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A hybrid scheme for fixed points of a countable family of
generalized nonexpansive-type maps and finite families of
variational inequality and equilibrium problems, with
applications

MARKJOE O. UBA, MARIA A. ONYIDO, CYRIL I. UDEANI and PETER U. NWOKORO

ABSTRACT. Let C be a nonempty closed and convex subset of a uniformly smooth and uniformly convex
real Banach space E with dual space E*. We present a novel hybrid method for finding a common solution
of a family of equilibrium problems, a common solution of a family of variational inequality problems and a
common element of fixed points of a family of a general class of nonlinear nonexpansive maps. The sequence
of this new method is proved to converge strongly to a common element of the families. Our theorem and its
applications complement, generalize, and extend various results in literature.

1. INTRODUCTION

Let E be a real Banach space with topological dual E*. Let C' C E be closed and convex
with JC also closed and convex, where J is the normalized duality map (see definition
2.1). The variational inequality problem, which has its origin in the 1964 result of Stampac-
chia [21], has engaged the interest of researchers in the recent past (see, e.g., [26, 27] and
many others). This is concerned with the following: For a monotone operator A : C' — E,
find a point z* € C such that

(1.1) (y —a*, Az™) > 0 for ally € C.

The set of solutions of (1.1) is denoted by VI(C, A). This problem, which plays a crucial
role in nonlinear analysis, is also related to fixed point problems, zeros of nonlinear oper-
ators, complementarity problems, and convex minimization problems (see, for example,
[9, 20]).

A related problem is the equilibrium problem, which has been studied by several re-
searchers and is mostly applied in solving optimization problems (see [3]). For a map
f: C — E, the equilibrium problem is concerned with finding a point 2* € C such that

(1.2) f(@*,y) >0 forally € C.

The set of solutions of (1.2) is denoted by EP(f). The variational inequality and equilib-
rium problems are special cases of the so-called generalized mixed equilibrium problem
(see [18]). Another related problem is the fixed point problem. For a map 7' : D(T') C
E — E, the fixed points of T' are the points z* € D(T) such that Tx* = z*. Recently,
owing to the need to develop methods for solving fixed points of problems for functions
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from a space to its dual, a new concept of fixed points for maps from a real normed space E to
its dual space E*, called J—fixed point has been introduced and studied (see [5, 15, 25]).
With this evolving fixed point theory, we study the J—fixed points of certain maps and
the following equilibrium problem. Let f : JC xJC — R be a bifunction. The equilibrium
problem for f is finding

(1.3) x* € C such that f(Jz*,Jy) > 0,V y € C.

We denote the solution set of (1.3) by EP(f). Several problems in physics, optimization
and economics reduce to finding a solution of (1.3) (see, e.g., [8, 26] and the references
in them). Most of the equilibrium problems studied in the past two decades centered on
their existence and applications (see, e.g., [3, 8] ). However, recently, several researchers
have started working on finding approximate solutions of equilibrium problems and their
generalizations (see, e.g., [11, 27]). Not long ago, some researchers investigated the prob-
lem of establishing a common element in the solution set of an equilibrium problem, fixed
point of a family of nonexpansive maps and solution set of a variational inequality prob-
lem for different classes of maps (see [28] and references therein).

In this paper, inspired by the above results especially the works in [4, 24, 28], we present
an algorithm for finding a common element of the fixed point of an infinite family of gen-
eralized J.—nonexpansive maps, the solution set of the variational inequality problem
of a finite family of continuous monotone maps and the solution set of the equilibrium
point of a finite family of bifunctions satisfying some given conditions. Our results com-
plement, generalize and extend results in [14, 19, 17, 28] (see the section on conclusion)
and other recent results in this direction. It is worth noting that very recently, the authors
in [4] introduced a new class of maps which they called relatively weak J—nonexpasive and
developed an algorithm for approximating a common element of the J—fixed point of a
countable family of such maps and zeros of some other class of maps in certain Banach
spaces. Previously, maps with similar requirements as these relatively weak J—nonexpasive
maps have also been studied in [6] where they were called quasi—¢ — J—nonexpansive.
We observe that these two sets of maps (relatively weak J—nonexpasive and quasi —¢ — J—
nonexpansive) coincide in definition with the J, —nonexpansive maps in our results.

2. PRELIMINARIES
In this section, we present definitions and lemmas used in proving our main results.
Definition 2.1. (Normalized duality map) The map J : E — 27" defined by
Ju:={a" € E*: (x,2") = a|.l"[|, =]l = l="[}
is called the normalized duality map on E.

It is well known that if F is smooth, strictly convex and reflexive then J~! exists (see e.g.,
[22]); J=' : E* — FE is the normalized duality mapping on E*, and J ! = J,, JJ, = Ip-
and J,J = Ig, where I and Ig- are the identity maps on E and E*, respectively. A well
known property of J is, see e.g., [7, 22], if E is uniformly smooth, then J is uniformly
continuous on bounded subsets of E.

Definition 2.2. (Lyapunov Functional) [1, 11] Let E be a smooth real Banach space with
dual E*. The Lyapunov functional ¢ : E x E — R, is defined by

(2.4) o(x,y) = ||=|* - 2(z, Jy) + ||y||*, for z,y € E,
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where J is the normalized duality map. If £ = H, a real Hilbert space, then equation (2.4)
reduces to ¢(z,y) = ||z — y||* for 2,y € H. Additionally,

(2.5) (Il = IyID? < (@, y) < (2]l + llyl))?* for z,y € E.

Definition 2.3. (Generalized nonexpansive) [12, 13] Let C' be a nonempty closed and
convex subset of a real Banach space I and 7" be a map from C' to E. The map T is called
generalized nonexpansive if F(T) := {x € C : Tx = z} # 0 and ¢(Tx,p) < ¢(z,p) for all
x € C,pe F(T).

Definition 2.4. (Retraction) [12, 13] A map R from E onto C is said to be a retraction if
R? = R. The map R is said to be sunny if R(Rxz + t(x — Rx)) = Rz forallz € Eand t <O0.

A nonempty closed subset C of a smooth Banach space F is said to be a sunny generalized
nonexpansive retract of E if there exists a sunny generalized nonexpansive retraction R
from E onto C.

NST-condition. Let C be a closed subset of a Banach space E. Let {T,,} and I be two
families of generalized nonexpansive maps of C into E such that N3, F(T,,) = F(T') # 0,
where F(T,,) is the set of fixed points of {T},} and F(T") is the set of common fixed points
of T.

Definition 2.5. [12] The sequence {T;,} satisfies the NST-condition (see e.g., [16]) with T’
if for each bounded sequence {z,} C C,

lim ||z, — Than||=0= lim ||z, —Tx,|| =0, forall T €T.
n— 00 n—oo

Remark 2.1. If " = {T'} a singleton, {7}, } satisfies the NST-condition with {T'}. If T}, = T
for all n > 1, then, {T,,} satisfies the NST-condition with {T'}.

Let C be a nonempty closed and convex subset of a uniformly smooth and uniformly
convex real Banach space E with dual space E*. Let J be the normalized duality map
on E and J, be the normalized duality map on E*. Observe that under this setting, J -1
exists and J~! = J,. With these notations, we have the following definitions.

Definition 2.6. (Closed map) [24] Amap T : C — E* is called J,—closed if (J, oT) : C —
E is a closed map, i.e., if {z,} is a sequence in C such that z,, — z and (J, o T)x,, — ¥,
then (J, o T)z = y.

Definition 2.7. (J—fixed Point) [5] A point 2* € C'is called a J—fixed point of T if Tx* =
Jx*. The set of J—fixed points of T' will be denoted by F;(T).

Definition 2.8. (Generalized J, nonexpansive) [24] A map 7' : C — E* will be called
generalized J.—nonexpansive if F;(T) # 0, and ¢(p, (J. o T)z) < ¢(p,z) for all x € C and
forallp € F;(T).

Remark 2.2. Exampes of generalized J, —nonexpansive maps in Hilbert and more general
Banach spaces were given in [4, 24].

Let C be a nonempty closed subset of a smooth, strictly convex and reflexive Banach space
E such that JC is closed and convex. For solving the equilibrium problem, let us assume
that a bifunction f : JC x JC — R satisfies the following conditions:

(Al) f(z*,z*) =0forallz* € JC;

(A2) fismonotone,i.e. f(z*,y*) + f(y*,2*) < 0forall z*,y* € JC;

(A3) forall z*,y*, 2* € JC, limsup, o f(tz* + (1 — t)z*, y*) < f(z*,y%);

(A4) forallz* € JC, f(x*,-) is convex and lower semicontinuous.
With the above definitions, we now provide the lemmas we shall use.
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Lemma 2.1. [29] Let E be a uniformly convex Banach space, » > 0 be a positive number,
and B, (0) be a closed ball of E. For any given points {z1,22, - ,znx} C B,(0) and any
given positive numbers {1, Ag, -+, Ay} with 25:1 A, = 1, there exists a continuous
strictly increasing and convex function g : [0, 2r) — [0, c0) with g(0) = 0 such that, for any
1,7 €4{1,2,---N}, i< j,

N N
(2.6) 1D Anzall? < D7 Aallzall® = Xidjg(la: — 41)).

n=1 n=1
Lemma 2.2. [11] Let X be a real smooth and uniformly convex Banach space, and let {z,, }
and {y, } be two sequences of X. If either {z,,} or {y,} is bounded and ¢(z,,,y,) — 0 as
n — oo, then ||z, — yn|| = 0asn — .

Lemma 2.3. [1] Let C be a nonempty closed and convex subset of a smooth, strictly convex
and reflexive Banach space E. Then, the following are equivalent.

(7) C is a sunny generalized nonexpansive retract of E,

(i) C'is a generalized nonexpansive retract of F,

(#91) JC is closed and convex.

Lemma 2.4. [1] Let C be a nonempty closed and convex subset of a smooth and strictly
convex Banach space E such that there exists a sunny generalized nonexpansive retraction
R from FE onto C. Then, the following hold.

(1) z=Rxiff (x — 2, Jy— Jz) <0forally € C,

(1) ¢(x, Rx) + (R, z) < o(a, 2).

Lemma 2.5. [10] Let C' be a nonempty closed sunny generalized nonexpansive retract of
a smooth and strictly convex Banach space E. Then the sunny generalized nonexpansive
retraction from E to C is uniquely determined.

Lemma 2.6. [3] Let C be a nonempty closed subset of a smooth, strictly convex and reflex-
ive Banach space E such that JC is closed and convex, let f be a bifunction from JC x JC
to R satisfying (A1) — (A4). For r > 0 and let z € E. Then there exists z € C such that
flJz, Jy) + %(z —xz,Jy—Jz) >0, VyeC.

Lemma 2.7. [23] Let C' be a nonempty closed subset of a smooth, strictly convex and
reflexive Banach space E such that JC is closed and convex, let f be a bifunction from
JC x JC to R satisfying (A1) — (A4). For r > 0 and let « € E, define a mapping 7, (x) :
E — C as follows:

1
T (x)={z€C: f(Jz,Jy)+ —(y—2z,Jz—Jx) >0, Vy e C}.
r

Then the following hold:
(i) T is single valued;
(ii) forallz,y € E, (T,x — Ty, JTrx — JT,y) < (x —y, JT,x — JT,y);
(iii) F(T,) = EP(f);
(V) 6(p. Ty(2)) + BT (x), 2) < 6(p, ) forall p € F(T,).
(v) JEP(f)is closed and convex.

Lemma 2.8. [24] Let C' be a nonempty closed subset of a smooth, strictly convex and
reflexive Banach space E. Let A : C' — E* be a continuous monotone mapping. For » > 0
and let x € E, define a mapping F,(x) : E — C as follows:

1
F.(x)={z€C: (y—z,Az>—|—;<y—z,Jz—Jm> >0,VyeC}
Then the following hold:
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(i) F: issingle valued;
(ii) forallz,y € E, (Frx — Ty, JE,.x — JF.y) < (z —y, JF.x — JF,y);
(iii)y F(F.) =VI(C,A);
(iv) é(p, Fr(z)) + ¢(Fr(z),2) < ¢(p, ) for all p € F(F,).
(v) JVI(C,A) is closed and convex.

Lemma 2.9. [24] Let E be a uniformly convex and uniformly smooth real Banach space
with dual space E* and let C be a closed subset of E such that JC is closed and convex.
Let T be a generalized J.—nonexpansive map from C to E* such that F;(T) # 0, then
F;(T) and JF;(T) are closed. Additionally, if JF;(T') is convex, then F;(T) is a sunny
generalized nonexpansive retract of E.

3. MAIN RESULTS

Let E be a uniformly smooth and uniformly convex real Banach space with dual space E*
and let C' be a nonempty closed and convex subset of E such that JC'is closed and convex.
Let f;,1 =1,2,3, ..., L be a family of bifunctions from JC x JC' to R satisfying (A1) — (A44),
T, : C — E*,n =1,23,... be an infinite family of generalized .J, —nonexpansive maps,
and Ay : C — E*,k =1,2,3, ..., N be a finite family of continuous monotone mappings.
Let the sequence {z,} be generated by the following iteration process:

rn=x€C;Cy =C,

zni={2€C: fr(Jz,Jy) + i(y —z,Jz—Jx,) >0, VyeC},
Uy 1= {zEC:(y—z,Anz>+%<y—z,Jz—Jscn> >0,VyeC},
Yn = J oy Jzy + aod 2y, + azThuy),

Cnt1={2€Ch:0(z,yn) < d(z,2,)},

Tpt+1 = RC"H%

(3.7)

foralln € N, with a1, o, g € (0, 1) satisfying a1 + e +a3 = 1, {r,} C [a, 00) for some
a>04,= An(mod N) and fn(7 ) = fn(mod L)('v )

Lemma 3.10. The sequence {x,,} generated by (3.7) is well defined.

Proof. Observe that JC; is closed and convex. Moreover, it is easy to see that ¢(z,y,) <
¢(z, xy) is equivalent to

0< ||xn||2 - HynH2 _2<37J1'n - Jyn>a

which is affine in z. Hence, by induction JC), is closed and convex for each n > 1. There-
fore, from Lemma 2.3, we have that C,, is a sunny generalized retract of E for each n > 1.
This shows that {z,,} is well defined. O

Theorem 3.1. Let E be a uniformly smooth and uniformly convex real Banach space with dual
space E* and let C be a nonempty closed and convex subset of E such that JC'is closed and convex.
Let fi,l = 1,2,3,..., L be a family of bifunctions from JC x JC to R satisfying (Al) — (A4),
T, : C — E*,n = 1,23, ... be an infinite family of generalized J.—nonexpansive maps, Ay, :
C— E* k=1,2,3,...,N bea finite family of continuous monotone mappings and I be a family
of J.—closed and generalized J.—nonexpansive maps from C to E* such that N0, F;(T,) =
Fy(T) # 0 and B := Fy(T') N [mle EP(fl)} N [m;y:l VI(C, Ak)} £ 0. Assume that JF(T)
is convex and {T,,} satisfies the NST-condition with I'. Then, {x,,} generated by (3.7) converges
strongly to Rpx, where Rp is the sunny generalized nonexpansive retraction of E onto B.
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Proof. The proof is given in 6 steps.

Step 1: We show that the expected limit Rz exists as a point in C,, foralln > 1.

First, we show that B C C,, for all n > 1 and B is a sunny generalized retract of F.

Since C; = C, we have B C (. Suppose B C C,, for some n € N. Let u € B. We observe
from algorithm (3.7) that w,, = F}., z,, and 2, = T;., x,, for all n € N, using this and the fact
that {7, } is an infinite family of generalized J, —nonexpansive maps, the definition of y,,,
Lemmas 2.7, 2.8, and 2.1, we compute as follows:

du,yn) = olu, J a1 Tz, + andz, + asThuy,)
< an[|full® = 2(u, Jap) + [[2a]?] + aa[llull® = 2(u, Tzn) + [[za]?]
+as [HUHQ = 2(u, J(Ji 0 Ty )un) + ||Tnun||2}
—arazg(||Jan — J(Jx 0 Ty)un||)

= a10(u, vp) + a29(u, 2,) + azd(u, (Ji 0 Tn)un) — arasg(||Jzy — Trhunl|)
(3.8) < ard(u, ) + aad(u, 2n) + azg(u, un) — arazg(||Jzn — Thunll)

= a1d(u,z,) + a2g(u, Tr, vp) + azp(u, un) — crazg(||[Jon — Trunll)

< ad(u,zn) + a2g(u, zn) + azd(u, un) — arasg(||Jz, — Thual]),
which yields
3.9) o(u,yn) < d(u, z,) — crazg(||Jon — Trunll)-

Hence, ¢(u,yn) < ¢(u,x,) and we have that u € C,,41, which implies that B C C,, for
all n > 1. Moreover, From Lemma 2.7 and 2.8 both JVI(C, A;) and JEP(f;) are closed
and convex for each [ and for each k. Also, using our assumption and lemma 2.9, we have
that J(F;(T") is closed and convex. Since E is uniformly convex, J is one-to-one. Thus,
we have that,

J(FJ(F)ﬁ [ﬁleEP(fl)]ﬂ [mszlw(O, Ak)D - JFJ(F)mJ{mleEP(fl)]mJ{mszl‘/I(O, Ap)
so J(B) is closed and convex. Using Lemma 2.3, we obtain that B is a sunny generalized
retract of E. Therefore, from Lemma 2.5, we have that Rpx exists as a point in C,, for all
n > 1. This completes step 1.

Step 2: We show that the sequence {z,, } defined by (3.7) converges to some z* € C.
Using the fact that z,, = R¢, = and Lemma 2.4(¢i), we obtain

d)(xa zn) = ¢(I, ch,x) S ¢(I, u) - ¢(Rnyl:Zj7u) S (b(x,u),
forallu € F;(T) N EP(f;) N VI(C,A;) C Cp;(l = 1,2,...,L; k = 1,2,...,K). This
implies that {¢(z, z,,)} is bounded. Hence, from equation (2.5), {z,} is bounded. Also,

since z,41 = R¢, ., 2 € Cpy1 C Oy, and z, = Re, z € Cy, applying Lemma 2.4(ii) gives

0(2,70) < Bz, Tn11) V1 EN.
So, lim, e ¢(x, x,) exists. Again, using Lemma 2.4(éi) and z,, = R¢, =, we obtain that
for allm,n € Nwithm > n,

d)(xn,l'm) = ¢(ch$,.’£m) < d)(xvl.m) - Qb(l',chCL')
(3.10) = oz, xm) — oz, z,) = 0asn — oo.
From Lemma 2.2, we conclude that ||z,, — .|| — 0, as m, n — oo. Hence, {x,} is a
Cauchy sequence in C, and so, there exists * € C such that «,, — z* completing step 2.
Step 3: We prove z* € NI VI(C, Ay).
From the definitions of C},41 and x,,11, we obtain that ¢(x,11,yn) < d(xnt1,2,) — 0 as
n — oo. Hence, by Lemma 2.2 , we have that

n—oo



Equilibrium, Variational inequality, and fixed point problems 287

Since from step 2 z,, = 2* as n — oo, equation (3.11) implies that y, — z* as n — oo.
Using the fact that u,, = F;. x, for all n € N and Lemma 2.2, we get for v € B,

(312) ¢(Un7 xn) = ¢(Frn,x7u xn)
< o(u, ) — ¢(u, Fr, wy)
P(u, 2n) — (u, up).

From equations (3.8) and (3.9) we have

(3.13) O(u,yn) < (U, Tn) + a2¢(u, Tn) + asd(u, up) < G(u, ).

Since z,,, Yy, — = as n — oo, equation (3.13) implies that ¢(u, u,) — ¢(u,z*) as n — oc.
Therefore, from (3.12), we have ¢(u, z,) — ¢(u,u,) — 0 as n — oo which implies that
lim,, o &(tn, ) = 0. Hence, from Lemma 2.2, we have

(3.14) lim ||u, — zy|| = 0.

n—oo

Observe that since J is uniformly continuous on bounded subsets of E, it follows from
(3.14) that || Ju,, — Jz,|| — 0.
Again, since 1, € [a,00), we have that

|| Jun — Jzn||

(3.15) lim 0.
n—00 Tn
From u,, = F,,_ x,, we have
1
(3.16) (y — tn, Aptin) + —(y — tp, Ju, — Ja,) >0, Vy € C.

TTL

Let {n;};°, C Nbe such that A,,, = A; V[ > 1. Then, from (3.16), we obtain

1
(3.17) (y — Un,, Arttn,) + T—(y — Up,, JUp, — Jxy,) >0, VyeC.

ny
If wesetv, =ty + (1 —t)z* forall ¢t € (0,1] and y € C, then we get that v, € C. Hence, it
follows from (3.17) that

Juy,, — Jx,
(3.18) (v =ty Avt) + (Y = s ) > 0,
ny
This implies that
JUp, — JTp,
(Ut = Un,, Arvg) > (U = Uy, Arvg) — (VF = Uny, Artn,) — (Y — Un,, T7>
ny
Ju,, — Jx,
= (0 =t v = Avig) = {y ),
ny

Since A; is monotone, (vy — up,, A1v; — Auy,) > 0. Thus, using (3.15), we have that

0 < lim (vy — Up,, A1) = (g — z*, Ayvy),
l—o00

therefore,
(y—a*, A1ve) >0, Vy e C.
Letting ¢ — 0 and using continuity of A;, we have that
(y —a*, A1z*) >0, Vy € C.

This implies that 2* € VI(C, A;). Similarly, if {n;}{2; C Nissuchthat A,, = A, forall i >
1, then we have again that z* € VI(C, As). If we continue in similar manner, we obtain
that z* € NI, VI(C, Ay).
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Step 4: We prove that z* € F;(I).
First, we show that lim,, ,« ||J2,, — Tun|| =0V T €T.
From inequality (3.9) and the fact that g is nonnegative, we obtain

0 < aqagg(|[Jen = Trun|l) < ¢(u, 2n) = ¢(u, yn) < 2[ull-[[T2n — Jyn|l + |20 — yal[M,
for some M > 0. Thus, using (3.11) and properties of g, we obtain that

lim,, o0 || Jn,—Thun|| = 0. Using the above and triangle inequality gives ||Ju, — T u,| —
0 as n — oo. Since {T,}2° ; satisfies the NST condition with I', we have that
(3.19) lim ||Juy = Tu|| = 0¥ T €T

Now, from equation (3.14), we have u,, — z* € C. Assume that (J, o T)u,, — y*. Since
T is J.—closed, we have y* = (J, o T')z*. Furthermore, by the uniform continuity of J on
bounded subsets of E, we have: Ju,, — Jx* and J(J, o T)u,, — Jy* as n — oo. Hence,
we have
ILm [| Tt — J(Js 0 Tuyl|| = le [|Jup — Tup|| =0, VT €T,

which implies ||Jz* — Jy*|| = ||Jz* — J(J. o T)z*|| = ||Jx* — Tz*|| = 0. So, z* € F;(T).
Step 5: We prove that z* € N, EP(f)).
This follows by similar argument as in step 3 but for the sake of completeness we provide
the details. Using the fact that z,, = T}._ x,, and Lemma 2.7, we obtain that for v € F;(I') N
EP(fi)NVI(C, Ay) forall 4, k,
(3.20) ¢(Zn7 In) = d)(Trnzna xn)

< ¢(U, Z‘n) - ¢(U, T7nxn)

= ¢(u» wn) - ¢(u7 Zn)

From equations (3.8) and (3.9), we have
(321) ¢(U, yn) < al(b(ua .’L’n) + 042(//)(11,, Z’ﬂ) + G{3¢(U, .fL'n) < d)(u» l‘n)

Since xy,, Yn, un, — x* asn — oo, from equation (3.21) we have ¢(u, z,) — ¢(u,z*)
as n — oo. Therefore, from (3.20), we have ¢(u, z,) — ¢(u,u,) — 0 as n — oco. Hence
lim;, 00 @(2n, ) = 0. From Lemma 2.2, we have

(3.22) lim ||z, —zy|| =0,
n— oo
which implies that z, — z* as n — oo0. Again, since J is uniformly continuous on

bounded subsets of E, (3.22) implies ||.Jz, — Jz,|| — 0. Since r,, € [a,00), we have
that

(3.23) li 70 = Jzall _

n— 00 Tn

0.

Since z,, = 1., x,,, we have that

1
7<y*2n7t]zn - Jzn> Z 7fn(‘]zn7‘]y)a vy S C

Tn
Let {n;};°, C Nbesuch that f,, = f1 V1 > 1. Then, using (A2), we have
Jzn — Jxp
(324) <y — Zn, 7’7> > _fl(JZna Jy) > fl(Jy7 J’Zn)v v ye C.
Since f1(z, -) is convex and lower-semicontinuous and z,, — z*, it follows from equation
(3.23) and inequality (3.24) that
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Fort € (0,1 andy € C, let y; = tJy + (1 — t)Ja*. Since JC is convex, we have that
y; € JC and hence f1(y;, Jz*) < 0. Applying (A1) gives,

0= filylvp) <thilyr, Jy) + (L=t iy, Ja™) <tfiys, Jy), Vy € C.
This implies that
filyf. Jy) 20, VyeC.
Letting ¢ | 0 and using (A3), we get
fH(Jz", Jy) >0, VyeC.

Therefore, we have that Jz* € JEP(f;). This implies that 2* € EP(f;). Applying similar
argument, we can show that 2* € EP(f;) forl = 2,3,..., L. Hence, z* € N, EP(f,).
Step 6: Finally, we show that 2* = Rpx.

From Lemma 2.4(ii), we obtain that

(325) (b(vaBx) S ¢($»$*) - (b(RBLU,Q?*) S ¢(J)7!E*)

Again, using Lemma 2.4(i7), definition of z,,+1, and z* € B C C,,, we compute as follows:

d)(ﬂf, xn-‘rl) S (;b(xa xn-i—l) + ¢(mn+1a RBJ:)
= (b(l‘, RC7L+1$) + ¢(RCV,L+1*T7 RBQ:) < ¢($> RBm)

Since z,, — z*, taking limits on both sides of the last inequality, we obtain
(3.26) ¢(z,2%) < ¢(z, Rpx).

Using inequalities (3.25) and (3.26), we obtain that ¢(z, z*) = ¢(x, Rgx). By the unique-
ness of Rp(Lemma 2.5), we obtain that * = Rpx. This completes proof of the theo-
rem. (]

4. APPLICATIONS

Corollary 4.1. Let E be a uniformly smooth and uniformly convex real Banach space with dual
space E* and let C' be a nonempty closed and convex subset of E such that JC is closed and
convex. Let f be a bifunction from JC x JC to R satisfying (A1) — (A4), A: C — E*, bea
continuous monotone mapping, T : C — E*, be a generalized J,—nonexpansive and J,—closed
map such that B := F;(T)NEP(f)NVI(C, A) # 0. Assume that JF;(T) is convex. Then, {z,}
generated by (3.7) converges strongly to Rpx, where Rp is the sunny generalized nonexpansive
retraction of E onto B.

Proof. Set T, := T foralln € N, A := A, forany i = 1,2,--- ,N, and f := f; for any
l=1,2,---,L. Then, from remark 2.1, {T,,} satisfies the NST-condition with {T'}. The
conclusion follows from Theorem 3.1. |

Corollary 4.2. Let E be a uniformly smooth and uniformly convex real Banach space with dual
space E* and let C be a nonempty closed and convex subset of E such that JC' is closed and
convex. Let f;,1 = 1,2,3, ..., L be a family of bifunctions from JC x JC to R satisfying (A1) —
(A4), T, : C — E*,n = 1,2,3,... be an infinite family of generalized J,—nonexpansive maps
and T be a family of J.—closed and generalized J,—nonexpansive maps from C to E* such that
N2, Fy(T,) = Fy(T) # 0 and B := Fy(T) N [ﬂfﬂ EP( fl)] £ 0. Assume that JF;(T) is

convex and {T,,} satisfies the NST-condition with T'. Then, {x,,} generated by (3.7) converges
strongly to Rpx, where Ry is the sunny generalized nonexpansive retraction of E onto B.

Proof. Setting Ay, =0 forany k =1,2,3, ..., N, then result follows from Theorem 3.1. [
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Remark 4.3. We note here that the theorem and corollaries presented above are applicable in
classical Banach spaces, such as Ly, 1y, or W' (Q),1 < p < oo, where W} () denotes the usual
Sobolev space.

Remark 4.4. ([2]; p. 36) The analytical representations of duality maps are known in a number
of Banach spaces, for example, in the spaces Ly, l,,, and WP (Q),p € (1,00), p~t + ¢~ 1 = 1.

Corollary 4.3. Let E = H, a real Hilbert space and let C' be a nonempty closed and convex
subset of H. Let f;,l = 1,2,3,..., L be a family of bifunctions from C x C to R satisfying
(Al) — (44), T,, : C — H,n = 1,2,3,... be an infinite family of nonexpansive maps, Ay, :
C — H,k=1,2,3,...,N be a finite family of continuous monotone mappings and I" be a family
of closed and generalized nonexpansive maps from C' to H such that "\, F(T,,) = F(T') # 0
and B := F(T) N {ﬂ{;l EP(fl)} N {ﬂszl VI(C, Ak)} # 0. Assume that {T,,} satisfies the
NST-condition with T'. Let {x,,} be generated by:

r1=2€C;C; =C,

Zn = {Z €C: f”(z’y) + %n<y_zvz_xn> > 07 Vy S O},
4.27) up i={z € C: (y = 2, Anz) + ;= (y — 2,2 — ) 20, Vy € C},
Yn = a1 Jxy + oz, + asThuy,

Cnyr = {2 € Cn: |lz = ynll <|l2 = @all},

Tnt+1 = Pcn+1x?

foralln € N, ai,as, a3 € (0,1) such that oy + az + az = 1, {r,} C [a, ) for some a > 0,
A = Aymod Ny and fr () = fru(mod )(+, ). Then, {x,} converges strongly to Ppx, where
Pg is the metric projection of H onto B.

Proof. In a Hilbert space, J is the identity operator and ¢(z, y) = ||z — y||* forall z,y € H.
The result follows from Theorem 3.1. ]

Example 4.1. Let E=1,, 1 < p < o0, % + % =1,and C :37%(071) ={z €lp:|lz|l;, <1}.
Then JC = B, (0,1). Let f : JC x JC — R defined by f(z*,y*) = (J~'a*,a* —y*) Va* €
JC, A:C — l defined by Tx = J(x1, 22,23, ) V& = (21,22,23,---) € C, T : C — |
defined by Tx = J(0, 21, 2,23, - ) V& = (21,22, 23, ) € C,and T,, : C — 1, defined by
Tho =apnJz+ (1—a,)Tz, Vn>1,Va € C,ay € (0,1) such that 1 — oy, > 1. Then C, JC,
f, A, T, and T,, satisfy the conditions of Theorem 3.1. Moreover, 0 € F;(T)NEP(f)NVI(C, A).

5. CONCLUSION

Our theorem and its applications complement, generalize, and extend results of Uba et al.
[24], Zegeye and Shahzad [28], Kumam [14], Qin and Su [19], and Nakajo and Takahashi
[17]. Theorem 3.1 is a complementary analogue and extension of Theorem 3.2 of [28] in
the following sense: while Theorem 3.2 of [28] is proved for a finite family of self-maps
in uniformly smooth and strictly convex real Banach space which has the Kadec-Klee
property, Theorem 3.1 is proved for countable family of non-self maps in uniformly smooth
and uniformly convex real Banach space; in Hilbert spaces, Corollary 4.3 is an extension
of Corollary 3.5 of [28] from finite family of nonexpansive self-maps to countable family of
nonexpansive non-self maps. Additionally, Theorem 3.1 extends and generalizes Theorem
3.7 of [24] in the following sense: while Theorem 3.7 of [24] studied equilibrium problem
and countable family of generalized J,—nonexpansive non-self maps, Theorem 3.1 studied
finite family of equilibrium and variational inequality problems and countable family of
generalizes J.—nonexpansive non-self maps; corollary 4.2 generalized Theorem 3.7 of [24] to a
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finite family of equilibrium problems and countable family of generalized J, —nonexpansive
non-self maps. Furthermore, Corollary 4.1 extends Theorem 3.1 of [14] from Hilbert spaces
to a more general uniformly smooth and uniformly convex Banach spaces and to a more
general class of continuous monotone mappings. Finally, Corollary 4.1 improves and
extends the results in [19, 17] from a nonexpansive self-map to a generalized .J.—nonexpansive
non-self map.
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