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A parallel method for common variational inclusion and
common fixed point problems with applications

THANASAK MOUKTONGLANG!2, KANYUTA POOCHINAPANY2 and RAWEEROTE
SUPARATULATORN?

ABSTRACT. In this paper, we construct a new parallel method to solve common variational inclusion and
common fixed point problems in a real Hilbert space. We obtain a weak convergence theorem by using this
method. Besides, numerical results on the signal recovery problem consisting of various blurred filters present
that our proposed method outperforms the two previous methods.

1. INTRODUCTION

Throughout this article, let H be a real Hilbert space equipped with their own inner
product (-,-) and norm || - ||, and define £ = {1,2,..., K}, where K is positive integer.
The problem of identifying a point € H such that

(1.1) 0c(F+G)z

is called the variational inclusion problem, where F' : H — H is a single valued map-
ping and G : H — 27 is a multivalued mapping. The solution set of the problem (1.1) is
represented as (F + G)~1(0). The problem (1.1) can be interpreted as a model of numer-
ous issues in different research fields, such as machine learning [8, 21], signal processing
[7, 26] and image recovery [17, 20]. Many splitting algorithms have been introduced and
improved to find a solution to the variational inclusion problem (1.1), one of the most
famous splitting algorithms is the forward-backward splitting algorithm, see in [12, 18]
for more details. In 2015, O’'Donoghue and Candes [16] showed the forward-backward
splitting algorithm, which is reduced to the proximal gradient algorithm for convex opti-
mization problems. It is well known that the problem (1.1) is equivalent to the following
fixed point equation z = JS (I —yF)x, where J is the resolvent operator of G defined by
J¢ = (I +~G)~" such that y > 0. Before that in 1964, the inertial extrapolation technique
was proposed by Polyak [19] to speed up the convergence of iterative algorithms which
is called the heavy ball method. Moudafi and Oliny [15] in 2003 introduced the inertial
proximal algorithm to solve the problem (1.1), which was developed from the forward-
backward splitting algorithm with the inertial extrapolation technique. Some very recent
results on the modified forward-backward splitting method have also been in [1, 5, 6, 14].

Many real-world problems necessitate finding a solution that satisfies several con-
straints. These constraints can be reformulated using a nonlinear functional model. We
are motivated to study common variational inclusion and common fixed point problems
in this paper because the problem can be utilized to solve real-world problems such as
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signal recovery and image recovery problems with various blurred filters, see [23, 25].
We also show that our problem can be applied for solving signal recovery with various
blurred filters as shown in Section 4. This problem consists of finding a point Z € H such
that

(1.2) 0 € (F;+G;)z and T = 5,7,

where F;, S; are single valued mappings on H and G, : H — 2% is a multivalued mapping
for all i € K. For finding a common fixed point of a finite family of G-nonexpansive
mappings {S;},.,, Suantai et al. [23] introduced Algorithm 1 in H with directed graphs.
This algorithm is defined as follows:

Algorithm 1 : Parallel monotone hybrid algorithm

Initialization: Select an arbitrary element v; € C; C H and set k := 1.
Iterative Steps : Construct {vy } by using the following steps:
Step 1. For any i € K, set ul, = pt vy + (1 — pt)S;vx, where {pi} C [0, 1], and compute
iy, = argmax { ||uj, — vyl : i € K} .
Step 2. Compute
’Uk-'rl = Pck+1v17

where Cy1 = {c€ Cy : ||c — ag|| < |lc — vk }-
Replace k by k + 1 and then repeat Step 1.

Suparatulatorn et al. [24] recently proposed Algorithm 2 to solve a common varia-
tional inclusion problem under Lipschitz continuity and monotonicity of F;, and maximal
monotonicity of G;, for all ¢ € K. This algorithm is defined as follows:

Algorithm 2 : Parallel inertial Tseng type algorithm

Initialization: Given )\; € (0,1) and ! > 0 for all i € K. Select arbitrary elements
vo,v1 € Hand setk :=1.

Iterative Steps : Construct {vy } by using the following steps:

Step 1. Set r, = vi, + & (v — vg—1), where {{;} C [0, 00), and compute, for all i € IC,

st = JG:i(I — YL F)ry.
Tk
If rj, = st foralli € K, then stop and ry, € ﬂ (F; + G;) "' (0). Otherwise

Step 2. Compute, forall i € KC, <r
ti, = s}, — v (Fys, — Fyry) and £y, = argmax { ||t} — rgl| : i € K} .
Step 3. Compute
Vg1 = app(vr) + (1 — ag — bg)vg + brtr,
where {ay}, {bx} C (0,1), ¢ is a contractive on H, and update, for all i € K,
i = { min{Aii“Aj:i:ﬁ!il‘,yi} if Firk.;é F;st;
o otherwise.

Replace k by k + 1 and then repeat Step 1.

Furthermore, Suparatulatorn and Chaichana [25] studied an image recovery problem
in which several blurred filters are considered and the mathematical model used there is
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the common variational inclusion problem. Several interesting outcomes for the problem
(1.2) and related problems were published, see [9, 10, 22, 27].

Inspired by the previous works, we develop a novel parallel algorithm based on the
inertial Mann iteration process to prove a weak convergence result for solving the problem
(1.2) under some control conditions in ‘H. Additionally, we compare our algorithm with
Algorithm 1 and Algorithm 2 in order to solve the signal recovery problem involving
multiple blurring filters.

2. PRELIMINARIES

In this section, we collect some necessary definitions and lemmas for proving our main
result. We denote — and — as weak and strong convergence, respectively. Denote the set
of the fixed point of the mapping S by F'iz(S). For each z,y € H, we have the following
facts:

(2.3) 2+ yl? = ll=l” + 2(z, y) + [lyl|®
and
(2.4) Iz +yl* < ll=lI* + 2(y, 2 + ).

Definition 2.1. A self-mapping S : H — H is said to be
(i) L-Lipschitz continuous if there is £ > 0 such that forall z,y € H,

Sz — Sy|| < Lz —yll,

(#3) nonexpansive if S is £-Lipschitz continuous when £ = 1,
(14i) p-demicontractive if Fiz(S) # () and there is o € [0, 1) such that for all z € H and
all p € Fixz(S),

ISz = pl* < llz = plI* + nllz — Sz,

this is equivalent to

(0= p Sz —a) < e - ol
forallz € H and all p € Fiz(95).
Definition 2.2. Let G : H — 2% be a multivalued mapping. Then G is said to be
(¢) monotone if for all (z,u), (y,v) € graph(G) (the graph of mapping G),
(u—v,2—y) >0,

(49) maximal monotone if for every (x,u) € H x H, (u — v,z —y) > 0 for all (y,v) €
graph(G) if and only if (z,u) € graph(G).
Definition 2.3. [28]Assume that S : H — H is a mapping with Fiz(S) # (). Then, I — S'is
said to be demiclosed at zero if for any {v} € H, the following implication holds:
vy = vand (I — S)vy —» 0 = v € Fiz(9).

Lemma 2.1. [4] If G : H — 27 is a maximal monotone mapping and F : H — H is a Lipschitz
continuous and monotone mapping, then the mapping F' + G is maximal monotone.

o0
Lemma 2.2. [2] Let {ay} and {by} be nonnegative sequences of real numbers satisfying Z b, <
k=1
oo and aj41 < ay + by. Then, {ay} is a convergent sequence.
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Lemma 2.3. [3, Opial] Let ® be a nonempty set of H and {vy} be a sequence in H. Suppose the
following assertions hold.

(i) For every v € ®, the sequence {||vy, — v||} converges.

(17) Every weak sequential cluster point of {vy,} belongs to ®.

Then {vy} weakly converges to a point in ®.

3. MAIN RESULTS

In this section, we propose a new method for solving the problem (1.2). For the con-
vergence analysis of the proposed method, we assume the following assumptions, for all
ie K.

Assumption 1. # is a real Hilbert space, F; : H — H is £;-Lipschitz continuous and
monotone mapping and G; : H — 2% is maximal monotone operator.

Assumption 2. {p} } C [0,00),{qg.} C [1,00) such that Zpk <ocand lim gy = 1.
Assumption 3. S; : H — H is y;-demicontractive map[;ci;llg such that I — S; is demiclosed
at zero.
Assumption 4. {£;} C [0,¢), {a,'c} C (ul,o‘zl) (0, ) for some &, a; > 0.
Assumption 5. ¢ := ﬂ (F; + Gy) ﬂ Fiz(S;) is nonempty.

1€l 1€l

Algorithm 3

Initialization: Given \; € (0,1) and 7} > 0 for all i € K. Select arbitrary elements
vg,v1 € Hand setk := 1.

Iterative Steps : Construct {v; } by using the following steps:

Step 1. Set r, = vy, + &k (v — vg—1) and compute, for all i € K,

sk = J’% (I —~LF)r

Step 2. Compute, forall i € K,

ti = st —~L(Fyst — Fyry) and ul = abti + (1 — ab)S;th.
Step 3. Compute

Up1 = argmax { ||uj, — || 1 i € K}
and update, forall i € IC,
o S diggllre—sgl i : »
i = mm{HF’;k o jl‘,wk—&-pZ} if Firy # Fisj;
Ve + P otherwise.

Replace k by k + 1 and then repeat Step 1.

Lemma 3.4. Suppose that Assumptions 1-2 hold. Then the sequence {~} generated by Algo-

o0
rithm 3 is well defined and converges to y; € {min {’yl, —,} e+ p,} , where p; = Z i
k=1

Proof. Since F; is an £;-Lipschitz continuous mapping for all i € KC, if Fls}¢ #+ F;ri, then

Nidllre = sill o Nigillre — sill _ Xigp A
|Esre — Fisill = Lillre — s L; ~L;
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By using the same technique as in the proof of [13, Lemma 3.1], we obtain that klim v =
—00

. i )\i i
Yi € |minq vy, = 0,7t P - N
L;
Lemma 3.5. Let v € ®. Then under Assumptions 1-5, we have, for all i € K,

i i)2 i iN( i i i
35) fup— vl < Ire = vl = [1 = (eh)°] lIre = stlI* = (1 = ad) ok — ) 1S:t; — th

and
(3.6) 1t =l < (1 + a3) e — sill,
where 0% = \iq., WZi -

Proof. By the definitions of ¢}, and ~;, we obtain that for all i € K,
(3.7) I1th, = sill = Vil Fisi, — Firell < ogllsi, — rell,
which together with (2.3) indicates that for all ¢ € K,
[t — vl = l[s}, — vlI> = 29i(sk, — v, Fisj, — Fire) + (7i) || Fisj, — Fir|?
= [lre — vl + lls}, = rell® — 2(s}, — rr, sf — 7&) + 2(s), — 7k, 8}, — v)
i/ i iN2 .0
— 27 (s — v, Fysp, — Fyrg) + (Qk) sk, = r2ll”
i\2 i i i i i
(3.8) < e — UH2 - {1 - (Qk) } [rr — Sk||2 - 2<5k — U, Tk — S — ’Yk(FiTk - Fzsk)>
From the definition of s, we have that (I — v F;)ry € (I +~iG;)si for alli € K. This

implies that there exists g}, € G;s}, such that g = % (ri — si, — viFyry) foralli € K. Since

F; + G, is maximal monotone, we obtain that (F;s + gi, si —v) > 0 foralli € K, implying
that (st — v, r, — st — yi(Fyrg — Fyst)) > 0 for all i € K. This combined with (3.8) yields

that [|ti — v||? < ||y —v||? — {1 - (g}c)z} |ri — si||? for all i € K. This follows from the
equivalence of demicontractive mapping .5; and (2.3) that for all s € K,
[y, = vll* = flagty, + (1 = o) Sit, — v|?

= 1t = vll* + (1 = ) [1Sity, — tiI* +2(1 — ap) (t, — v, Sit, — 1)

< Itk = ol + (1 = a)1Sith, — tlI* + (1 = ag) (s — D|Sit, — 3|1

< e = ol = 1= (eh)*] Iri = skl = (1 = ad) ok — o) 1Stk — 1)1
Further, using Cauchy-Schwarz and by (3.7), we obtain that the inequality (3.6) holds. [
Lemma 3.6. Suppose that lim lry — st = Jim |Sith, — ti|l = 0 forall i € K. If there exists
a weakly convergent subsequence {r;} of {ri}, then under Assumptions 1-5, we have that the
weak limit of {ry, } belongs to ®.
Proof. Let7 € H such thatr,, — 7. Since klgrolo 0 = \; > 0and by (3.6), we have klg]go |t —
ri|| = 0. It follows that t};j — 7. This together with khj& |Siti.—t || = 0, by the demiclosed-
ness at zeroof I — 5;, 7 € ﬂ Fix(S;). Next, we show that 7 € ﬂ (F, +G) "' (0). Let

iek i€k
(vi,u;) € graph (F; + G;) for all i € K, that is, u;, — Fyv; € G,v; for all ¢ € K. It implies by

the definition of sj, that for all i € K, i (rkj = Sk, ~ Vi, chj) € Gisy,- By the maximal
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monotonicity of G;, we have that <vi - s};wui — Fyv; — % (rkj - s};j - v,ij Firkj)> >0
J

foralli € K. Thus, forall: € I,

<vi — s}cj,ui> > <Ui — S, Fivi + — (Tkj = Sk~ fﬁf:‘Firkf)>

'ij
= <Ui — Sk, Fivi — Fis;’cj> + <vi — Sk, Fisp, — Firkj>

+ 1 Vi — si Tk, — si
A @ kjsTk; kj
k;

, . 1 ; i
> <Ui - SkjaFisi,. - Firk.7‘> + 3 <Ui N Szj’rk? B 82J> '
p "}/kj

This follows from the Lipschitz continuity of F;, klim |rr — si|l = 0and klim v =7 >0
—00 —00

that (v; — 7,u;) = lim <vi — szj , u2> > 0 for all i € K, which, together with the max-

j—o0
imal monotonicity of F; + G;, we get that 0 € (F; +G;)7 for all ¢ € K, thatis, 7 €
ﬂ (F; + Gi)_1 (0). Therefore, 7 € ®. 0

i€k

Theorem 3.1. Suppose that i Ekllve — vi—1|| < oo, then under Assumptions 1-5, we have that
the sequence {vy } generated ll;yz 14lgorithm 3 weakly converges to a solution of ®.

Proof. Letv € ®. Since Jim [1 - (92)2} =1-)? > 0, one can find m; € N such that

1-— (97;)2 > 0 foralli € K and all k > ko, where ko = max m;. From Assumption 4, by the
1€

definition of rj and using (3.5), we have ||ul —v|| < ||rg —v|| = |Jvg + &k (vk —vE—1) — 0| <
log — v|| + &kllvw — vi—1|| for all i € K and all & > ko. It implies by the definition of ¢ that
|1 —v|| < |lre—v|| < |Jog —v||+E&k||vk —vi—1]| for all k > kg. This follows that {||vy — v||}

is convergent because of using Lemma 2.2 and Z Ekllvg — vg—1] < oo. In particular, {vy}
is bounded and also {rj }. Next, applying (2.4) Sr:él (3.5), we have,
lug, = ol|* < flox = v[|” + 26k (v — vk—1, 7% — v)
= [1= ()]l = silP = (1 = a0 — )52t — 6411
for all ¢ € K. It follows that there are 7;, € K and M; > 0 such that
[1 - (92'“)2} i = s 1% < llo = ol|* = lfogs1 = ol|* + Miéyllog — vi—1]

3.9) — (L= o) = pa) 1Sty — 1%

From Assumption 4, lim {1 - (9?)2} > Oandzgk\\uk—vk,lﬂ < oo, and using lim |jv,—
k—o00 k—o00

k=1
v|| exists, we obtain
1 li — s =
(3.10) m 7y — st} =0
and so
(3.11) Jim [1S;, £ — 3] = 0.
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Indeed, using (3.6), (3.10) and (3.11), we deduce
[vr1 = 7ill < Jowsr = 61 + 1t = 7l
= ot + (1 — o) Syt — 6] + 16 —
< (1 —aff)||Si s — t4 || + (1+ QZ’“) [re — s — 0 as k — oo.
This implies by the definition of vy, that

(3.12) [l — il =0

lim
k—o0
for all ¢ € K. Again, applying (3.5), we have

i)2 i AN i g i
(1= (6)?] re = shI? + (1~ af) (o — ) 1Sith — 4117 < s — ol — [l — o]
< Mari — ui
for all i € K and for some M; > 0. Combining this to (3.12) with Assumption 4 and
lim [1 - (9}6)2] > 0, we obtain that for all i € K,

k—o0
(3.13) lim [jry — sk|| = lim ||Sith — ti| = 0.
k—o0 k—o0
Finally, let v be a weak sequential cluster point of {v}, that is, it has a subsequence {vy, }
fulfilling vy, — v as j — oo. Since klim Ekllvp — ve—1]| = 0, we get 7, — v as j — oo.
—00

Applying Lemma 3.6 to (3.13), we deduce that v € ®. Using Opial’s lemma (Lemma 2.3),
we can conclude that {v;, } weakly converges to an element in ®. O

4. APPLICATION TO SIGNAL RECOVERY PROBLEM

The signal recovery problem consisting of various blurring filters can be expressed as:
b = Az + €4,

where z € RY is the original signal, b; € R is the observed signal with noise ¢; and
A; € RMXN (M < N) is filter matrix for all i € K. Then, we focus on the following
problem:

1
LA — b2
zrgﬁr}vQH 12 = b3 +mlzl,

1
. Z1A —b 2
min 5 422 = ball3 + 2|[|1,

1
(4.14) Jnin, §|\A3x—b3||§+n3||l’\|1,

1
in —||Axz — bk |[3
min Sl gz — brellz + el

where n; > 0 for all i € K. By Proposition 3.1 (iii) of [7], this problem can be seen as
the problem (1.2) through the following settings: H = RY, F; = Vh;, G;(-) = 9¢;(*) and
Si(-) = proxg,q, (I — ¢;Vhi)(), where ¢; > 0, hi(-) = 4[| Ai(-) — bil|3 and £;(-) = n;| - |1 for
all i € K. It is known that the mapping F; is monotone and || A; ||3-Lipschitz continuous,
and G; is maximal monotone mapping. Besides, the mapping S; is nonexpansive for
G € (0, ﬁ) and hence 0-demicontractive. Numerical experiments are performed by
Matlab R2021a and run on an iMac (Apple M1 chip with 16GB of RAM). Set the original
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signal z is generated by the uniform distribution in [—2, 2] with m nonzero elements. Let
A; be the Gaussian matrix generated by command randn(M, N).

In the first part of the experiment, we investigate the behavior of our algorithm and
then compare it with Algorithm 1 of Suantai et al. [23] and Algorithm 2 of Suparatulatorn
et al. [24]. We select the signal size to be N = 4096 and M = 2048. Let the observation
b; be generated by white Gaussian noise with signal-to-noise ratio SNR=40, 7; = 1 and
G=7 A AT foralli € {1,2,3}. Let vg, v; be the vectors generated randomly. For Algorithm

1, weset pi = 3 forallk € Nand all i € {1,2,3}. For Algorithm 2, let a;, = %

cos( )

and b, = m for all & 6 N, and define ¢(-) = For Algorithm 3, let o} = 1,
ph = W and ¢i =1+ k+1 forall k € Nand all ¢ 6 {1, ,3}. Further, for Algorithm 2

and Algorithm 3, we suppose \; = 3155, 7 = 145 and

. 1 1l .

fk = — { (k+1)1-1 max{“”kka—lH21HUI¢*’UIC—1H%}7 4} if Uk ?é k=1
3 otherwise

forall k € Nandalli € {1, 2, 3}. We use the mean-squared error to measure the restoration

accuracy defined as follows: MSE), = +||vp — ||3 < 5 x 107°. The results are presented

next.

m Nonzero Elements
m=64 m=128 m =256 m =512

Alvorithm 1 Iter 2386 2461 2702 2867
8 CPU Time 204741 21.1546 232616 24.6196

Alvosithm 2 Tter 749 950 1254 2449
gort CPU Time 12.2045 15.3795 21.4745 39.8037

Alvorithm 3 Iter 215 230 232 251
& CPU Time 51991 55572 58327  6.0672

TABLE 1. Numerical comparison of three algorithms.

signal with Algorithm 1

Original signal 2

500 1000 1500 2000 2500 3000 3500 4000
Measured values with SNR=40 by using A, 2

500 1000 1500 2000 2500 3000 3500 4000

= + ) signal with Algorithm 2

200 400 600 800 1000 1200 1400 1600 1800 2000 0
Measured values with SNR=40 by using A,

100 F

o L 500 1000 1500 2000 2500 3000 3500 4000
100 Recovered signal with Algorithm 3

200 400 600 800 1000 1200 1400 1600 1800 2000
Measured values with SNR=40 by using A,

50}
0

<o

0 w0 om  ow  tom w0 o om0 w2000 w0 00 10 200 0 o0 a0 a0
(A) The original signal and the measurements. (B) The reconstructed signals

FIGURE 1. The original signal, the measurements and the reconstructed
signals by three algorithms for m = 512.
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— =" Algorithm 1
— — Aigorithm 2
Algorithm 3

MSE,

10° 10’ 102 10° 10*
Iter

FIGURE 2. Plots of MSE,, over Iter when m = 512.

Based on Table 1, Algorithm 3 requires fewer iterations and takes less time than Algo-
rithm 1 and Algorithm 2.

The last part of the experiment considers Algorithm 3 for solving the problem (4.14)
with multiple inputs A;. We select the signal size to be N = 1024 and M = 512. For
any i € {1,2, 3}, let the observation b; be generated by the white Gaussian noise ¢; of the
variance o?. Set vo, v1, 7%, Aiy i, Gy %, P, ¢ and & are the same as in the first part of the
experiment forall k € Nand all i € {1,2,3}. Further, we select 0; = 45 foralli € {1,2,3}.
The results are presented next.

m Nonzero Elements

Inputting
m=16 m=32 m=64 m =128

A Tter 1085 1062 1463 2986
! CPU Time 0.7912 0.7415 1.0678  2.1037

A Iter 1049 1027 1402 2460
2 CPU Time 0.8564 0.8177 09194  1.6673

4 Tter 1088 1063 1506 2311
3 CPU Time 0.7830 0.7432 0.8780  1.5621

A A Iter 379 384 449 456
L2 CPUTime 0.7045 0.5749 05747  0.7831

oA Iter 364 400 875 477
L3 CPUTime 0.7210 05797 12161  0.7123

Ao A Iter 382 401 435 490
28 CPUTime 0.7831 0.6120 0.6199  0.6830

Ay Ay As Iter 125 125 123 126

CPU Time 0.4139 0.2938 0.2731  0.2618

TABLE 2. Numerical results of Algorithm 3.

From Table 2, we can observe that incorporating all 3 Gaussian matrices (A;, A; and
Az) into Algorithm 3 is more effective with respect to time and number of iterations than
involving only one or two of them.



198 T. Mouktonglang et al.

Original slgnal Recovered signal by inputting A,
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w0 o om0 so w0 70 a0 eo mon e e e s S ]
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40 . easred valves yusmA' Recovered signal by inputting A,
20 - 1
oy ,,‘ALH( (M\W«“VW»‘ \,‘, »w\‘ ‘“\'\"‘\‘\H»W'ﬂ' M’\ W’ f \Wr " "‘J”\k?“ g e e e e
20 {1 ( IR | U 100 200 300 400 500 600 700 800 900 1000
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2 "‘J“%v«mnﬁy V M‘\ ‘r”H i ,‘m}*\‘,‘ﬂ ;"MWL«H It ”ﬁ "J‘}:\f ﬂ\' ki u\w R O P e T
20k 100 200 300 400 500 600 700 800 900 1000
50 100 150 200 250 300 350 400 450 500 Recovered signal by inputting A,, A,
measureavaluesbyusmg;\J §; L TP 7 ) et o 3 I P e S o o |
20k L ' J ‘ |\ ‘ \ } ‘00 200 300 400 500 600 700 800 900 1000
ULW i IL\“! ‘W w“ w“ \Wm ‘\\y\ b\unw i “,Hﬂ Wm S ‘IMH Recovered signal by inputting A,, A, Ag
2o ]| M Ll I P ” AN "\ ”‘\\‘“ " “M i f B O R R R T ‘Mﬁr*%—ﬁ—w‘w—‘—{
100 200 300 400 500 600 700 900 1000
s 0 B0 w0 a0 om0 a0 a0 50
(A) The original signal and the measurements. (B) The reconstructed signals

FIGURE 3. The original signal, the measurements and the reconstructed
signals by using each input for m = 128.

Iter

FIGURE 4. Plots of MSE,, over Iter when m = 128.

5. NUMERICAL EXAMPLE

We utilize Algorithm 3 to solve the problem (1.2) with K = {1, 2} in the finite-dimensional
Hilbert space. Suppose that H = R? with the the Euclidean norm. For any i € {1,2}, de-
fine F;z = (z+y+sinz, —z+y+siny)t forall z = (x,y)" € H, and set G; = dv¢,, where ¢,
is the indicator function of C; and C; = [—i,4]?. It is not hard to show that the mapping F;
is 3-Lipschitz continuous and monotone on H, and the mapping G; is maximal monotone
foralli € {1,2}. Forany z = (z,y)" € H, define 512 = —2z and S»z = [|A|| 7' Az, where
A= ((1) g) Then S is é-demicontractive and S5 is 0O-demicontractive. Furthermore, S;
is continuous and so I — S, is demiclosed at zero for all i € {1,2}. The solution of our
main problem is z* = 0.

In this experiment, we compare Algorithm 3 with Algorithm 1 and Algorithm 2. Let
vo = (10°,10%)" and v; = (10%,10*)". For Algorithm 1, we set p}, = 2 forall k € N and
all ¢ € {1,2}. For Algorithm 2, select ar and by as in Section 4, and define ¢(-) = {;. For
Algorithm 3, let o, = 3, pj, = Gryre and g, = 1 + g5 for all k€ Nandalli € {1 2}.

L foralli e

Further, for Algorithm 2 and Algorithm 3, we suppose \; = -2 and 7§ = 15
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{1,2}, and we set & as in Section 4. We let the stopping criterion Ej, := |jvy, — z*|| < 107°.
The numerical result is presented in Figure 5.

— =+ Algorithm 1
— — Algorithm 2
—— Algorithm 3

FIGURE 5. Plots of E, over Iter.

From Figure 5, we can see that the number of iterations of Algorithm 1 is 63, the number
of iterations of Algorithm 2 is 58 and the number of iterations of Algorithm 3 is 19, that is,
the sequence generated by Algorithm 3 improves the number of iterations.
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