CARPATHIAN ] MATH. Online version at https://semnul.com/carpathian/
Volume 38 (2022), No. 3, Print Edition: ISSN 1584 - 2851; Online Edition: ISSN 1843 - 4401
Pages 809-816 DOI https:/ /doi.org/10.37193/CJM.2022.03.24

Dedicated to Prof. Emeritus Mihail Megan on the occasion of his 75'" anniversary

On uniform polynomial trichotomy of skew-evolution
semiflows

CLAUDIA LUMINITA MIHIT!

ABSTRACT. The paper treats two concepts of uniform polynomial trichotomy for the skew-evolution semi-
flows in Banach spaces. We obtain the connection between them, a characterization for a property of uniform
polynomial growth and a sulfficient criteria for the uniform polynomial trichotomy.

1. INTRODUCTION

The study of the asymptotic behaviors of dynamical systems as stability, dichotomy
and trichotomy has known an impressive development in the last decades. These pro-
perties are treated from various perspectives: exponential ([17], [18], [23]), polynomial
(4], [5], [8]-[10], [19], [21], [22]) or with growth rates ([3], [20]).

The polynomial behavior is approached for the first time by L. Barreira and C. Valls
in [2], more exactly a concept of nonuniform polynomial dichotomy for evolution ope-
rators. Also, we remark the results obtained by P. V. Hai ([12]) for the polynomial stabi-
lity, using techniques of Banach function spaces. Regarding more general properties of
nonuniform polynomial trichotomy, in [1], the authors consider three concepts of polyno-
mial trichotomy for evolution operators and emphasize interesting examples, respectively
counterexamples.

The article of R. Datko ([7]) represented an important direction of research to obtain
integral conditions for the asymptotic properties. In this sense, we mention the contribu-
tions of M. Megan, A. L. Sasu, B. Sasu ([14]-[16]) for the the exponential stability /instability
of linear skew-product semiflows. Recently, R. Boruga (Toma) and M. Megan ([6]) have
proved necessary and sufficient conditions of Datko-type for the polynomial dichotomy
of evolution operators in the nonuniform case.

The trichotomy property is considered the most complex asymptotic property and it
is intensive studied in a large number of papers: [11], [13], [27], [28] and the references
therein. Different known tools are used to obtain qualitative results: in [24] and [26],
the authors prove important criteria for the exponential trichotomy, using input-output
techniques. Also, the exponential trichotomy is studied in discrete case by A. L. Sasu and
B. Sasu in [25], with Zabczyk-type methods.

In this paper the uniform polynomial trichotomy in the classical sense and the uniform
polynomial trichotomy are approached with invariant families of projectors. The relation
between them is established and a sufficient condition of Datko type is given, using a
property of uniform polynomial growth.
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2. PRELIMINARIES

Let X be a real or complex Banach space and © a metric space. B(X) represents the
Banach algebra of all bounded linear operators on X and the norms on X, respectively on
B(X), will be denoted by || - ||. Also,

A={(t,s) eR :t>s}, T={(tsto) ERY:t>s>ty}
andI' =0 x X.
Definition 2.1. We say that a continuous mapping ¢ : A x © — © is evolution semiflow on
O if:
(es1) @(s,s,0) =0, forall (s,0) € Ry x ©;
(652) QO(t, S, (p(svt(he)) = @(t7t07 9)7 for all (t7 S, t070) €T xO.

Definition 2.2. The mapping ® : A x © — B(X) is called evolution cocycle over the evolu-
tion semiflow ¢ if the following conditions hold:

(ec1) ®(s,s,0) = I (the identity operator on X), for all (s,0) € Ry x ©;
(eco) ®(t,s,p(s,tg,0))P(s,t0,0) = ®(t,tg,0), forall (t,s,t9,0) € T x O;
(ec3) (t,s,0) — ®(t,s, )z is continuous for every z € X.

Definition 2.3. If ¢ is an evolution semiflow on © and ¢ is an evolution cocycle over the
evolution semiflow ¢, then the pair C' = (p, ®) is called skew-evolution semiflow on T'.

Definition 2.4. A continuous mapping P : Ry x © — B(X), with
P%(t,0) = P(t,0), forall (t,0) € R, x O,
is called family of projectors on X.

Definition 2.5. A family of projectors P : Ry x © — B(X) is called compatible with the
skew-evolution semiflow C' = (¢, @) if:

P(t,o(t,s,0))P(t,s,0) = (t,s,0)P(s,0), forall (¢ s,0)€ A x0O.

Remark 2.1. If a family of projectors P : R, x © — B(X) is compatible with a skew-
evolution semiflow C' = (¢, ®), then the following invariance property holds:

®(t,s,0)Range P(s,0) C Range P(t,p(t,s,0)), forall (¢,s,0) € A x ©O.

Definition 2.6. Let P, P», P3 : Ry x © — B(X) be three families of projectors on X. We
say that P = { Py, P», P} is a family of supplementary projectors if:

(s1) Pi(s,0) + P(s,0) + Ps5(s,0) = I

(s2) Pi(s,0)P;(s,8) =0,
forall (s,0) e Ry x O, i,5 € {1,2,3}, i # j.

3. THE MAIN RESULTS

Let C = (p, ®) be a skew-evolution semiflow on I" and P = {P;, P», Ps} a family of
projectors supplementary and compatible with C.

Definition 3.7. We say that (C,P) admits a uniform polynomial trichotomy in the classical
sense if there exist N > 1, v,w > 0 and sg > 0 such that:

(cupty) u”(||®(u,r,0)P(r,0)x|[ + ||®(s,7,0)Pa(r,0)x||) <
< Ns"(|[®(s,r,0) Pr(r, 0)x|| + ||@(u, 7, 0) P2 (r, 0)z|]);

(cupta) s*||®(u,r,0)Ps(r,0)z|| < Nu®||®(s,r,0)Ps(r, 0)z||;

(cupts) s*||®(s,r,0)Ps(r,0)x|| < Nu||®(u,r,0)Ps(r,0)z||,
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forall (u,s,r) € T,r > sp and all (¢,z) € T.
Remark 3.1. The pair (C, P) is uniformly polynomially trichotomic in the classical sense
if and only if there are the constants N > 1, v,w > 0 and s¢ > 0 with:
(cupt}) (| (u, 5,0) Py (s, 0)al] + || Pa(s, 0)zl]) <
< Ns(|[Pr(s, 0)x]| + [|®(u, s,0) Pa(s, 0)|]);
(cupty) s°||®(u,s,0)Ps(s,0)x|| < Nu®||Ps(s,0)z|l;
(cupty) s°||Ps(s,0)z|| < Nu||®(u,s,0)Ps(s,0)z|],
forall (u,s) € A, s > spand all (0,z) €T.
Example 3.1. We consider X = R? endowed with the norm
[|2]| = [ + 22| + 23],
O = R, and the evolution semiflow ¢ : A x © — O,
_fIn240, ifs>r>0
(P(S,T,H)_{ 9,7“ ifs=r=0.

In addition, we consider P, : Ry x © — B(X), i = 1,3, where P;(s,0)z = (21,0,0),
Py(s,0)x = (0,22,0), P3(s,0)z = (0,0, z3) and the mapping ® : A x © — B(X) given by
O(s,1,0)x =

s 4 (& s n s 4y (n &
—fil(l srt)) ¢ IL(I gTH*) dg r\8 2fi2(1 §T+i) d¢ .
_ e r x1,er xg,(g) er x3 |, ifs>r>0
(z1,22,23), ifs=r=0,

where x = (z1,22,23) € X. Here Ay, Ay are two continuous functions such that A; is
decreasing, A, is nondecreasing and

lim A;(s) =« lim As(s) = 8.

s——+o0o s——+o0

After some computations, we obtain that (C, P) is uniformly polynomially trichotomic in
the classical sense with N = 1, v = c¢and w = .

Definition 3.8. The pair (C, P) is called uniformly polynomially trichotomic if there are N >
1, v > 0 and sg > 0 such that:
(upty) w”(||@(u, 7, 0)Pr(r, O)x|| + ||@(s, 7, 0) Po(r, 0)]) <
< Ns"(||@(s, 7, 0) Pi(r, 0)x[| + [|®(u, 7, 0) Po(r, 0)x]);
(upta) ||®(u,r,0)Ps(r,0)x|| < N||®(s,r,0)Ps(r,0)x|l;
(upts) ||®(s,r,0)Ps(r,0)x|| < N||®(u,r,0)Ps(r,0)x||,
forall (u,s,r) € T,r > spand all (0,z) € T.
Remark 3.2. (C, P) is uniformly polynomially trichotomic if and only if there exist N > 1,
v > 0and sg > 0 with:
(upty) (| (u,5,0)Pi(s,0)z|| + || Pa(s, 0)a) <
< Ns"(||Py(s, 0)al| + || (u, 5,0) Pa(s, 0)a])):
(upth) 11D (u, 5, 0)Ps(s, 0)al| < N||Py(s, 0)all;
(upty) |[Ps(s,0)al| < N|[®(u,s,0)Ps(r, 0)a])
for all (u,s) € A, s > spandall (0,z) €T
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Remark 3.3. We observe that if (C,P) is uniformly polynomially trichotomic, then it is
uniformly polynomially trichotomic in the classical sense. The converse is not accom-
plished, as we emphasize in the following example.

Example 3.2. Let X = R? C(R,, R ) be the set of all continuous functions  : Ry — R,
endowed with the topology of uniform convergence on compact subsets of R... Let © be
the closure in C of the set {0;, t > 0}, with 0;(u) = 0(t + u), u > 0.

Thus, the mapping ¢ : A x © = O, ¢(s,r,0) =6, st is an evolution semiflow on ©.

We consider the evolution cocycle ® : A x © — B(X),

c(sfr)fse In £81)de 7c(sfr)+st9 In &1 de
O(s,r,0)=¢ ! (n 53) Py(r,0)+ e / (n 53) Py(r,0)+
— Py(r,0
+<1n(r+1)> 3(r,6),
where 6 : R, — Ry is a decreasing function with EIJP f(s) =1,0<ec<land P, :
S o

Ry x © — B(X), i = 1, 3 are the families of projectors given by Example 3.1.
Forall s > r > 1andall (0, z) € T we have:

ryl—c
185, 6) P (r,B)al] < == Py, 0l < (5) NI, )] =

r 14
= (%) 1P 6)all,
where v =1 — ¢;
—C(s—T S—r s l=e
|9 (s,7,0)Pa(r, )| = == HED| Py, 0)al| = (2) || Par. 0)al| =
S 14
= (2) IIPr.0)al;

In(s + 1)

7«9(0)—C||(I)(s,7“, 0)Ps(r, 0)x|| = rf(0=e (111(7' +1)

0(0)—c
) 1Ps(r,0)z]| < 5| Ps(r. 0)a] .

where w = 0(0) — ¢;

s“||®(s, r, 0)Ps(r, 0)x|| > r*||Ps(r, 0)z||.
So the pair (C,P) is uniformly polynomially trichotomic in the classical sense with the
constants N =1,v=1—c¢,w =6(0) — c.
We suppose that (C,P) is uniformly polynomially trichotomic. It follows that there is
N > 1 such that

[|®(s,r,0)Ps(r,0)x| < N||P3(7", 0)x||, for all (s,7) € A,r > 0,(0,z) € T,

which implies
In(s+1) 6(0)=e < ¥
In(r+1) -
Forr = e —1and s — 400 we obtain a contradiction.
In conclusion, (C, P) is not uniformly polynomially trichotomic.

Remark 3.4. In contrast with the trichotomy notions in [24], [25], [26], [27], the concepts
considered in the present manuscript in Definition 3.7 and Definition 3.8 are of weaker
nature, in the sense that the asymptotic behavior does not assume any kind of reversibility
of the evolution cocycle restricted to the ranges of the second and of the third family
of projections. Furthermore, no type of invertibility property is considered within the
trichotomy concepts studied in this paper.
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Definition 3.9. We say that the pair (C,P) has a uniform polynomial growth if there exist
M >1,w,e > 0and sy > 0 with:

(upgr) s*([[®(u,r,0)Pr(r,0)x|| + [[D(s, 7, 0) Po(r, 0)z||) <
< Mu“(||®(s,7, 0)Py(r,0)z|| + ||®(u,r,0)Pa(r,0)x||);
(upg2) s°||®(u,r,0)Ps(r,0)x|| < Mu®||®(s,r,0)Ps(r,0)x||;
(upgs) s°[|®(s,r,0)P3(r,0)x|| < Mus|[®(u,r,0)Ps(r,0)x|,
forall (u,s,r) € T,r > sp and all (6,x) € T.

We consider C = (¢, ®) a skew-evolution semiflow on I" and A € R.
We denote by C\ = (¢, ®») the shifted skew-evolution semiflow, where

Y .
@A(S,T,O)_{ ‘5?) O(s,r,0), gzi:zg

Proposition 3.1. The pair (C,P) has a uniform polynomial growth if and only if there exist
M > 1, wy,wo, A > 0 and So > 0 with:

(upgy) u (|| (u, 7, 0)Pr(r, 0)x|| + [|@_x(s,7,0)P2(r,0)z]|) <
< Ms“ (|| ®r(s,7,0)Pr(r, 0)x|| + ||®P—A(u, 7, 0)Pa(r, 0)z||);
(upgs) w[|®a(u,r,0)Ps(r,0)z|| < Ms“?||@r(s, 7, 0)Ps(r, 0)x|[;
(upgs) u?||@_x(s,7,0)Ps(r, 0)x|| < Ms“2||@_x(u,r,0)Ps(r,0)z|],
forall (u,s,r) €T, r > soandall (§,z) € T.

Proof. Necessity. Suppose that the relations from Definition 3.9 are satisfied.
Thus, for all (u, s,r) € T with r > sg and all (0, z) € T' we have:

(upgy)

(%) 10t r )P 0)2l + () 0(e, . 0)Po(r. )] <

<M (E)w [(u))\ [|®(s,7,0)P1(r,0)z|| + (;)/\ [|@(u, 7, 0)Ps(r, 0)x|

S r

= M (2) (s, 0P, O] + @ (w7 O)Po(r, 0]
and for A = 2w, w; = w, we deduce
u (|| @ (u,r, 0)Pr(r, 0)z|| + [| @ (s,7,0) Pa(r, 0)z][) <
< Ms®H([|@A(s,7,0) Pi(r, 0)z|| + || @2 (u, 7, 0) Pa(r, 0)x|]);

(upgh)

uN —
1@, ) Pa(r, 0l = (%) (|9, 0) Pu(r, O)a| <

S\ A—¢€ S\ w2
<M (2) (1@ 0) P 0)al| < M () [[@a(s, . 0) Po(r, )zl

where \ = 2¢, wy = ¢;
(upgs)

u A
10y, ) Po(r, O)zl| = () |9 (u,m,0) Py(r 0)a| =

1 su\A—¢ 1 su\w2
> (= d P > — (- o F .
=M (8) H 7)\(577“79) 3(?",9)£EH =M (S) H ,)\(8,7”,9) 3(7”,9).%”
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Sufficiency. We prove that the inequalities from Definition 3.9 hold.
For all (u,s,r) € T, r > so and all (6, z) € I we deduce:
(upg1)

[|®(u,r,0)Pi(r,0)x|| + ||®(s, 7, 0)Pa(r,0)x|| =

= (1) 12rr O 02l + (2) 18 a7, 0) Palr, 01 <

<M (Z)“ {(Z)A 1B (5,7, )Py (r, 0)z|| + (;)_A | (u, 7, 0) Po(r, 0)z]]

u )\—wl
<M (2)" T (lIe(s . ) Pi(r O)al] + |0, 7. 0) Pa(r. O)a ) <
u w
<M (2)" (19(s,7,0)Pi(r,0)z]| + || (u,r,0) Po(r, O)c])),
where
_ A— w1, if A > w1
Y71, if A < wi;
(upg2)
U\ A
@, 0)Py(r,0)al| = (=) "1 (u,7,0) Py(r, O)a | <
U\ A—w2 U\ €
<M (2)" (s 0)Par 0)al| < M (Z) ||@(s,m,0)Pa(r 0)c]l
where
[ A—ws, A w
€= 1, if A < wsg;
(upgs)
uN —A
@, 0)Po(r,O)al| = (=) [|10-A(u,7.0) Pa(r.O)a| >
> 1 (f)k_” 19 (s, 7,0) Py(r, 0)a]] > ~ (2) (s, 7, 0) Py, 0)21)
=m \u sy 3\ =M \u sy 3\ .
So the pair (C, P) has a uniform polynomial growth. O

Theorem 3.1. Let (C,P) be a pair with a uniform polynomial growth. If there exist D > 1 and
so > 0 with:

/ ||<I>7'59 591:H /H‘I’ £, 5,0)Pa(s, 9)I||d£§

§
< D([[®(t,5,0) Pr(s, 0)]| + ||<I>(u, 5,0)Pa(s, 0)z]);

/ 127, 5,0) Ps (s, 0)zll | D||®(t, 5,0)Ps(s, 0)z|l:
-

(i) / || ®(T,s,0)Ps(s, 9)33||d < D||®(u, s,0)Ps(s, 0)z]|,
T

forall (u,t,s) € T, s> soandall (§,x) € T, then (C,P) is uniformly polynomially trichotomic.
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Proof. Using similar arguments with those in the proof of Theorem 2.2. in [19], from (%)
we deduce that there are N > 1 and v > 0 such that

B.1) w(||®(u,s,0)Pi(s, O)z|| + || Pa(s, 0)z|[) < Ns"([|Pr(s, 0)|| +[|®(u, s,0) Pa(s, 0)z]),
forall (u,s) € A, s > spand all (0,z) € T.

We consider u > tsg > t, (f,z) e Tand 7 € [u’ u] . Thus,
S0

(1,5,0))®(7,s,0)Ps(s,6)

T

IHdTS

r o
1n30||<1>(u,5,0)P3(s,0)xH:/H (7,0

S0

. M/ (g)& [|®(T, s,9)P3(s,9)x||ah_S Msg/ ||¢(T,S,9)P3(S,9)$L’Hd7_§
u
Y p

T T

< M Dsgl||®(t,s,0)Ps(s, 0)z||.
If u € [t,ts0], then

u\ €
19, 5,0)Po(s, 0)zl| < M () |[0(t,5,0)Ps(s,0)al| < Ms§||(t,5,0)Pa(s, O)c]|.

€
Dsg

M
We denote L = max {Msg,

} and we obtain
In sg

|| (u, s,0)Ps(s, 0)x|| < L||(t, s,0)Ps(s, 0)x||,
for all (u,t,s) € T, s > spand all (¢, z) € I' and for t = s it yields
(3.2) [|®(u, s,0)Ps(s,0)x|| < L||Ps(s, 0)x||,

forall (u,s) € A, s > spand all (0, z) € T.
Similarly, it follows

(3.3) [|Ps(s, 0)x|| < L||®(u, s, 0)Ps(s,0)x||,
forall (u,s) € A, s > soandall (¢,z) € T

We consider N = max{N, L} and from the relations (3.1), (3.2), (3.3) and Remark 3.2 it
yields that (C, P) is uniformly polynomially trichotomic. O
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