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Stepsize Choice for Korpelevich’s and Popov’s
Extragradient Algorithms for Convex-Concave Minimax
Problems

JiAOJ1AO WANG and HONG-KUN XU

ABSTRACT. We show that the choice of stepsize in Korpelevich’s extragradient algorithm is sharp, while the
choice of stepsize in Popov’s extragradient algorithm can be relaxed. We also extend Korpelevich's extragradient
algorithm and Popov’s extragradient algorithm (with larger stepsize) to the infinite-dimensional Hilbert space
framework, with weak convergence.

1. INTRODUCTION
Consider a convex-concave minimax problem

(L.1) min max f(z,y),

where C and D are nonempty closed convex subsets of Hilbert spaces H; and H>, respec-
tively, and the objective function f : C' x D — R is convex-concave, that is, (i) f(-,y) is
convex for each fixed y € D, and (ii) f(z, -) is concave for each fixed x € C. Set E := C'x D
and H := Hy x Hy. Let E* := C* x D* denote the set of solutions of (1.1) (i.e., set of saddle
points of f). Assume E* # (). In addition, assume f is continuously Fréchet differentiable.
Recall that the (saddle) gradient 0 f of f, which is denoted by g, is defined as

Vaf(,y) }
12 =0 = ’ .
12 o) =01(:) = | g0
Recall also that f is said to be L-smooth for some L > 0 if the gradient g is L-Lipschitz
continuous, that is,
lg(=) =gl < LIIz" = 2], 22" € E.
It is known that g is monotone and a point z* = (z*,y*) € E is a solution of (1.1) (i.e., a
saddle point of f) if and only if z* is a solution to the variational inequality (VI):

(1.3) (9(z"),z—2") >0, z€E.
Note that VI (1.3) is equivalent to the fixed point equation
(1.4) 2" = Pg(z" — A\g(z"))

for every A > 0. Here Pg is the nearest point projection from H to E defined by

Ppz = argur?ei% |lw—z||?, z€H.
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Recently a lot of attention has been paid to algorithmic approaches to minimax prob-
lems (1.1), due to applications to machine learning (see [1, 3, 5, 10] and references therein).

Two classic methods, known as extragradient (EG) algorithms, are due to Korpelevich
[4] and Popov [7].

1.1. Korpelevich’s Extragradient Algorithm. In [4], Korpelevich introduced the follow-
ing extragradient (EG) algorithm:

(1.5a) Zn = Pp(zn — ag(zn))

(1.5b) { zn+1 = Pe(2n — ag(Zy))

where 2y € F is an arbitrarily chosen initial point and « > 0 is the stepsize. Korpelevich

proved the following convergence result, where the stepsize o > 0 is selected such that
a<1/L.

Theorem 1.1. [4, Theorem 1] Suppose H; = R% and Hy = R are Euclidean di- and do-
spaces, respectively, and f is convex-concave and L-smooth. Suppose, in addition, the stepsize o
is chosen in such a range that 0 < « < +. Then the sequence {z,} generated by (1.5) converges
to a saddle point of f.

1.2. Popov’s Extragradient Algorithm. In [7], Popov introduced another EG algorithm
for the minimax problem (1.1) as follows:

(1.6a) { Zn+1 = Pr(zn — 79(Z,))
(1.6b) Znt1 = Pr(znt1 — 79(20))
forn =0,1,---, where 29, Zyp € E are the initial guesses, and 7 > 0 is the sepsize.
Popov’s EG (1.6) differs from Korpelevich’s (1.5) in the way of defining the midway
point Z,,; Popov’s way of defining Z, looks more complicated than Korpelevich’s. Popov

proved the following convergence result. Note that the stepsize 7 is shrunk to the range
(0,1/3L).

Theorem 1.2. [7, Theorem 1] Suppose H, = R gnd Hy = R gre Euclidean di- and do-
spaces, respectively, and f is convex-concave and L-smooth. Suppose, in addition, the stepsize T
is chosen in such a range that 0 < T < 3. Then the sequence {z,} generated by (1.6) converges
to a saddle point of f.

The main aim of this paper is to discuss possible enlargement of the stepsizes o and 7
in Korpelevich’s EG (1.5) and Popov’s EG (1.6), respectively. We will show that the range
of Korpelevich’s stepsize o € (0,1/L) is sharp (see Example 3.1), and the range of Popov’s
stepsize 7 € (0,1/3L) can however be relaxed at least to the range 7 € (0, (v2—1)/L) (see
Theorem 4.5). We will also include the infinite-dimensional versions of the convergence
results of Korpelevich’s EG (1.5) and Popov’s EG (1.6); in the latter, new stepsize is used.

2. PRELIMINARIES

In this section we present some basic notion and tools which are required in the discus-
sion and proof of the main results in the next section. We will use H to denote a Hilbert
space. The symbols (-, -) and || - || always stand for the inner product and norm of a given
Hilbert space under any circumstances (no confusions would arise). Let K be a nonempty
closed convex subset of H and Pk be the metric projection from H onto K. Recall that

Pru = argiréi}} lu —vl?

for all u € H. The following properties of Px will be utilized throughout the subsequent
sections.
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Lemma 2.1. Py satisfies the properties:

(@) (u— Pgu,v— Pgu) <O0forallue Handv € K;

(b) (u—v, Pxu— Pgv) > ||Pxu— Pgv|?, in particular, || Pku — Provl|| < ||u— ||, for all

u,v € H;
(©) |lv— Prul|® < ||v—ul|® = ||u— Pgu||® forallu € Hand v € K.
We assume that the objective function f in the minimax problem (1.1) is convex-concave

and L-smooth, a consequence of which is that the (saddle) gradient ¢ = 0f defined in (1.2)
is +-inverse strongly monotone (1-ISM), that is,

(2.7) (9(z) —g(z'), 2= 2') = %HQ(Z) —9@?, = el

Closely related to inverse strongly monotone mappings are averaged mappings. Recall
that a mapping 7" : H — H is said to be p-averaged (u-AV) if
T=1-pl+pVv

where i € (0,1), I is the identity on H, and V : H — H is a nonexpansive mapping (i.e.,
V(z) = V()| < |lz— 7| forall z, 2’ € H). It is known that a projection Py is 1-ISM and
1-AV.
2

A useful connection between inverse strongly monotone mappings and averaged map-
pings is given below.
Lemma 2.2. (cf. [8]) Given a mapping T : H — H and p € (0,1). Then T is u-AV if and only
I—Tis ﬁ—ISM. In particular, if f is L-smooth (i.e., g is +-ISM), then P (I — \g) is averaged
for Xsuch that 0 < X < 2.

We will use the following notation:
o wy(zy) =={& € H: z,, — & weakly for some subsequence {z,, } of {2,,}} is the
set of weak accumulation points of a sequence {z,} in H;
o Fiz(T) :={z € H : Tz = z} is the set of fixed points of a mapping T': H — H.
For the purpose of proving weak (or strong) convergence of a sequence in H, we will
use the following tools listed in the lemmas below.

Lemma 2.3. (Demiclosedness principle for nonexpansive mappings.) [2] Let T : K — K be a
nonexpasive mapping with a fixed point, where K is a nonempty closed convex subset of a Hilbert
space H. Then I — T is demiclosed (at 0), that is, for any sequence {z,} in K, the condition
l|zn — Tzn|| — O implies that w,,(z,) C Fix(T).

Lemma 2.4. [6] Suppose K is a nonempty subset of a Hilbert space H and {z, } is sequence in H
such that the following conditions are satisfied:

o lim,,_, ||z, — z|| exists for each z € K, and
o wy(z,) C K.

Then the sequence {z,,} weakly converges to a point in K.
Lemma 2.5. [9] Suppose a real nonnegative sequence {a, }o>, satisfies the condition:
nt+1 < Qp +0n, n=0,1,---,
where {0, } is a nonnegative real sequence such that ZZOZO 0y, < 00. Then lim,, o0 a, exists.
Lemma 2.6. [9] Suppose a real nonnegative sequence {ay, }52, satisfies the condition:
nt1 < (1 —7vp)an + 0nan +0,, n=0,1---,
where {v,}, {0n}, and {0, } fulfil the properties:
@) {m} (0, 1) and 32,7 oy = oo,
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(if) limsup,, . 0n <0,
(iii) o, > 0 forall n, and 377 o, < o0.

Then lim,,_ o0 @, = 0.

3. STEPSIZE CHOICE OF KORPELVICH’S AND POPOV’S EXTRAGRADIENT ALGORITHMS

We begin with a brief discussion on the projection-gradient algorithm (PGA) for solv-
ing a convex minimization problem of the form:

(3.8) min p(z),

where K is a nonempty closed convex subset of a Hilbert space H, and ¢ is a convex,
continuously Frechet differentiable function. Recall that PGA generates a sequence {z, }
through the iteration process:

(3.9) Znt1 = P (zn — AV@(2,)) = Pk(I — AV @)z, n >0,

where the initial guess zp € K, and A > 0 is a (constant) stepsize. The following conver-
gence result is well known in the literature.

Theorem 3.3. Suppose ¢ is convex and L-smooth (i.e., V is L-Lipschitz) and suppose (3.8) has
a solution. If the stepsize X is chosen in the range 0 < X\ < 2, then the sequence {z,} generated
by PGA (3.9) converges weakly to a solution of (3.8).

Note that ¢ being convex and L-smooth implies that the mapping Pc(I — AVy) is
averaged if 0 < A < 2/L and nonexpansive if A = 2/L (cf. [8]).

Comparing the stepsizes «, 7 and A chosen in Korpelvich’s EG (Theorem 1.1), Popov’s
EG (Theorem 1.2), and PGA (Theorem 3.3), respectively, it is natural and reasonable to
wonder if the stepsizes o and 7 in Korpelvich’s and Popov’s EGs can be made larger
(close to 2). We are concerned with this issue. More precisely, we will show that the
stepsize a < + in Korpelvich’s EG is sharp (see example 3.1), while the stepsize 7 < 37 in
Popov’s EG can be relaxed (see Theorem 4.5).

3.1. Stepsize of 1/L is sharp for Korpelvich’s extragradient algorithm.

Example 3.1. If the stepsize « is taken to be 1, then Korpelevich’s algorithm (1.5) may
not converge to an optimal solution, as shown by the following simple example. Let
H, = Hy = Rand set C = D = [0, 1] Define the objective function f on E := [0, 1]? by

1 1
f(x,y):fx2—fy2, 0§$73/§1

2 2
Clearly, f is convex-concave and differentiable. Since % = z and % = —y, we get
g(z) = 0f(z) = z for z = (z,y) € E; hence g is 1-Lipschitz. It is easily seen that
(3.10) Jnin max f(z,y) = Jnax, min f(z,y) = £(0,0) = 0.

Korpelevich’s algorithm (1.5) generates a sequence {z, } by

(3.11) Zn = Pe(zn — ag(2n)), zn+1 = Pr(zn —ag(Zn)).
Now since o = % = 1 and g(z,) = 2z, for all n, it easily follows that z, = (0,0) and
Zn+1 = Zn. So, if we take the initial guess zy € E with zy # (0,0), then z, = 2, not

convergent to the saddle point (0,0).
However, if the stepsize o < 1, then the sequence {z,} generated by Korpelevich’s
algorithm (3.11) satisfies

Zn=(1—a)zp, zny1=(1—-a(l—a))z,, n>0.
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It turns out that z,, = (1—a(1—a))"2zp — (0,0), the optimal solution of (3.10). This verifies
Korpelevich’s convergence theorem.

3.2. Relaxation of Stepsize for Popov’s extragradient algorithm. Recall that Popov’s EG
produces a sequence {z, } by making use of the iteration procedure:

(3.12a) { Znt1 = Pe(zn — 79(Z,))
(3.12b) Znt1 = Pe(znt1 — 79(Zn))
forn =0,1,---, where 7 > 0 is the sepsize.
Popov [7] proved convergence of the algorithm (3.12) in the finite-dimensional setting

when the stepsize 7 is taken in the range 7 € (0, 5-). We now extend this range to 7 €

» 3L
(0,¥2-1),

Theorem 3.4. Suppose H; = R4 and Hy = R?% are Euclidean dy- and da-spaces, respectively,

and f is convex-concave and L-smooth. Then for stepsize T such that 0 < T < \/EL” , the sequence
{zn} generated by Popov’s EG (3.12) converges to a saddle point of f.

Proof. Take 2 € E* and use Lemma 2.1 to derive that, for i > 0,

201 = 21> = | Pz — T9(21)) — 21
<l =2 =79 =2t — 79(2) — 2111

= |lz = 2[* = 27 (=1 = 2, 9(2)) + T2 (|g(2)|1?
(3.13) —{llzt = 21 l” = 27 (21 = 2141, 9(2)) + T2l 9(20) 17}
(3.14) = llz = 2I1” = 2141 = 21l = 27 (2140 — 2, 9(21))-
Since Z is a solution to VI (1.3) and g is %—ISM, it follows that

(9z). 2~ 2~ 1)~ 9@ 2 {g(2). 2~ 2) 20, z€ .

In particular, we have

(g(). 7 - 2~ 7 la(@) - 9| = 0.

Adding this to the right side of (3.13), we get

R . L 2T, _ R
2141 — 2017 < llze = 211 = 2141 — 20l* — 27 (2101 — 21, 9(20)) — 7 lg(z) — 9(2)|1?

=zt — 21> = llzigr — 20° — 12 — 2l — 2(z041 — 20, 2 — 2)

~2r(ay 2 9(2) — o) = 9(2) P

=l = 21* = laip1 — 2l* = 1z — 2l

2T .
+ 2z —z2,a —719(2) — Z1) — f”g(?l) - 9(2)”2

. _ _ 2T .
=l = 21> = llzig — 21> = 2 — 2l® - f\lg(n) -9®)?

(3.15) + 2241 — 2,20 = T9(Z2-1) — 2) 4 27(z24 — 2, 9(Z2-1) — 9(2))-
However, since z; = Pg(z — 7g(%1-1)), by Lemma 2.1 we have

(zi41 =z — 79(21-1) — 21) < 0.
On the other hand, since g is L-Lipschitz continuous,

(2141 — 21,9(Z1-1) — 9(2))| < Ll|ziea — 2| - |1 Z1-1 — 2|
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It turns out from (3.15) that

2141 = 21% < Mz = 207 = Nz — 2I° = 12 — 2

_ _ 2Ty .
+27Ll|z = Zllla - 2l - T () - 92
<zt = 217 = Nzt = &l = ||z — 2
_ _ 2T .
(3.16) +27L(|21 = zll + M2 = 2Dz — 2l = Fllg(z) — g2
An ingredient of this proof lies in the observation below: we have, for > 0 and 5 > 0,

1
2l|zi—1 — 2| - 241 — 2l < Ollz—1 — 2] + 5\\Zz+1 -z,

20z =zl - 2401 = 2l < %”Zl =2l + Bl — &l
Substituting them into the right side of (3.16) yields
lorra = 2 < [l — 2]
— (= 7L+ 5+ Dl — 7l
7L

~ (=) - Al
L
+ 2z = 2l = o = 20
2r R
(3.17) - Tlgz) - g(2)I1%

A key point is to choose 6 and  appropriately to ensure that the constants ¢; and ¢; set in
(3.18) are positive, which is made success, due to our choice of the stepsize 7. As a matter

of fact, since 0 < 7 < ‘/iL’l < 37, it is possible to take 3 such that 7L < 8 < - — 2. We

then take # > 0 such that _ < 6 < 6, where

0+ = 5 >0
With such choices of 5 and § we surely have
(3.18) clzzl—TL(9+$+ﬁ)>0, 02::1—%>0.
Setting c3 := % and ¢4 := 2%, we can rewrite (3.17) as

21 = 2[” < 2o = 2017 = eillzir — 2] = callz — 2|
(3.19) +ea(llz— zi-1ll? = llzer — 2l1*) = eallg(z) — 9(2)I1%.
Summing up (3.19) from | = p and [ = ¢ for each ¢ > p > 0 yields

q q
lars =22 < llzp— 22— e 3 Nzt — 22— e S ot — 212
l=p l=p

q
(3-20) +es(llzp = Zp-1l® = llzgen = ZglI*) —ea D lg(2) — 9(2)]1%.

l=p

An immediate consequence of (3.20) is the following

(3.21) ||Zq+1 _2”2 < ||Zp_2||2+CBHZp_Zp71H2
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for all ¢ > p > 0. In particular, (z;) is bounded. Moreover, (3.20) also implies that
o >isollze — Al < oo,
o Yo lla—z? < o,
o0 = ~
o 320 ll9(z) = 9(2)]* < oo

Consequently,
(3.22) lim |zi41 — Zi|| = lim ||z; — ]| =0
l—o0 l—o0
and
(3.23) Jim flg(z1) — g(2)]| = 0.
—00

It turns out that lim;_, ||2;+1 — #|| = 0. On the other hand, a special case of (3.21) is
(324) ||Zl+1 - ZA||2 S Hzl - 2”2 + Hi, l 2 Oa

where p; = 7L||z — z_1 . Since Y2, u < 0o, we can apply Lemma 2.5 to (3.24) to get
that

(3.25) llim llz1 — 2|| exists for each Z € E*.
e el

By virtue of boundedness, (z;) has a subsequence (z;/) convergent to some point z’. We
now claim that 2z’ € E* and then by (3.25), the full sequence (z;) must be convergent to z’.
Note from (3.22) that z — 2’ and 241 — 2’. By (3.12a), we have zp 41 = Pa (2 — 19(Z1)).
Taking the limit as I’ — oo in yields 2’ = Pg(z’ — 7¢(2’)). This is equivalent to the VI

(9(z'),z=2) =20

forall z € E. Hence 2’ € E*. This completes the proof. O

Remark 3.1. Our range of stepsize 7 € (0, (v/2—1)/L) relaxed Popov’s range 7 € (0,1/3L).
It remains an open question whether the stepsize can be enlarged to the range 7 € (0,2/L).

Also in our proof of Theorem 1.2, we made use of the fact that g is +-ISM by including
the terms [|g(z) —g(2)[|? in (3.16) and Y~/ [|g(z) —g(2)||? in (3.20), respectively. However,
we are unaware if these terms may help to enlarge the choice range of the stepsize 7.
However, from (3.23), we get at least that g(z;) — ¢(2), a consequence of which is that
g(2) = g(2) for all Z, 2 € E*. This is no surprising because in the unconstrained case (i.e.,
E=H), g(2)=0forall Z € E*.

4. INFINITE-DIMENSIONAL SETTING

We begin by establishing the infinite-dimensional version of convergence of Popov’s
EG algorithm (3.12).

Theorem 4.5. Suppose Hy and Hy are infinite-dimensional Hilbert spaces, and f is convex-

concave and L-smooth. Then for stepsize T such that 0 < 7 < ‘/%1, the sequence {z, } generated

by Popov’s EG (3.12) converges weakly to a saddle point of f.

Proof. We will use Lemma 2.4 to prove the weak convergence of {z,}. Because of (3.25)
which remains valid in the infinite-dimensional scenario, it only remains to verify that
ww(zn) C E*. This is not straightforward since the gradient operator g is, in general, not
weakly continuous. To overcome the difficulty, we manipulate the technique of nonex-

pansive mappings. Set T := Pg(I — 7g); note that Fiz(T) = E*. Since 0 < 7 < ¥2=1 < 2,
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T is a nonexpansive mapping; hence I — T is demiclosed. We claim that ||z, — Tz, || — 0.
Indeed, we have

llzn = Tznll < llzn = 2nsall + 2041 — Ta|
= [|zn = 2nt1ll + | Pa(2n — 79(2n)) — Pa(2n — 79(2n))ll
< 20 = zngall + 7l9(z) — 9(z0)]
< llzn = zn+1ll + 7L 20 — 2|
< |lzn41 — Zull + (L + 7L)||Z,, — 20|l = 0 by (3.22).
Consequently, we can use the demiclosedness of I — T (Lemma 2.3) to obtain w,,(z,) C

Fiz(T) = E*. This together with (3.25) ensures that (z;) converges weakly to a point in
E*. O

We end this section by proving the infinite-dimensional version of Korpelvich’s EG
algorithm (1.5).

Theorem 4.6. Suppose Hy and Hy are infinite-dimensional Hilbert spaces, and f is convex-
concave and L-smooth. Suppose the stepsize T is chosen in the range 0 < o < +. Then the
sequence {z, } generated by Korpelvich’s EG algorithm (1.5) converges weakly to a saddle point of
f.

Proof. Observe that Korpelvich’s finite-dimensional argument in the proof of [4, Theorem
1] remains valid for the infinite-dimensional setting; hence [4, Eq. (14), p. 39] remains
true, that is,

(4.26) zn41 = 2°1% < Mz — 2712 = (1 = @2L?)||2n — 2a .
Since 0 < aL < 1, it follows from (4.26) that
o |lznt1 — 2|2 < ||zn — 2*||%; hence {z,} is bounded and

(4.27) lim ||z, — 2z"|| exists for each z* € E*.
n— oo

o lim, o ||2n — Zu|| = 0.
Similar to the proof of Theorem 4.5, it remains to verify that w,,(z,) C E*. Define the
mapping T := Pg(I — ag). Again we have Fiz(T) = E*; moreover, T is averaged since
a < % By (1.5a), z, can be rewritten as z,, = T'z,. Hence, we arrive at

|2, — TZnH = Hzn — Zy|| — 0.

Consequently, Lemma 2.3 (the demiclosedness principle for nonexpansive mappings) is
applicable to obtain w,(z,) C Fiz(T) = E*. This ends the proof.

5. CONCLUSION

In this paper we have discussed the problem of stepsize choice in two classic extragra-
dient algorithms - Korpelevich’s and Popov’s methods [4, 7], where the objective function
is convex-concave and L-Lipschitz. We have discovered that the range of the stepsize « €
(0,1/L) is best possible for Korpelevich’s EG algorithm, and relaxed the range of the step-
size 7 € (0,1/3L) in Popov’s EG algorithm to the slightly larger range 7 € (0, (v/2—1)/L).
It is an open question what is the best possible range for the stepsize 7 for Popov’s EG
algorithm. In addition, we have also proved weak convergence of both Korpelevich’s and
Popov’s EG algorithms in an infinite-dimensional Hilbert space.
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