*)). Hence d(z*, y*) < (Im +5)d(g(y*), f(y*)) < (Im + S)n, forally* € Fy. O

5. SOME OPEN PROBLEMS

The above considerations give rise to the following problems.

Problem 5.1. Let (X, d) be a metric space, where d : X x X — RY}". LetY C X bea
nonempty closed subset and {y, }nen C Y be abounded sequence. For which generalized
contractions ([11], [19], [2], [8]) f : ¥ — X, the following implication holds: f*(y,) is
defined for i = 1,n, n € N* implies that the set {f*(y,,) | i = 1,n, n € N*} is bounded ?

Problem 5.2. If f is a solution of Problem 5.1. in which conditions we have that:

(1) Fy=A{z"};
(#3) f"(yn) > x*asn —o00?

Problem 5.3. Let (X, E),d) be a large Kasahara space, where d : X x X — R'. Let
Y C X be a closed subset of (X, £>) and f : Y — X be an operator. We suppose that:
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(i) there exists a bounded sequence {y, }nen C Y such that f*(y,) is defined for i =
1,n,n € N¥;
(it) fis continuous in (X, £>)
The problem is to find those contractions f, satisfying the above conditions, for which we
have that:

(1) Fr=A{z"};
(2) f™(yn) L a*asn = .
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