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Modified inertial Mann’s algorithm and inertial hybrid
algorithm for k-strict pseudo-contractive mappings

SUPARAT BAIYA! and KASAMSUK UNGCHITTRAKOOLY2*

ABSTRACT. In this work, we introduce and study the modified inertial Mann’s algorithm and inertial hy-
brid algorithm for approximating some fixed points of a k-strict pseudo-contractive mapping in Hilbert spaces.
Weak convergence to a solution of fixed-point problems for a k-strict pseudo-contractive mapping is obtained by
using the modified inertial Mann'’s algorithm. In order to obtain strong convergence, we introduce an inertial hy-
brid algorithm by using the inertial extrapolation method mixed with the convex combination of three iterated
vectors and forcing for strong convergence by the hybrid projection method for a k-strict pseudo-contractive
mapping in Hilbert spaces. The strong convergence theorem of the proposed method is proved under mild
assumptions on the scalars. For illustrating the performance of the proposed algorithms, we provide some new
nonlinear k-strict pseudo-contractive mappings which are not nonexpansive to create some numerical experi-
ments to show the advantage of the two new inertial algorithms for a k-strict pseudo-contractive mapping.

1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Hilbert space H with the inner
product (-, -) and the norm || - ||. Throughout the paper, we let I be the identity mapping.
A mapping T': C — C'is said to be a k-strict pseudo-contractive mapping if there exists a
constant k € (—oo, 1) such that

(1.1) T2 = Tyl* < llz = ylI* + k(I = T)a — (I = T)yl?

forall z,y € C; see [8-11, 13, 34] for more details. If £ = —1, then T is said to be firmly
nonexpansive. If k = 0, then T is said to be nonexpansive. The set of all fixed points of T'
is denoted by Fiz(T) = {z € C : Tx = z}. On the other hand, a mapping U : C — H is
called a-inverse strongly monotone if there exists o > 0 such that

(x —y, Uz — Uy) > a|Uz — Uyl|®

for all z,y € C. The set of all zeros of U is denoted by U~'(0) = {x € C : Uz = 0}. Itis
clear that the class of firmly nonexpansive mappings and the class of nonexpansive map-
pings are strictly included in the class of k-strict pseudo-contractive mappings; see [33, 34]
for more details. k-strict pseudo-contractive mappings were first proposed by Browder
and Petryshyn [13] in 1967. It has been found in practice that k-strict pseudo-contractive
mappings play an important role and have more practical applications than firmly non-
expansive mappings and nonexpansive mappings do in solving inverse problems (see
Scherzer [30]). Indeed, if U is a-inverse strongly monotone operator, then 7" := I — U is
a (1 — 2a)-strict pseudo-contractive mapping, and so we can translate a problem of zeros
for U in the form of fixed point problem for 7', and vice versa (see e.g. [33, 34]).
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The fixed point problem is to find a point
(1.2) x € C suchthat Tz =ux.

There are several methods for solving (1.2). One of the most popular methods is Mann’s
algorithm [20] which was introduced in 1953. The form of Mann’s algorithm is as follows:

(13) Tp41 = QpTp + (1 - an)Txn

where {a,,} C [0, 1] which satisfies some appropriate assumptions. Reich [29] proved the
fundamental results of convergence, that is, if sequence {«,, } satisfies Y7 | o, (1 — ) =
+o00 then the sequence {z, } generated by Mann'’s algorithm (1.3) converges weakly to a
fixed point of a nonexpansive mapping 7.

Later, Marino and Xu [21] developed the result of Reich [29] to the class of k-strict
pseudo-contractive mappings in the framework of real Hilbert space, that is, if the control
sequence {a,} is chosen so that k < «,, < 1forall nand > .7 (a, — k)(1 — o) = 00
then the sequence {z,,} converges weakly to a fixed point of a k-strict pseudo-contractive
mapping. Some important iterative methods for fixed point problems of nonexpansive
mappings and k-strict pseudo-contractive mappings have been collected in the literature
(see [8-11, 16, 20, 24, 27]).

Strong convergence is often much more desirable than weak convergence in many
problems that arise in infinite-dimensional spaces (see [6, 17, 19, 21, 25, 26, 34, 35] and
references therein). In 2003, Nakajo and Takahashi [24] introduced a hybrid algorithm for
Mann’s iteration as follows:

zo € C chosen arbitrarily,
Yn = OpnTp + (1 - an)Txn;

(1.4) Cn={2€C:|yn — 2|l < |lzn — 2|},
Qn=1{2€C:{(xg—xp,2 — ;) <0},
Tpt1 = Pcannl’o, n € NU {0},

where {a,,} C [0,1) and Px denotes the metric projection from H onto a closed convex
subset K of H.

In 2007, Marino and Xu [21] introduced a hybrid algorithm for a k-strict pseudo-contractive
mapping as follows:

xo € C chosen arbitrarily,
Yn = OpnTp + (1 - an)Txn»
(1.5) Co={2€C:|lyn — 2* < lzn — 2[* + (1 — o) (k — ) l|lon — Ta ]},
Qn={z€C:{xy,—z,x, —x0) <0},
Tpy1 = PCanniL'(), n € NU {0},

Polyak [28] introduced an inertial-type algorithm. He presents a two-step iterative
method in which the next iterate is defined by using the previous two iterates. It is an
acceleration process of incorporating an inertial term in an algorithm to speed up or accel-
erates the rate of convergence of the sequence generated by the algorithm. Consequently,
many researchers have adopted inertial-type algorithms to speed up the convergence pro-
cess, see for example [1-5, 12, 15] and the references therein.

In 2008, Mainge [18] introduced the following inertial Mann’s algorithm:

Wy, = Ty + en(xn - xn—l)a
Tn+1 = Wn + >\n[T(wn) - wn)L

for each n > 1 and showed that the iterative sequence {x,} converges weakly to a fixed
point of T under the following conditions:
(A1) 0, €[0,0) forany 0 € [0,1),



Modified inertial Mann’s algorithm and inertial hybrid algorithm for k-strict pseudo-contractive mappings 29

(A2) fo;l OnllTn — Tp-1| < +o0,
(A3) 0 < inf,,>1 Ay <sUp,>q Ap < 1.
To satisfy the condition (A2) of the sequence {x,,}, one needs to calculate {#,,} at each step
(see [23]).
Later, Bot and Csetnek [12] have revised the above conditions to simple to prove the
theorems as the following:
(B1) 6, € [0,0) forall § € [0,1),61 = 0 and {6, } is nondecreasing,
(B2) § > 92(1;1# and 0 < A<\, < m for each n > 1, where A\, 0,9 > 0.
By using the concept of the inertial method, Shehu et al. [31] introduced an algorithm
by the technique of Halpern method and error terms for solving a fixed point of a nonex-

pansive mapping which was defined as follows:

xo,r1 € H,
Wp = Ty + en(xn - mn71)7
Tn4+1 = QpTo + ﬁnwn + ’YnTwn + €n,

for each n > 1, where {6,,} C [0,6] with § € [0,1),{a,},{6,} and {v,} are sequences in
(0,1] and {e, } is a sequence in H.

In 2018, Dong et al. [15] introduced a modified inertial Mann'’s algorithm by combining
the accelerated Mann’s algorithm and the inertial extrapolation. They proved the weak
convergence of the proposed algorithm for a nonexpansive mapping.

Algorithm (Modified inertial Mann’s algorithm).

Let T : H — H be a self mapping such that Fiz(T) # (. Choose p € (0,1],A > 0 and

xo,x1 € H arbitrarily and set dy = (Txo — zo)/A. Compute d,, 1 and x,,1; as follows:

Wp = Ty + 971(xn - xn—l)»

1
(16) dnJrl = X(Twn - wn) + 5ndn7
Yn = Wy + Adpy1,
Tp41 = WYnWn + (1 - /"Yn)yna

for each n > 1, where {0,,} C [0,6] is nondecreasing with 6; = 0 and 0 < 0 < 1,{v,}
satisfies

(D1) 6 > % and 0 <1—py <1—py, < %,Wherema,é > 0 and
{Bn} satisfies

(D2) 307, Bn < <.
Moreover, there are more some additional assumptions as follows:

Assumption 1.1. The sequence {w,,} defined in (1.6) satisfies
(D3) {Tw,, — wy,} is bounded;
(D4) {Tw,, — y} is bounded for any y € Fixz(T).

Remark 1.1. If the considered mapping T is a k-strict pseudo-contractive mapping, then
it is not hard to verify that Assumption 1.1 is equivalent to {w,, } is bounded.

Furthermore, they introduced an inertial CQ-algorithm for a nonexpansive mapping
by combining the CQ-algorithm (1.4) and the inertial extrapolation, and analyzed its
strong convergence. Set x¢, 1 € H arbitrarily. Define a sequence {z,, } as following:

Wp = Ty + en(xn - In—l)a

Yn = (1 - ﬂn)wn + BnTwy,

Cn={2€ H: |yn — 2|l < [Jwn — 2|},
Qn=4{2z€ H:{(x, —z,x, —x0) <0},
ZTnt+1 = Po,nq, %o,
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for each n > 0 where {60,,} C [01,02],01 € (—0,0],65 € [0,0),{8,} C [5,1],8 € (0,1].

Motivated by the research works as mentioned in the direction as above, it is the driv-
ing force for us to develop the modified inertial Mann’s algorithm based on Dong et al.
[15] in (1.6) and prove the weak convergence for a k-strict pseudo-contractive mapping
by using the conditions in Assumption 1.1. Moreover, the inertial extrapolation method
combined with the convex combination of three iterated vectors and forcing for strong
convergence by the hybrid projection method is provided to solve a fixed point problem
for a k-strict pseudo-contractive mapping in Hilbert spaces. The performance of these
two newly created algorithms demonstrates some numerical advantages which will be
illustrated in the last section.

2. PRELIMINARIES

We will use the following notation:
(1) — for weak convergence and — for strong convergence.
(2) ww(xn) = {z : Jz,; — 2} denotes the weak w-limit set of {x, }.

Now, we present some fact and tools in a real Hilbert space H which are listed as
lemmas below.

Lemma 2.1. Let H be a real Hilbert space. There hold the following identities which will be used
in the various places in the proofs of the results of this paper:

@) [l = ylI* = lzl* = lyl|* — 2(z =y, y), forall z,y € H.

(2) [laz + By + vzI|? = alle]]? + Blyll? + ¥]1211% — aBlle — ylI2 — avllz — 2II2 = Bylly - =II*
forall a, B,y € [0, with o+ S+~ = land forall x,y,z € H.

Lemma 2.2 ([7]). Let {¥,,}, {6, } and {0,,} be the sequence in [0, +o0) such that ¥,,11 < ¥, +
0,(V,, — Uy q) + 6, foralln > 1,50 6, < +oo and there exists a real number 6 with
0<0, <60 <1foralln> 1. Then the following hold:

(1) 3,51 [¥n — U, q]4 < 400, where [t]; = max{t,0};

(2) there exists U* € [0, +o0) such that lim,, , | o ¥,, = U*,

Lemma 2.3 ([7]). Let C be a nonempty set of a real Hilbert space H and {x,,} be a sequence in H
such that the following two conditions hold:

(1) for any x € C,lim,,_, ||z, — || exists;

(2) every sequential weak cluster point of {x,,} is in C.

Then {x,,} converges weakly to a point in C.

Lemma 2.4 ([21]). Let T : C' — C be a self-mapping.
(1) If T is a k-strict pseudo-contraction, then T satisfies the Lipschitz condition

1+

T~ Ty < 1

IZH:E —yl| forall z,y € C.

(2) If T is a k-strict pseudo-contraction, then the mapping I — T is demiclosed at zero. That
is, if {x,,} is a sequence in C such that x,, — x* weakly and (I — T)x,, — 0 strongly, then
(I -T)z*=0.

Lemma 2.5 ([32]). Let C be a closed convex subset of a real Hilbert space H and let Pc be the
(metric or nearest point) projection from H onto C (i.e., for v € H, Pcx is the only point in C
such that ||x — Pox| = inf{||z — 2| : 2 € C}). Given x € H and z € C. Then z = Pcx if and
only if there holds the relation:

(x—2z,y—2) <0 forallyeC.
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Lemma 2.6 ([22]). Let C be a closed convex subset of a real Hilbert space H. Let {x,} be a
sequence in H and w € H. Let ¢ = Pcou. If {z,} is a sequence such that w,,(z,) C C and
satisfies the condition:

lzn —ul] < ||lu—gq| forall n.

Then z,, — qasn — oo.

3. A MODIFIED INERTIAL MANN’S ALGORITHM FOR k-STRICT PSEUDO-CONTRACTIVE
MAPPINGS

In this section, we study and prove the weak convergence of a modified inertial Mann’s
algorithm in (1.6) for a k-strict pseudo-contractive mapping under the Assumption 1.1
which was introduced by Dong et al. [15].

Theorem 3.1. Let T : H — H is a k-strict pseudo-contractive mapping for some 0 < k < 1 and
k < pyn, with Fiz(T) # 0. Let {d,} and {x,,} be the sequences generated by Algorithm (1.6)
and let Assumption 1.1 hold. Then the following hold:

1. {d,} is bounded;

2. 35000 a1 — aal? < oo

3. the sequence {x,, } converges weakly to a point of Fiz(T).

Proof. 1. The proof follows from Theorem 3.1 in [15].
2. Note that w,, = z,, + 0, (zy, — x,,—1) for each n > 1. From (1.6), we get

Tng1 = PynWn + (1 = 7 ) (Twn + ABndn)
(3.7) = wy, + (1 — pyn) (Tw, — wy + ABrdy).
Let arbitrarily y € Fiz(T). Using Lemma 2.1 and T is a k-strict pseudo-contractive map-
ping, we get
[2ns1 =yl
= pynllwn — y* + (1= ) [ Twn — y + ABndnll* — 17 (1 — pyn) | Twn — wy + ABndy |
= mllwn = ylI* + (1 = ) (1 Twn = yl* + 278 (Twn — y, dn) + X821 dn|*)
= (1 = ) | Twn, = wy, + ABrdy®
< wymllwn = yl* + (1 = pyn) (Jwn — yll* + KNI = T)w,, — (I - T)y|*)
+ (1= p9) 2ABy (Twn =y dn) + N B2 dall”) = v (L = pyu) I Twp = wy + ABdal|”
= Jwn = gll* + (1 = py) k| Twn = wall* + (1 = p17) (2ABn (Twy = y,dn) + X5 du )
— (1 = ) | Twn, — wy, + ABudy |
= wn = ylI” + (1 = py) Rl (Twp = wp + Mudn) = ABudal|”
+ (1= 1) 2ABn (Twn =y, dn) + N2 [ dn|*) = pym (1 = )| Twn, — wy + ABud
= [lwn =yl + (1 = ) k(| Twn = wp + Andn|* = 2 (Twn — wy + ABndn, ABndn)
+ A2 B2ldn 1) + (1 = pyn) (278 (Twy — y, dn) + A28 |dn[|*)
= (1 = ) | Twn, = wy, + ABudy®
= llwn = yll* + (1 = ) k(| Twn — Wi + ABndn|* = 2B (Twy — wn, dn) — A2B2|dn|*)
+ (1= p9) 2ABp (Twn =y dn) + N B2 dall®) = v (L = pyu) I Twp = wy + ABdal|”
= JJwn = ylI* = (v = k) (1 = py)ITwp = wy + ABndal|”
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(1= m)Ba (2A (Tt =y, du) = 220k (T = wn, dy) + (1 = k)X B, |da?)

Pn = (1 - MVn) [2>‘<Twn - Y dn> - 2)‘k<Twn — Wn, dn> + (1 - k))‘gﬁannHQ}

From (D1), (D3), (D4) and {d,, } is bounded, it follows that {¢,, } is bounded. Then there
exists M; > 0 such that ¢,, < M; foralln > 1. By Lemma 2.1, we get

lwn = ylI* = (1 +6n) (@0 — y) = On(n-1 — y)II
= 1+ 0u)llzn = ylI* = Onllzn—1 = yI* + 0n(1+ On) 2n — zaal?,
which with (3.8) implies
|zns1 = ylI* = (14 0n) 20 — yl* + Onllzn-1 — y?
(39 < (kv — k) = ) ITwn — wy + ABudy || + 00 (1 + ) |25 — 2p—1|l* + Bugn.
From (1.6) and (3.7), we get

- 2 —xn —0 — )2
||Twn — Wy + )\ﬁndnHQ = ‘ Tn+1 — Wn _ ‘ Lntl — Tn n(l'n Ty 1) H
1 — M 1 — UYn
= [#ns1 = znll® + O2llzn — Tao1ll® = 200 (Tns1 — Tn, Tn — Tno1)
(1 _N”Yn)2
> T e = Znl? + 02|20 — Tnot]?
n

1
+ On(—pnllTni1 — xn”Q - P lzn — xn—lnz)]a
n

where we note p,, = 1/(6,, + 6(1 — py,,)). Thus

M
(310 ST0=m) (241 = 2all? + 62120 — 20

1
(= pullonss =l = —llan — o) |
Replace (3.10) in the inequality (3.9), we get

a1 =l = (14 80 =yl + Ol s =
< ey s = el + Gz = an P
n

1
+ Hn( - anxn—H - CCn||2 - ?||xn — ‘Tn—lH2):|
n

+ Qn(l + on)Hxn - xn—1||2 + Bn‘ﬁn

n en n - ]-
G1D < PP D s =l + Oulltn — ol + B,
where
1-—- nen
(3.12) O = On(1+ 00) + Oty ——L >0

pn(1 = pyn)
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since p,0, < 1and (1 — uvy,) € (0,1). We choose 6 = (1 — p,,0,,)/pn(1 — py,) and from
(3.12), it follows

(3.13) O = 0,14 0,) + Oppynd < 6(1+0) + 64.

We now apply some techniques from [1] adapted to our setting. Define the sequence {¢, }
and {¥, } by

On = Hxn - y”2 and V,, = ¢, — 01 + Opljzn — mn—l”2 + Bnn,

for all n > 1. Using the monotonicity of {6, } and the fact that ¢,, > 0 for alln € N, we
have

U1 = ¥y < bpp1 = (14 00)0n + Ondn1 + Oppi|[Tng1 — 2
= Oullzn — 2o |? + Bur1pntr — Bun-
By (3.11), we obtain that
1Y (Onpn — 1)

\Ijn+1 _\I/n S 1 — ”xn+1 _an2+®n+1Hl'n+1 _xn‘|2+5n+130n+1
n
0 -1
(3.14) = (,U'Ynl(_n/:;y) + ®n+1) HIn—H - xn||2 + 671,+1‘pn+1'
n

We now claim that

1Y (Onpn — 1)
1 — pyn

Indeed, by the choice of p,,, we have

(3.15) + 0,41 < —o0.

Onpn — 1
W +Ont1 < —0 = (1 = p10)(Ont1 + 0) + 0 (Onpn — 1) <0
(L = )i
9n + 5(1 - MVn) -

< (0, +5(1 — puv0))(Opt1 +0) + (1 — pyn) <6.

= (1 = pym)(Ong1 +0) —

Employing (3.13), we have
(On +6(1 = 7)) (Ont1 +0) +6(1 = pyn)
< (0461 = pya)) (01 +0) + 06 + o) + 6(1 — pyn) < 6,

where the last inequality follows by using the upper bound for sequence {1 — pv,} in
(D1). Hence the claim in (3.15) is true. It follows from (3.14) and (3.15), we have

(3.16) Upi1 — Uy < —0l|@ng1 — al]* + Bus19nt1 < Bns1Ma,
which implies
v, — ¥ < Mg,
where M3 = My, 3,. The boundedness for {6,,} delivers
=091 < ¢n —00p—1 <V, < Uy + M;.

Thus we obtain
k—1
b < 0760+ (1 + Ms) 307 < 076+ —— (W + My)
"o - 1-6 ’

n=1
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where we notice that ¥; = ¢; > 0 (due to the relation §; = 0). Using (3.16) and the
boundedness of {¥,,}, we obtain

oY ks —axl” < Uy = Wpy + My < Uy + 606, + My
k=1

<UL+ 60"+ (U1 + M) + Ms,

1—-46
which shows >0 | [[zn41 — 2, ||? < .

3. We show this by using Lemma 2.3. For arbitrary y € Fiz(T), by (3.11), (3.13) and
Lemma 2.2, we get the result that lim,, . ||, — y|| exists (we take into consideration also
that, in (3.11), 6,,p,, < 1). On the other hand, we let x be a sequential weak cluster point
of {z,}, thatis, there exists a subsequence {z,, } which converge weakly to z. By part (2),
the definition of w,, and {6,,} C [0,1), we get w,,, — = as k — oco. Furthermore, from (3.7),
we get

Tn+1 — Tn — en(xn - xn—l)

Tn — Wn
||Twn - wnH = ‘ ot ABndy|| = ‘ — ABndyp
= 1 L= 4
n — 4n + en n - 4n—
— Hn
By (D2), (1.3) and (1.5), we obtain ||Tw,,, — wy, || — 0as k — co. Applying Lemma 2.4 for
the sequence {w,,, }, we conclude that z € Fiz(T'). This completes the proof. O

Since a nonexpansive mapping is a 0-strict pseudo-contractive mapping, we have the
following consequence of Theorem 3.1 which improves on the main result of Dong et al.
[15].

Corollary 3.1 ([15, Theorem 3.1]). Let T : H — H is a nonexpansive mapping with Fix(T) #
0. Let {d,, } and {x,, } be the sequences generated by Algorithm (1.6) and let Assumption 1.1 holds.
Then the following hold:

1. {d,} is bounded;

2.3 000 1nsr — 2l < oo;

3. the sequence {x,, } converges weakly to a point of Fix(T).

4. AN INERTIAL HYBRID ALGORITHM FOR k-STRICT PSEUDO-CONTRACTIVE MAPPINGS

In this section, we introduce an inertial hybrid algorithm by using the inertial extrapo-
lation method combined with the convex combination of three iterated vectors and forcing
for strong convergence by the hybrid projection method for a k-strict pseudo-contractive
mapping in Hilbert spaces. The strong convergence theorem is proved under mild as-
sumptions on the scalars.

Theorem 4.2. Let T : H — H be a k-strict pseudo-contractive mapping for some 0 < k < 1
with Fiz(T) # 0 and let {6,,} C [61,62],61 € (—0,0],02 € [0,00). Set xg,x1 € H arbitrarily.
Define a sequence {x,,} by the following algorithm:
4.17)
Wp = Ty + en(xn - xn—l)a
Yn = Ty + Brwn + YT why,
Cp={2€H:|yn — 2|* < ||z — 2[* + 2(1 — )00 (@ — 2, Tn — Tp_1) + Py},
Qn=4{2z€H:{(x, —z,x, —x9) <0},
ZTnt1 = Pc,nqg, o,
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where ®,, = 07 (1 — an — anfn) |20 — T[> + 90 (k = B) [wn — Twn |* — anynllzn —Tw|*.
Assume that the control sequence {au, }, {8} C [0, 1] and {~v,} C (0, 1] such that o+ Bn+vn =
1. Then the iterative sequence {x,,} converges in norm to Pp;)(z0).

Proof. We first to show that Flix(T') C C), for all n > 0. Using Lemma 2.1 (2) and (1.1), we
get that for all z € Fiz(T),

lyn — Z||2 = |lan(wn — 2) + Bn(wn — 2) + Yo (Twy, — Z)||2

anllTn — Z||2 + Bullwn — 2”2 + Yol Twy, — ZH2 — anfn|lTn — wn||2

— anYnllTn — TwnH2 — BnYnl|lwn — Twn||2

anllTn — Z||2 + Bnllwn — 2”2 + Yn(lwn — ZH2 + kllwy, — Twn||2)

IN

- O‘nﬁnnxn - wn”2 - an'}/n”xn - Twn||2 - Bn’)/n”wn - Twn”2

anllzn = 21 + (1 = an)wn — 2% + v (k = Bn)llwn — Tw,l|®

(4.18)
- O‘nﬁn“xn - wn||2 - anfyn”xn - Twn||2'

By the definition of w,, in (4.17), we have

(4.19)

Hwn_z||2 = ||($n_z)+9n(mn_xnfl)u2 = ||33n_z||2+29n<$n_zaxn_mn71>+92||wn_xn71”2
and

(4.20) lzn — wnH2 = ||z — (zn + On (0 — xnfl))H2 = 9721”%1 - $n71||2’

Substitute (4.19) and (4.20) into (4.18) to get

lyn — [
< an”xn - Z||2 + (1 — an)(Hxn - Z||2 + 29n<xn —Z,Tp — xn71> + 92\\% - xn71||2>
+ "Yn(k - 6n)”wn - TU}n”2 - anﬂnoinn - xn—1||2 - O‘n’)/onn - TwnH2
= Hmn - z||2 + 2(1 - an)9n<mn — 2, Tp — xn—l) + o,
where ®,, = 02 (1 — v, — anBn) |20 — Tn_1||* + V0 (k — Bo) || wn — Twn ||? — anYnl|2n — Tw, )%
This implies that z € C,, and hence Fiz(T) C C,, for all n > 0. Since
Cn = {Z €EH: ||yn - Z||2 S ||$7l - Z||2 + 2(1 - an)9n<xn — 2, Tp — $n71> + (I)n}
= {Z S H : ||ynH2 - HanQ S <2(yn —Tp — (1 - an)97l(xn - xn—l))vz> + CL} 9
where a = 2(1 — «,)0, (X, — Tn—1,2n) + ®p. So, Cy, is closed and convex. Therefore {x,, }
is well defined.
We next to show that Fiz(T) C @, for all n > 0 by induction. For n = 0, we have

Fiz(T) C H = Q. Assume that Fiz(T) C @Q,. Since x,41 is the projection of zy onto
Cn N @y, by Lemma 2.5 we get

(Tn+1 — 2, Tpt1 —x0) <0 forall z € C,, NQ,.

From Q,+1 = {2z € H : {(xp11 — 2,Zpy1 — xo) < 0}, it follows C,, N Q,, C @Qp+1. Since
Fiz(T) C C, and the assumption that F'iz(T') C Q,, we have Fiz(T) C C,, N Q. So, we
have Fiz(T) C Qpn41 implies that Fiz(T) C @, for alln > 0.

Since Fiz(T) is a nonempty closed convex subset of H, there exists a unique element
q € Fixz(T) such that ¢ = Ppy,r)®o. From the definition of @, actually implies x,, =
Py, (z0). This together with that fact that Fiz(T) C @, further implies ||z, — xo| <
lp — xol| for all p € Fiz(T). Due to ¢ = Ppiyr) € Fiz(T), we get

(4.21) [ = 2ol < llg = 2o,
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which implies that {x, } bounded.
The fact that z,41 € Q, implies that (x,,11 — zpn,n, — z9) > 0. From Lemma 2.1 (1)
implies that
st = 2all? = | (@ns1 — 20) — (20 — 20) 2
= llzn+1 = 2oll* = 2w — @oll* = 2{zns1 — ¥n, 20 — 20)
(4.22) < |2ns1 — zol|* — |0 — @ol|*-

From (4.21) and (4.22), we obtain that

N N
S lznst = 2al2 € 3 (enss — 2ol = 2n — 20ll?) = 241 — woll? — lla1 — woll?
n=1 n=1

< llg = zoll® = l|lz1 — ol

So, it follows that the series Y~ | ||zn41 — || is convergent and thus

(4.23) |Xnt1 —zn]l =0 as n — oo.
From (4.20), we get
(4.24) |lwn —2zn|| =0 as n— co.
Since
l0n = a2 = [@n = 2us1) + On(n — 2n1)2
(4.25) = ||z — Tp1|* + 200 (20 — Toi1, Tn — 1) + 02|20 — 21|

—+0 as n— oo.
From the fact z,, 41 € C,,, we get
(4.26) ||yn - xn-&-l”Q < Hxn - xn+1||2 + 2(1 - an)9n<mn = Tn41,Tn — mn—1> + @,
where ®,, = 02 (1 — ay, — anBn) |20 — To—1 > +9n (k = Bu) [|[wn — Tw, ||* — anyn |20 — Twy ||
Since Yy, = &y + Bpwy + v Tw, and using Lemma 2.1 (2), this implies that
lyn — CCnJrIHQ = [lan(Tn — Tnt1) + Bu(wn — Tnt1) + Y (Twn — mn+1)||2
= an|lzn — xn+1||2 + Ballwn — zn-&-l”Z + Yul[Twn — xn+1H2

(4.27) — B ||y — wn”2 — QnYnllTn — Twn”2 — BnYnllwn — TwnHQ‘
Substituting (4.26) with (4.27), we get that

VnHTwn - anrIHQ <(1- an)Hxn - $n+1H2 +2(1 - O‘n)en@n — Tpil, Ty — Tp_1)

+ 92(1 — Qp — anﬂn)”fpn - xn—1||2 + k'}/n”wn - ,Twn”2

(4.28) — Bullwn = Zni1l|? + an Bz, — wnl|?,
Consider,
| Twn — xn+1||2 = [|(Twn — wp) — (Tnt1 — wn)H2
(4.29) = |Tw, — wp||* = 2(Twy, — Wy, Tyt — wp) + || Tns1 — wa*.
Combining (4.28) and (4.29) with 0 < k < 1 and {~,} C (0, 1] for all n, we obtain that

1
HTwn - ’an||2 < m ((1 - O‘n)”‘rn - xn—&-l”z + 2(1 - an)9n<xn —Tp4+1,Tn — In—1>

+ 9721(1 — Qp — anﬁn)|l$n - xn—1||2 - (Bn + ’Yn)Hwn - xn-&-lHQ

+ anﬂn‘lxn - wn||2 + 2’Yn<Twn — Wn, Tn+1 — wn)) .
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By (4.23), (4.24) and (4.25), it can be concluded that
(4.30) |Twy, —wy| -0 as n— oo.
By subtracting and adding, and using the triangle inequality, we get that
HTxn - xn” < ”Txn - Twn” + HTwn - wnH + ”wn - zn”

By Lemma 2.4, we have

1+k
(4.31) ITxy — ]l < m”zn =Wyl + [|[Twy, — wp | + |wp, — 4]
From (4.24), (4.30) and let n — oo in (4.31). Thus we have
(4.32) | T2y — 2n]| =0 as n — oco.

From (4.32) and Lemma 2.4 guarantee that every weak limit point of {z,,} is a fixed point
of T. That is wy,(x,) C Fiz(T). This fact, the inequality (4.21) and Lemma 2.6 ensure
strong convergence of {x,,} to Pp;(7)xo. This completes the proof. |

Corollary 4.2 ([21, Theorem 4.1]). Let T : H — H be a k-strict pseudo-contractive mapping for
some 0 < k < 1 with Fix(T) # 0. Assume that the control sequence {cw,} C [0,1). Set zp € H
chosen arbitrarily. Define a sequence {x, } by the following:
Yn = Qpln + (1 - an)Txn;
Con={2€H:|lyn — 2[I> < [lzn — 21> + (1 — an)(k — a)lJxn — Twn|?},
Qn={z€ H: (x, — z,x, —x0) <0},
Tn+1 = Po,ng. 2o, n 2> 1.
Then the iterative sequence {x,, } converges strongly to Ppiqr)%o.

Proof. If §,, = 0 and 5, = 0 for all n € N U {0} in Theorem 4.2 then w,, = =z, and
Yn = (1—ay,), respectively. Therefore, we obtain the result of Marino and Xu [21, Theorem
4.1]. O

5. NUMERICAL EXPERIMENTS

In this section, two examples of k-strict pseudo-contractive mappings are introduced
and studied. In order to illustrate the development of the theory that plays an important
role in numerical results in this research, we have compared the numerical results between
our algorithms for k-strict pseudo-contractive mappings and the previous existing results.

Firstly, some examples for k-strict pseudo-contractive mappings are provided on real
Euclidean space R and Euclidean space R?, respectively.

Example 5.1. Let C = H =Rand T : R — R be defined by

sin(z) + Cos(x))

Te = — (tan_l(x) + 1

for all z € R. Then, T is a k-strict pseudo-contractive mapping with k = 2 which is not
nonexpansive.

Example 5.2. Let C = H = R? and T : R? — R? be defined by
el tan™!(z)
y] [ 2cot™(y)
for all Lﬂ € R?. Then, T is a k-strict pseudo-contractive mapping with k = 2 which is

not nonexpansive.
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Because Example 5.1 and example 5.2 are very basic and are not difficult to prove and

calculate, the details of proof and calculations are therefore not provided.

We next to show that a numerical example for supporting Theorem 3.1 which compare
Mann’s algorithm, that is, Algorithm (1.3) and a modified inertial Mann’s algorithm, that
is, Algorithm (1.6) with a k-strict pseudo-contractive mapping 7" defined in Example 5.1
and Example 5.2. First of all, in the Table, ‘Iter.” and ‘Sec.” denote the number of iterations
and the cpu time in seconds, respectively. For Example 5.1, we set c, = 0.9 in Algorithm
(1.3) and set different initial values zg # x1,A = 0.9, = 0.8,0; = 0,0,, = 1/(n +1)2,7, =
0.9, 8, = 1/(n + 1) in Algorithm (1.6). For Example 5.2, we set a,, = 0.9 in Algorithm
(1.3) and set different initial values zg = z1,A = 0.5, =0.9,0; = 0,0, =1/(n+ 1),7, =

0.8, 3, = 1/(n + 1)? in Algorithm (1.6).

TABLE 1. Comparison of Algorithm (1.3) and Algorithm (1.6) for Exam-

ple 5.1.
inertial Algorithm (1.3) Algorithm (1.6)
o r1 lter Sec. Iter. Sec.
15 23 43 0.004780 12  0.007699
29 —-26 49 0.002477 14  0.006077
—-17 22 43 0.002214 13  0.004657
—47 —-35 52 0.002403 15 0.004109

TABLE 2. Comparison of Algorithm (1.3) and Algorithm (1.6) for Exam-

ple 5.2.
Algorithm (1.3) Algorithm (1.6)
ro =x1 lter. Sec. Iter. Sec.
(12,3) 35 0.003009 13  0.006721
(20,-30) 57 0.003302 16 0.007122
(-15,15) 50 0.003240 14  0.008172
(-99,-55) 63 0.003745 16  0.014179

(A) Case: g = 15 and z; = 23.

Resa N
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(C) Case: zop = —17 and z; = 22.

FIGURE 1. The results computed by Algorithm (1.3) and Algorithm (1.6)

for Example 5.1.

(B) Case: o = 29 and z;
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(D) Case: o = —47 and z1 = —35.
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. oL PP aryy
(A) Case: o = z1 = (12, 3). (B) Case: o = x1 = (20, —30).
e,
e ST .
(c) Case: zp = z1 = (—15,15). (D) Case: g = 21 = (=99, —55).

FIGURE 2. The results computed by Algorithm (1.3) and Algorithm (1.6)
for Example 5.2.

We next design a new algorithm which equivalent to Algorithm (4.17), by using the
concept of Dong and Lu [14], we obtain the specific expression of Pc,nq, zo of Algorithm
(4.17) as following;:

20,21 € H chosen arbitrarily,

Wp = Ty, + 971(xn - xn—l)y

Yn = QnTy + Brwy + Y Twy,

Up = /lll}n —Yn — anen(xn - xn71)7

Un = §(||mn||2 + 2(1 - an)9n<xn7xn - xn—1> + 9n2(1 — Qp — anﬁn)Hxn - xn—1||2

5k = B[t = Twal* = annlan = Twnl | = llyal|?)
Cpn={z€H: (un,2) <v,},
Qn={2z€ H: (x, — 2,2, —x0) <0},
Tpt1 = Pn, ifpn € Qn,
Tnt1 = Qn, i pn & Q.

where

Pn = To —

qn = (1 o <x0 — Tn,y Tn 7pn>)pn + <:L'O — Tn, Tn 7pn>
(LL'O — Tn, Zn _pn> <x0 — Tn, Zn _pn>

Now, we use this iteration algorithm to create a numerical example for supporting
Theorem 4.2 and provide a comparison among Algorithm (1.5) and Algorithm (4.17) with
a k-strict pseudo-contractive mapping T" defined in Example 5.1 and Example 5.2. For
Example 5.1, we set a,,, = 0.6 in Algorithm (1.5) and set different initial values zy #
z1,0, = 0.4,a, = 0.3, 5, = 0.3 and v, = 0.4 in Algorithm (4.17). For Example 5.2, we

Un Zn = Tn —

nrs
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set different initial values zg = x, and set the parametors correspond to the Example 5.2.
Denote E(z) = ||z, — T,_1]|. We take E(z) < ¢ as the stopping criterion and ¢ = 10~%.

TABLE 3. Comparison of Algorithm (1.5) and Algorithm (4.17) for Exam-

ple 5.1.
inertial Algorithm (1.5) Algorithm (4.17)
o x1  lter. Sec. Tter. Sec.
9 7 17 0.022053 5 0.011346
19 18 20  0.020251 6 0.007112
-9 -7 16 0.015129 5 0.012575
—45 —41 23  0.020495 6 0.006705

TABLE 4. Comparison of Algorithms (1.5) and Algorithm (4.17) for Ex-

number of erations.

(A) Case: zp = 9,21 = T.

15 E)
number of erations.

ample 5.2.
Algorithm (1.5)  Algorithm (4.17)
ro=x1 lter. Sec. Iter. Sec.
(5,9) 712 0.054894 15 0.009313
(11,-15) 1566 0.101804 21 0.009859
(-18,35) 1778 0.116099 16  0.009950
(-9,-8) 699 0.060291 19 0.012281
- \‘ E \
04 "’\\
. v
. b\”"'»»w,._,* sy N»,*m, s

(B) Case: xop = 19,1 = 18.

v

e

L
. RSy

R
e ok

s

o is 20
number of erations. number of terations.

(c) Case: o = —9, 21 = —7. (D) Case: o = —45, 21 = —41.

FIGURE 3. The results computed by Algorithm (1.5) and Algorithm (4.17)
for Example 5.1.
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]
\‘kj‘ W

(c) Case: zp = z1 = (—18, 35). (D) Case: g = x1 = (-9, —8).

10

FIGURE 4. The results computed by Algorithm (1.5) and Algorithm (4.17)
for Example 5.2.

6. CONCLUSION

In this paper, we proposed weak and strong convergence theorems for fixed points
of k-strict pseudo-contractive mappings by using a modified inertial Mann’s algorithm
(1.6) and an inertial hybrid algorithm (4.17), respectively. We also provided some new
examples as appeared in Example 5.1 and Example 5.2 for k-strict pseudo-contractive
mappings on the real space R and the Euclidean space R?, respectively. The results ob-
tained from numerical experiments using these samples showed that the modified inertial
Mann’s algorithm (1.6) and the inertial hybrid algorithm (4.17) represent more numerical
advantages than the Mann’s algorithm (1.3) and the hybrid algorithm (1.5) as shown in
Table 1, Table 2, Table 3, Table 4, Figure 1, Figure 2 Figure 3 and Figure 4, respectively.
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