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Unpredictable solutions of quasilinear differential
equations with generalized piecewise constant arguments
of mixed type
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MARAT AKHMET

ABSTRACT. Anunpredictable solution is found for a quasilinear differential equation with generalized piece-
wise constant argument (EPCAG). Sufficient conditions are provided for the existence, uniqueness and exponen-
tial stability of the unpredictable solution. The theoretical results are confirmed by examples and illustrated by
simulations.

1. INTRODUCTION

It is worth noting that numerous results, which include the most effective methods and
important applications, are obtained for periodic, quasi-periodic and almost periodic so-
lutions in the theory of differential equations [27, 31, 33, 34, 35, 36, 37, 38, 39, 40]. On the
other hand, Poisson stable solutions are also crucial for the theory of differential equa-
tions [45]. In our research [12, 13], we have developed the recurrence in functional spaces
to a more refined level, where the Poisson stable functions are assigned the unpredictabil-
ity. Our proposal can revive interests of mathematicians in sophisticated oscillations for
two reasons. The first one is related to the verification of the unpredictability, which re-
quires a more developed technique than that for other oscillations. Thus, the problem of
the existence of unpredictable solutions is a challenging one. In paper [46], a method of
comparability of functions by the character of their recurrence was suggested, which is
suitable for applications in the theory of differential equations. In particular, it is useful
for Poisson stable solutions [30, 46]. In our papers [14, 15, 16], we have applied a new
approach, which is different from the one used in [30, 46] to prove the Poisson stabil-
ity. It can be utilized for various types of dynamical equations in the future. Moreover,
we introduced and developed an entirely new method that shows how to verify the un-
predictability property for solutions of differential equations and oscillations in neural
networks [9, 17, 18, 19, 20, 21, 22, 23]. It promises to be universal and can be applied for
various types of differential equations. Partial differential equations, evolution equations,
impulsive systems and hybrid systems are among them. Another reason to consider our
proposals is the phenomenon of chaos, for which the unpredictability is a criterion [12, 13].
In other words, the proof of unpredictability simultaneously verifies the Poincaré chaos of
the Bebutov dynamics in the functional space with the topology of uniform convergence
on compact sets of the real axis. This opens new prospects for control and synchronization
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of chaos in differential equations. This time, we proceed the initial steps of constructing
the basics of the theory and prove the existence of the unpredictable solution for a spe-
cial type of hybrid systems, where discontinuities appear in the time-argument of the
solution of a differential equation. Differential equations with generalized piecewise con-
stant functions as arguments (EPCAG) have been introduced and developed in papers
[1,2,3,4,5,6,10]. The ideas suggested in these papers became very useful not only in
modeling but also in methodological sense, since the construction of equivalent integral
equations for EPCAG has opened the research gate for methods of operator theory and
functional analysis [7, 9, 24, 26, 28, 29, 32, 43, 48, 49, 50, 52, 53]. This was also confirmed
with applications in neuroscience [8, 9, 11, 25, 41, 42, 44,47, 50, 51]. In the present research,
we have joined the chaos concept with the most flexible and convenient functional differ-
ential equations for applications. It should be emphasized that the models under research
are suitable for adaptation of methods and tools of discrete dynamics, which are still the
main source of sophisticated motions.

2. PRELIMINARIES

Denote by N, R, Z the set of all natural numbers, real numbers and integers, respec-

tively. Introduce a norm for the vector z = (z1, -+ ,2p), ; € R, 4 = 1,---,m, as
m

[|z|[1 = max |z;|, where | - | is the absolute value. Let ||A| = max E |a;;| denote
1<i<m 1<i<m 4 7
j:

the norm for a square matrix A = (a;;)mxm. Fix two real valued sequences 6;, ¢;, i € Z,
such that 91 < 91'_;'_1, 92 < gz < 0i+1 foralli € Z, |01| — 00 as |Z| — 0Q.

We will consider the following quasilinear system with generalized piecewise constant
argument of mixed type

2.1) ol (t) = Ax(t) + f(x(t) + g(x(v(1)) + h(t),

where t € R, z € R™ for a fixed m € N, A € R™*™ is a constant matrix and ~(t) = ¢; if
0; <t <041, i € Z. Throughout this paper, we assume that the functions f,g : D — R™
are continuous on a bounded domain D = {z € R™ : |z|| < H}, where H is a positive
constant. A : R — R is a uniformly continuous and bounded function. Moreover, it is
assumed that all eigenvalues of the matrix A have negative real parts and [|A|| = . In

this case, it can be concluded that there exist real numbers ¢ > 1 and A > 0 such that
ledt|| < oe=* forall t > 0.

Definition 2.1. [13] A uniformly continuous and bounded function v : R — R™ is unpredictable
if there exist positive numbers ey, § and sequences t.,, u,, both of which diverge to infinity such that
v(t +t,) — v(t) as n — oo uniformly on compact subsets of R and ||v(t + t,) — v(t)|| > €o for
eacht € [uy, — 6, u, + 8] andn € N.

The following conditions will be required in the present paper:

(C1) functions f and g satisfy a Lipschitz condition with constants Ly, Ly : || f(u1) —
Ju2)|l < Lylluy — sl and [|g(u1) — g(uz)|| < Lglluy — us|| for all uy, uy € D;
(C2) I3my >0, my > 0suchthat sup [ f(z)]] <myand sup |[g(z)] < my;

o)< lall<H
(C3) I my, > 0such that sup |h(t)]| < mn;
S
(C4) SOy +my +my) < H
(C5) S(Ly+Ly) < 1

(C6) 360 > 0suchthatf; ; —6; <Oforallie Z.
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In what follows we will use the following notation
_ -1
B= (1 — [N+ L)1 + Ly9)eP Lo 4 Lg]) .

(C7) =X+ o(Ly+ BLy) <9;
(C8) O[(N+ Ly)(1+ Ly)ePME0 4 1] < 1;
(C9) 3 {n,} with n,, — oo as n — oo such that
9i_nn + &, — 91 — 0 and gi_nn +t, — fi — 0

as n — oo on each finite interval of integers, where ¢, is the sequence defined in
Definition 2.1.

3. MAIN RESULT

Let P be defined as the space of m-dimensional vector-functions ¢ : R — R™, ¢ =
(P1, P2, ..., ) With [|@|l1 = sup ||¢(t)]| . A function ¢ that belongs to the space P has the
teR

following properties:

(P1) it is uniformly continuous;

(P2) [|¢[ly < H;

(P3) 3{tn}, tn — coasn — oo such that ¢(t+t,) — ¢(¢) uniformly on each closed and
bounded interval of the real axis.

It is well known by the theory of differential equations that [37], a function z(¢) which
is bounded on the whole real axis is a solution of system (2.1) if and only if it satisfies the
following integral equation

t
(3.2) (t) = / e [F(2(s)) + g(2(1()) + h(s)] ds.
Define an operator II on P as follows
t
o) = [ A0 [£(6(5)) + 9(60(5) + h(s)] ds.

—00
Lemma 3.1. The operator 11 is invariant in P.

Proof. We need to show that ITP C P. First, we differentiate II¢(¢) with respect to ¢ as
follows:

dIg(t)
dt

= f(o() + g(6(7(1))) + h(t) + A / AU [£(6() + g((7(5))) + h(s)] ds.

From this we can find for all ¢t € R that

Hdﬂiﬁ) < IFGEI+ lgGGEI + IR

+ X/oe‘“t‘s)(\lf(QS(t))HﬂL||9(¢(W(t)))|\+IIh(t)II)dS

—00

oA oA
T(mf+my+mh):(1+*)(mf+mg+mh)~

< my+mg+mp+ \
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dIlg(t)
d

ous. As a result of this discussion, it is seen that I1¢ satisfies the property (P1).
Additionally, we can find for ¢ € P that

Thus, we see that the derivative is bounded and hence II¢ is uniformly continu-

[T ()]l

\t/<¢“”Mfw@»+gwww$»+h@»d4

t

[ o U0 + gt + () ds

—00
t

/ oe M) (my 4 my 4+ my) ds = % (

IN

IN

myg+mg +mp).

— 00

It follows from the last inequality and condition (C4) that ||[II¢||; < H. Therefore, II¢
satisfies the property (P2).

We are now in a position to prove the last property (P3).That is to say, we need to
show that there exists a sequence t¢,, which diverges to infinity such that for each Il¢ € P,
IIp(t + t,) — IIp(t) uniformly on each closed and bounded interval of the real axis. For
this aim, we fix an arbitrary positive number ¢ and a closed interval [a, b], where a,b € R
with a < b. Itis enough to show that ||II¢(t + t,,) — II¢(¢)|| < € for sufficiently large n and
t € [a,b]. Let us take two numbers ¢ < a and € > 0 such that

2 €

(3.3) 7" (LyH + LoH +my) e ™) < 2
g€ g
4 TCavLy) <=
(34) L+ Lp) <y

We choose n large enough such that ||¢(¢t + ¢,) — ¢(t)|| < eand ||h(t +t,) — h(t)| < €
on [c,b], and 0;_,, +t, —0; < efor0; € [c,b],j € Z. Then, we can write the following
inequality

~—

t+ty

\y/ew“fﬁuw@»+mww@»+M@ws

[To(t + ) — (1)
= [ 6 + glola (o)) + ) d|

= W/gwﬂmﬂwwwwwfw@ﬂ

1960 + 1)) = 9(@(3(5))] + hls + ta) = h(s))ds|

t

/ae*W”@NM&HM—¢@H

—00

+ Lollo(v(s +tn)) = d(v ()l + (s + tn) — h(s)[)ds.

IN
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Now, let us rewrite the last integral as a sum of two integrals. We obtain that

C

Mt +tn) — ()] < /OefA(t*S)(Lfllaﬁ(Sthn)—¢>(8)||

+ Lgllo(v(s +2n)) = ¢(v())Il + (s + tn) = h(s)[)ds

n / o€ =) (L4 |o(s + ta) — (s)]|

+ Lllo(r(s +tn)) = 6(v(s))l + (s + tn) — h(s)ll)ds

2
7{7 (LyH + LyH 4 my,) e o) 4 /Jef/\(tfs)(l + Ly)eds

C

IN

t

n /}é*W@LNw%s+%D—¢W@DWS

C

20 o
S (L H + LoH +mp) e Ma=e) 4 T+ Ly)e

IA

t

oLy [0+ ) dla(s)lds:

c

For a fixed ¢ € [a,b], we assume without loss of generality that 6, < 6;_,, +t, and
0, < 9]@777” +it, =c< 0k+1 < 0k+2 < e K 9k+p < 9k+P*nn +t, <t< 0k+p+1 so that
there exist exactly p discontinuity moments in the interval [c, t].

Let the following inequalities

2pH e i

(3.5) oL, 3 ( 1) < 7
2(p+1)e Y €
(3.6) aLgf(l e V)< T

be satisfied for the given ¢ > 0.
We aim to obtain an upper bound for the last integral which will be denoted by

= / e p(y(s + 1) — p(y(s)) | ds.
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We evaluate I by considering it on finite number of subintervals as described below:

Ok+1

I / e (v (s + 1)) — d(1(s)) || ds

c

Oky1-—n, +tn

N / e p(y(s + 1) — ¢(v(5))|ds
Okt
Ort2
N / eI p(y(s + 1) — d(7(5))||ds
Ot - +n
Ok t2—ny+tn
N / eI p(y(s + 1) — d(v(5))|ds
Ok42
Or+3
N / eI p(y(s + 1) — d(7(s))|ds

9}c+2—rm +tn

N / eI p(y(s + 1)) — d(7(s))||ds

Okt+p—nn Ttn

ktp-1 O
= Y[ eIt + ) - sa(e)lds

=R 0t

ktp—1 Oit1—n, ttn

[ el + ) - ds) s

i=k 0ris

b [ eI+ ) - () ds.
Oktp—np+tn
Let us define the integrals in the above expression as

0it1

A= / e M9 6(y(s + 1)) — S(1(s))|ds
0y +tn
and
Oit1—np ttn
B — / e NN b (v (s + 1)) — d(7(s))||ds,
0it1

fori=kk+1,---,k+p—1.
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Using the notations A; and B;, we can write

k+p-1 k+p—1 ¢
Soae Yy s [ e Ilo00 4 ) o)l
i=k i=k

9k+p* nn Ttn

Fort € [0;_y, +1tn,0it1), 4 € Z,itis clear that y(¢) = & and it follows from the condition
(C9) that y(t + t) = &4, . Using this result, we reach the following estimation:

0it1
4 = / N [ $(Er ) — (61)|ds
Oi—npt+tn
Oit1
- / e b6 + b+ 0(1)) — G(&) 1 ds
Oi—npt+in
0it1
- / e NEN|G(& + 1) — D(E) + SE: + tn + 0(1)) — BE: + )] ds
0i—ny, +tn

0it1

IN

e A(t=s) [”¢(§2 +tn) — o0&+ | +tn +0(1)) —p(& + )”}
Oi o +tn

0it1

IN

M e B(& + ta + 0(1) — B(& + ta)l|d
0i—ny, +tn
We already know that ¢ is a uniformly continuous function. Thus, for ¢ > 0 and suf-

ficiently large n we can find a p > 0 such that ||¢(& + ¢, + o(1)) — ¢(& + tn)|| < € if
|€itn,, — & — tn] < p. This implies in turn that

0it1 5
A; < 2 / e M=) s < Xe(l — e_w).

Oi—ny +in

On the other hand, condition (C9) gives us that

Oit1—n, ttn i
2
B; <2H / e A S)d$<T(e —-1).
0i11

If we use a similar approach used for the estimation of the integral A;, then it follows that

t

e oy (s + tn)) — Sy ()] < i (1—e).

9k+P*'ﬂn +tn
Therefore, it can be seen that

2(p+1)e 2pH
A

1<
- A

(1—e ) + (e* —1).
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As a result of these computations, we get

2
I0(t + 1) = To(0)| < 5 (L H + LyH +mp) e + S5 (14 L)
2 1 2pH
+ O'Lgi(pj\_ )6(1 —e M 4 aLg—]i\ (er —1)

for all ¢ € [a,b]. In consequence, the inequalities (3.3) -(3.6) give that
(Mo (t + tr) — He(t)]| < e

for ¢ € [a,b]. Thus, the function II¢ satisfies the property (P3). Finally, it turns out that the
operator Il is invariant in P. g

Lemma 3.2. The operator 11 is contractive on the space P.

Proof. Let the functions ¢; and ¢; lie in P. For all ¢ € R, we have

[Ty (£) — o ()]

| / A [[f(91(5)) ~ (&2(3)] + [9(1(1(5) — g(d((s))]]ds|

t

< / ae M Lel|p1(s) — da(s)|| + Lylldr (v(s)) — da(v(s))][]ds
< / e M [Lr61(5) — 62(5) 1 + Lgllr(s) — a(s) 1] ds
< ;(LerLg) [¢1(t) — d2(t) |1

Then,
o
IT61 — Tl < 5 (Ly + Ly) 61 — d2ll

holds true for all ¢ € R. In conclusion, the condition (C5) implies that the Il : P — P isa
contraction operator. O

The following result will be useful in the proof of the stability of the solution.

Lemma 3.3. [6] Assume that the conditions (C1),(C6),(C8) hold true and y(t) is a continuous
function with ||y(t)||1 < H. If v(t) is a solution of the following differential equation with piece-
wise constant arqument of generalized type

B7) () = Av(t) + fo(t) +y(1) — f(y(1) + 9(w(v(®) +y(v(1))) — 9(y(+(1))),
then the inequality given by

(3.8) oy (@) < Blle@)]|

is satisfied for all t € R.

Proof. Fix i € Z such thatt € [0;,0;11), and consider the cases:
(a) 91 < fz <t< 92‘+1 and (b) 92‘ <t< fl < 9i+1-
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(a) For the case t > ¢;, we can write that
¢

@I < Hv(fi)ll+/(||A|H|v(8)|\+Lf\|v(8)||+Lg||v(§i)||)d8

&

< Hv(fi)H+/(X||U(3)||+Lf||v(3)||+Lg|‘v(§i)”)d5
&

<

@I+ L) + [ (R L) )]l ds.
&i
If we use the Gronwall-Bellman Lemma [37], we get
[@)]] < [[o(E)II(1+ Lgh)e+E07.
In other respects, we have that
t

@Il < [o@l+ [ UAl -+ Lol + Lollo) 1
&
< ol + [I5+ Lolloto)l + Lyllo(ellds
&
< ol + [ [+ L1+ LB o(6o)| + Lyllo(eo)] ] ds
&
< @I+ 0 [(R+ L)1+ Lf)eH 0 + L] lu(é)]l

Therefore, condition (C8) yields that |[v(&;)|| < B|lv(t)||, for t € [6;,0i41),i € Z. Hence,
(3.8) holds for all §; < & <t < ;41,1 € Z. The second case (b) where §; < t < §; <
0i+1,1 € Z can be proved by using a similar approach.

Thus, the inequality (3.8) holds true for all ¢ € R. The lemma is proved. O

The next theorem states the most important result of the present paper.

Theorem 3.1. Assume that the conditions (C1)-(C9) are fulfilled. If the function h is unpre-
dictable, then the system (2.1) has a unique exponentially stable unpredictable solution.

Proof. First, we aim to show that the space P is complete. Let 7 (t) be a Cauchy sequence
in P with 7 (t) — 7(t) on R as k — oo. It is clear that the limit function 7 (¢) is uniformly
continuous and bounded [37]. Thus, properties (P2) and (P3) are satisfied by n(t). We
need to show that property (P3) is also satisfied by = (t). Let I be a closed and bounded
interval on R. One can write

(¢ +tn) = m (@) < 7wt +tn) = 7t + )l + lmx(t + tn) = me(B)]] + i (t) — 7@

by means of the triangle inequality.

If we take sufficiently large n and k such that each term on the right hand side of last
the inequality is less than £ for sufficiently small ¢ > 0 and ¢ € I, then the inequality
|7t + t,) — m(¢)|| < e is satisfied on I. This implies that the sequence of the functions
m(t + t,) converges to m(t) uniformly on I. Therefore, P is a complete space. We know
that the operator II is invariant and contractive in P according to Lemma 3.1 and Lemma
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3.2, respectively. The contraction mapping theorem implies that the operator II has a
unique fixed point y(¢t) € P, which is the unique solution of the system (2.1). Hence,
the uniqueness of the solution is proved. We need to show that this unique solution is
unpredictable.

Let [,k € Nand & be a positive number satisfying the following inequalities

(3.9) K <9,

— 1 2 1 4
(3.10) K —(/\+Lf)(7+%)—2[/g+ 5 Q’
and
(3.17) ly(t +s) —y(t)] < eo mm{k 31} teR, |s] < k.

Assume that the numbers «,[,k and n € N are fixed. We will use the symbol A to
denote the value ||y(u, +t,) —y(u, )|, then consider the two cases (i) A > 7 and (i) A <
€0
0l .

() IfA> 70, one can conclude that

ly(t+tn) =y = ly(un +tn) = y(un)|| = lly(un) — y(@)]]
— Nyt +t) —ylun+t)ll >+ — 5 — 5 = 5;¢0

fort € [u, — Ii un+n] n € N.
(i) If A <% 0 (3.11) gives that

[yt +tn) =y < [ly(un +tn) = y(un)ll + ly(un) —y(@)

+ Ayt +tn) —ylun +tn >\|<f+z+?_(,+,)eo

for t € [u,,u, + &|. Take the following integral equations

t

y(t) = y(un) + / [Ay(S) + f(y(s)) + g(y(v(s))) + h(S)] ds

Un

and

Yt + t) = ylun + ) + / [Aym f<y<s+tn>>+g<y<v<s+tn>>>+h<s+tn>}ds
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into consideration. If we subtract the first equation from the second one, we get
y(t + tn) - y(t) = y(un + tn) - y(un)

n /[MM&HM—MM+V@®+%D—ﬂM$H

Un

+ l9(v(s +1n))) = 9(y(v(s)))] + [h(s + tn) — (s)] | ds

- ywn+u>—m%»—/Aw@+u»—maws

+ /M@W@+mM)—AM%ﬂnwwﬁ/M@+mJ—M@M&

By taking the norm of both sides and using the triangle inequlity, it is seen that

ly(t +tn) =y @Ol = =lly(un +tn) = y(un)|l

/Amw+t kw—/wf (5 4+ ta)) — F(y(s)llds

Un

- /w@ww+um—mmwmmw+/MMm¢m—Mﬁws

K
- ‘/m (5 4 1) — y(r()) s + g

fort € [up + 5, up + K.
Define the last integral above as

J=/mes+m»—mw@mw.

For a fixed t € [u, + 5, u, + k], choose « sufficiently small so that 6;_,,, + t, < u, <
up+ 45 <t <u,+k < 041 for some i € Z. Thus, we have y(t) = §; fort € [u, + §, u, + K]
and y(t+t,) = &+, due to the condition (C9). Since y(t) € P, itis a uniformly continuous
function. Hence, for ¢, > 0 and large n, we can find a p > 0 such that ||y(&4,,,) —y(&)]| <
1y(&i +tn) = y(E)ll + ly(&i +tn + 0(1)) = y(& + tn) ]| < 260 if [|§ip, — & — tnll < p.

So, we have J < 2keg. As a result, inequality (3.10) implies that

€ -1 2 1 2 K
ly(t +ta) =yl = == = N7 + 2)reo = L(5 + 7)reo — 2Lgkeo + 5o
! Ik Ik 2
> _fo deo e
- ! 31 — 3l
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Based on the inequalities obtained in cases (i) and (i¢), we see that the solution y(t) is
unpredictable.

Lastly, let us give our attention to the stability analysis of the solution y(¢). Denote
v(t) = y(t) — z(t), where z(t) is another solution of the system (2.1). Then v(¢) will be a
solution of the system (3.7) and thus it is true that

t
(312) ()] < e X fu(to)|| + /t oe ALy [o(s)]| + Lgllo(y(s))[]ds.
Using Lemma 3.3 in (3.12), we obtain that

t
o] < oe™ =0 ||u(ty)]| + / 0e ) (L + BLy)|v(s) | ds.

to

The last inequality leads to
t
Mo < oellu(to)ll + o (Ly + BLg)/ e**[[v(s)]|ds.
to

If the Gronwall-Bellman Lemma [37] is applied for the last inequality, it is seen that
lo(OI] < alfuto)]|el o (ErHEEIEt0),

This inequality means that

(3.13) ly(t) = 2(B)]] < olly(to) = 2(to)||e( Ao tErHEEDE0),
From the condition (C7), we reach the conclusion that the unpredictable solution y(t) of
(2.1) is uniformly exponentially stable. The theorem is proved. O

4. EXAMPLES AND NUMERICAL SIMULATIONS

We give examples with numerical simulations to illustrate the theoretical results of this
research. To investigate the presence of an unpredictable solution, we need to consider
the following logistic map [12]

(4.14) i1 = pAi(1 = Np),

where i € Z. By virtue of Theorem 4.1 [12], for each p € [3 + (2)!/2,4], the system (4.14)
possesses an unpredictable solution. Let ¢;, ¢ € [i,i + 1), i € Z, be an unpredictable
solution of (4.14) with p = 3.92.

In what follows, we will utilize the unpredictable function

¢
o) = / e 390 (s)ds, t € R,

with Q(¢) = ¢; for ¢ € [i,i+ 1), 4 € Z, which was introduced in the paper [18].
Furthermore, the argument function v(t) = & is defined by the sequences 0), = %k,
+pr = WJM%, ke Z.
Consider the following quasilinear system with the generalized piecewise constant ar-
gument of mixed type

_ Op+0kia
é’k — %

01 —0.6 0 21 (t) 0.01 tanh(Z21)

@15 2/(t)={ 01 —04 0 za(t) |+ 0.0ltanh(xg?t))
o 0 -03 a3(t) 0.01tanh(“’;§”)

0.01 tanh ({0 —403(t) + 0.02

+| 0.01tanh(2G) [+ | 050(t) - 0.03

0.01 tanh (22010 36%(t) +0.01
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Moreover, hi(t) = —403(t) + 0.02, hao(t) = 0.50(t) — 0.03, h3(t) = 303(t) + 0.01 are
unpredictable functions in accordance with Lemmas 1.4 and 1.5 given in [16].

We can see that the conditions (C1)-(C9) are valid for the system (4.15) with A = 0.1, A =
0.7, Ly = 0.0004, L, = 0.0005, my = my = 0.01, and moreover m;, = 0.19, 0 = 20, H = 38.
Thus, by the Theorem 3.1, system (4.15) has a unique exponentially stable unpredictable
solution z(t).

To imagine the behavior of the unpredictable oscillation z(t), we consider the simula-
tion of another solution ¢ (t), with initial values ¥1 (0) = —1.1951,¢5(0) = —0.2828, 45(0) =
0.1587. Applying (3.13), one can obtain that

[14(t) = z(t)[] < 20e™"%[(0) — z(0)[], ¢ > 0.

The last inequality demonstrates that the difference ¢ (¢) — x(¢) diminishes exponen-
tially. Consequently, the graph of the function ¢ (¢) approaches to the unpredictable solu-
tion z(t) of the system (4.15), as time increases. Thus, instead of the curve describing the
unpredictable solution, one can consider the graph of 1(t).

The coordinates and trajectory of the solution 1 (¢), which exponentially converges to
the unpredictable solution x(t), are shown in Figures 1 and 2, respectively. Moreover, in
Figure 1 you can see that the solution of system (4.15) is continuous function with discon-
tinuous derivatives, and it continuously differentiable within intervals [0y, 0x+41), k € Z.

0 50 100 150 200 250 300 350 400 450 500
T T T T T T T T T
] S
151 i
2 I I I I I I I I I o
T T T T T T T T T -0.1
& 02 \h_0'15
-0.2
-0.4F L L L L L L L L L 1 05
0 50 100 150 200 250 300 350 400 450 500
460 465 470 475 480 485
0.05 .

1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500
t

FIGURE 1. The coordinates of the function ¢ (t).

FIGURE 2. The trajectory of the function 1 (t).
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