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ABSTRACT. The purpose of this study is to introduce an inertial algorithm for approximating a solution of
the split equality Hammerstein type equation problem in general reflexive real Banach spaces. Strong conver-
gence results are established under the assumption that the associated mappings are monotone and uniformly
continuous. The results in this paper generalize and improve many of the existing results in the literature in
the sense that the underlying mappings are relaxed from Lipschitz continuous to uniformly continuous and the
spaces under consideration are extended from Hilbert spaces to reflexive real Banach spaces with a more general
problem which includes the Hammerstein type equation problems.

1. INTRODUCTION

Let X be a real Banach space with dual X*. Let (-, -) be the generalized duality pairing
between X and X*, and let || - || be the induced norm. Let C' be a nonempty subset of X.
A mapping A : C — X* is said to be

(a) monotone on C' if

(b) a— inverse strongly monotone on C if there exists o > 0 such that
(Ax — Ay, v —y) > a||Ax — Ay||?, forall z,y € C;

(c) L— Lipschitz continuous on C if there exists a constant L > 0, called the Lipschitz
constant, such that

| Az — Ay|| < Llle -yl Va,y e C.

If L < 1, then A is called a contraction and if L = 1, then A is said to be nonexpansive.

1
Remark 1.1. Notice that every a— inverse strongly monotone mapping is ——Lipschitz
o
monotone.

Let A : X — X* be a monotone mapping. Then, A is said to be maximal monotone if its
graph, G(A) = {(z, Az) : € X}, is not properly contained in G(B), where B : X — X*
is any other monotone mapping. That is, a monotone mapping A is maximal if and only
if y = Az, whenever (z,y) € X x X* and (x — u,y — v) > 0 for every (u,v) € G(A).
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Monotone mappings play very important role in solving nonlinear integral Hammerstein
type equations (see, e.g., [40]). An equation of the form

(1.1) w() + /Q k() f (g u(y))dy = 0,

where () is a measure space, dy is a o—finite measure on  x Q, f is a function from
2 x R to R and v is a real valued function defined on (2, is called nonlinear integral equa-
tion of Hammerstein type. Several problems that arise from differential equations, for
instance, elliptic boundary value problems whose linear parts possess Green’s functions
can be transformed into the form (1.1). Consider, for instance, the following problem of a
pendulum with finite amplitude:

d*0(t)
e T

where 6 is the amplitude (angular displacement) of the bob from the equilibrium point,
z is the driving force and ¢ is a nonzero constant which depends on the length of the
pendulum and gravitational acceleration. Since the Green’s function of the problem

0" (t) =0, 6(0)=86(1)=0,

) t(l—s), 0<t<s,
t =
(t,5) s(1—1t), s<t<l,

1.2)

sin6(t) = z(t), t € [0,1], 6(0) = 6(1) =0,

is given by

the solution of problem (1.2) is nonlinear integral equation of the form

1
(1.3) 0(t) = 7/0 k(t,s) [2(s) — ¢*sinf(s)] ds, t € [0,1].

Now, if we put

1
(1.4) o(t) = / Kt s)2(s)ds. u(t) = 0(t) + g(t), t € [0,1],

then § = u — g and hence (1.3) can be rewritten as

1
u(t) + / k(t, s)c* sin[g(s) — u(s)]ds = 0,
0
which is the same as the Hammerstein integral equation of the form

u(t) + fy k(t,5)f(s,u(s))ds = 0,
where f(s,u(s)) = ¢?sin [g(s) —u(s)], t, s € [0,1].

A more general form of the integral equation (1.1) is the Hammerstein type equation
which is given as

(1.5) u+ KFu=0,

whereuw € X, F: X - X* and K : X* — X are linear or nonlinear mappings. Differ-
ent problems that emerge from network systems, automation and optimal control can be
formulated as (1.5) (see, e.g., [28]).

Many authors have studied and proved several existence and uniqueness results of Ham-
merstein type equations (see, e.g., [5, 6, 7, 8, 19]). Generally, as Hammerstein type equa-
tions are nonlinear, there is no closed way method to solve such type of equations. So,
different authors have introduced different approximation methods for solving Hammer-
stein type equations (see, for instance, [10, 12, 14, 15, 16, 18, 20, 21, 25, 35, 36, 39]). Chidume
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and Zegeye [12, 15, 16] were the first to propose and study iterative processes for approx-
imating the solution of (1.5).

In 2005, Chidume and Zegeye [15] introduced the following iterative scheme in real Hilbert
spaces. Let H be areal Hilbert space and let F: D(F') — H and K: D(K) — H be bounded
monotone mappings with R(F') C D(K), where R(F') and D(K) are closed convex sub-
sets of H satisfying certain conditions. Let {u,} and {v,} be sequences generated from
arbitrary elements ug € D(F) and vy € D(K), respectively, by

(16) {un+1 - PD(F) [un — Tn (Fun — Up + gn(un - wl))] 5

Un+1 = Pp(x) [V = Y (Kvp + tn + Op (v, —w2))],n >0,

where (w1, ws) is an arbitrary fixed element of D(F') x D(K) and +,,, 6,, are sequences in
(0, 1) satisfying appropriate conditions. They proved, under some conditions, that there

exists vy > 0 such that if v,, < vy and g—n < ~¢ for all n > 0, then the sequence {(un,v,)}
converges strongly to {(u*, v*)}, where * is a solution of (1.5) with v* = Fu*.

In 2015, Tufa et al. [35] pointed out that the convergence of the method in (1.6) depends
on the existence of a constant ~,, but it is not clear how to choose such vy during imple-
mentation. Thus, they introduced an iterative algorithm which converges strongly to a
solution of the general Hammerstein type equation, u + K Fu = 0, where K and F are
Lipschitz monotone mappings. Though, the convergence of their method does not require
the existence of a constant ~, it only holds true in the Hilbert space settings.

In 2016, Uba et al. [36] proposed the following algorithm for solving (1.5) in a Banach
space setting: Let X be a uniformly convex and uniformly smooth real Banach space and
let F: X - X*, K : X* — X be maximal monotone and bounded mappings. For u; € X,
v1 € X* define the sequences {u,,} and {v, } in X and X*, respectively, by

Una1 = J [T — My (Ftg, — Un) — A (Juy — Jus)],
17) { +1 [ ( ) ( 1)]

Ung1 = J. [ — A(Kvp + tn) — MO (Jovy — Jov1)],

where {\,},{0,} C (0,1) satisfy the relation \,, < 4¢6,, where 79 > 0. Under the as-
sumption that the equation v + K Fu = 0 has a solution, they proved that the sequences
{u,} and {v,} converge strongly to «* and v*, respectively, where u* is the solution of
u+ KFu = 0with v* = Fu*.

In 2019, Daman et al. [17] introduced an iterative algorithm for solving Hammerstein
type equations in a 2—uniformly convex and uniformly smooth real Banach space where
the mappings under consideration are Lipschitz monotone mappings. They established
strong convergence of the system which does not depend on the existence of a constant.

The need to speed up the convergence of iterative algorithms has always been of great
importance. One of the recent methods of speeding up the convergence of an algorithm
is the inertial method. An inertial algorithm, introduced by Polyak [30], is an iterative
procedure in which subsequent terms of the sequence are obtained from the preceding
two terms.

In 2021, Bello et al. [3] introduced an inertial type algorithm for solving Hammerstein type
equations in real Hilbert spaces: Let H be a real Hilbert space and let ', K : H — H be
maximal monotone and bounded mappings. For arbitrary wq,vi, us,v2 € H, define the
sequences {h,},{pn},{un}, and {v,} by
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hy = Un + cp(Un—1 — Up),
Prn = Upn + Cn(Un—1 — V),
Unt1 = hn = Ao (Fhy — pp) = AnOnhn,n > 2,
Unt1 = Dn — A (Kpn + hn) — A\p0ppn,n > 2,

(1.8)

where {6,,}, {\.}, and {c, } are sequences in (0, 1) satisfying some conditions. Under the
assumption that the inclusion 0 € u + K Fu has a solution in H, they proved that there
exists a real constant vy such that \,, < o0, for all n > ng, for some ny > 2, and the
sequence {u,} converges strongly to a solution u* of 0 € u + K F'u.

The aforementioned results are valid only in Hilbert spaces or uniformly smooth and uni-
formly convex Banach spaces. Besides, the convergence processes of some of the methods
depend on the existence of a constant v, and the conditions on the underlying mappings
are very strong.

Based on these results, we raise the following important question:

Question 1.1. Can we obtain an inertial method for approximating a solution of the Ham-
merstein type equation problem in general reflexive real Banach spaces for uniformly con-
tinuous mappings whose convergence does not depend on the existence of a constant ,?

Motivated and inspired by the aforementioned results in the literature, it is our purpose
in this paper to introduce and study an inertial algorithm for solving Hammerstein type
equation problems in reflexive real Banach spaces. In fact, our aim is to introduce a
method for solving a more general problem called split equality Hammerstein type equa-
tion problem whose convergence does not depend on the existence of the constant 7.

The split equality Hammerstein type equation problem (SEHTEP) is defined as finding a
point (u,p) € X x Y such that

(19) lL‘i’[(lel’u,:O7 p+K2F2p:02T1U151p,

where X and Y are reflexive real Banach spaces with dual spaces X* and Y*, respectively,
Fii X = X" Kt X* - X, Fo:' Y = Y*and Ky: Y* — Y are uniformly continuous
monotone mappings, T;: X — Z and S;: Y — Z are bounded linear mappings with
adjoints 77 and ST, respectively and Z is another reflexive real Banach space. The SEHTEP
includes Hammerstein Type Equation Problems Common Solutions of Hammerstein Type
Equation Problems and Split Hammerstein Type Equation Problems as special cases.

2. PRELIMINARIES

This section contains some basic definitions and important results that will be used in the
sequel.

Let X be a reflexive real Banach space and let {xz,} be a sequence in X. The strong and
weak convergence of a sequence {z,} to a point + € X are denoted by z,, — x and
xn, — x, respectively.

Let Bx = {z € X : ||z]| = 1}.

We say that X is strictly convex if M < 1forall x,y € Bx with x # y. If the limit
.10 e ]
’ t—0 t

exists for z,y € Bx, then we say that X is smooth.
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The domain of a convex function f: X — R, denoted by domf, is defined as domf =
{z € X : f(z) < +oo}. We say that f is proper if dom f # 0. The Fenchel conjugate of f, de-
noted by f*, is the function f*: X* — R defined by f*(z*) = sup {(z*,2) — f(z) : z € X}
for any z* € X*. The directional derivative of f at « € int(domf) in the direction of y is
defined as

0 _flx+ty) — f(x)
(2.11) folx,y) = ltlfg , )

The function f is said to be Gateaux differentiable at x if the limit in (2.11) exists for every y €
X. In this case, the gradient of f at =, denoted by V fz, is the linear function (V fz,y) =
fo(z,y) for all y € X. The function f is said to be Gateaux differentiable if it is Gateaux
differentiable at each « € int(domf). If the limit in (2.11) is attained uniformly for any
y € By, then f is said to be uniformly Fréchet differentiable at .

A function f: X — Ris said to be a Legendre function if it satisfies the following conditions:
(A) fis Gateaux differentiable, int(domf)# 0, and domv f =int(domf);

(B) f*is Gateaux differentiable, int(dom f*)#£ (), and domv f* =int(dom f*).

1
If E is a strictly convex and smooth Banach space, then the function f(z) = —||z||” (1 <
p < 00) is a proper, lower semi-continuous and Legendre function with Fenchel conjugate
1 1 1
fH(z*) = ;Hx*”q (1 < ¢ < ), (see, for instance, [2]), where » + i 1. In this case, the
gradient of f is equal to the generalized duality mapping, J,,, of X. Thatis, V f = J,, where
Jp: X — 2% is defined as
Jp(z) = {z* € X"+ (2", 2) = [Jal|”, ||l=*[| = ||=||"~"} .

If p = 2, then we write J, = J and we call it the normalized duality mapping and if in
addition X = H, where H is a real Hilbert space, then J = I, where I is the identity
mapping on H. If f: X — (—o0,4+0o0] is a Legendre function and X is a reflexive Banach

space, then Vf* = (Vf )71(see, [4]). Moreover, we have that f is a Legendre function if
and only if f* is a Legendre function (see, [2]).

Lemma 2.1. [33] If X is a smooth real Banach space and Jx is the normalized duality mapping
on X, then

[l +yl1* < ll2]* + 2(7x (2 + 9), )
forallz,y € X.

Definition 2.1. A function f: X— RU{+oc} is said to be strongly coercive if | lim <f(x)> =00

Definition 2.2. Let f: X — RU {400} be a convex Gateaux differentiable function, where
X is a Banach space. The function D¢: domf x int(domf) — [0, +00) defined by

(2.12) Di(y,z) = fy) = f(z) = (V[f(2),y — ),
is called the Bregman distance with respect to f.

Though the Bregman distance does not posses the usual properties of a metric such as
symmetric and triangle inequality properties, it satisfies the following important proper-
ties:

(i) Three point identity:

(2.13) Df(w7x) + Df(l‘,y) - Df(wvy) = <Vf(1‘) - Vf(y),x - w),
for any w € domf and z,y € int(domf);
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(if) Four point identity:
for any =, w € domf and y, z € int(domf).

Definition 2.3. A Géateaux differentiable function f: X — RU{+oo} defined on a reflexive
real Banach space X is said to be strongly convex if there exists a constant 8 > 0, called
strong convexity constant, such that

forall z,y € domf, or equivalently [27]

FW) > Fa) + (Vfry—a) + Ol — |l

1
If X is a smooth and strictly convex Banach space, then the function f(z) = =||z||? is

strongly coercive, lower semi-continuous, bounded, uniformly Fréchet differentiable and

1
strongly convex with strong convexity constant 3 € (0, 1] and conjugate f*(z*) = =||z*||%.
Note that for a f—strongly convex function f the following property holds:

@.15) Dy(y.2) > Dlla — P,

for all z € int(domf) and y € domf (see, [37]).

Definition 2.4. Let X be real Banach space and let f: X — R U {+o0} be a convex and
Gateaux differentiable function. Let C' C int(domf) be a nonempty, closed and convex
subset of X. Then, the Bregman projection of x € int(domf) onto C is the unique vector
P/,(z) of C with the property

Dy(PL(x),x) = inf {Dy(y,z) : y € C}.

The Bregman projection also satisfies the following properties

(2.16) z= Pcf(x) if andonly if (Vfr—Vfz,y—2z) <0, for all y€ C, and

(2.17) Df(y,Pé(x)) + Df(Pé(m),x) < D¢(y,x), for all z€ X,yeC.

Lemma 2.2. [1] If X, and X are smooth reflexive real Banach spaces, then the Cartesian product
X = X x Xy is also a smooth reflexive real Banach space with dual X* = X{ x X3 and duality
pairing

((z2,92), (1,91)) = (22, 21) + (Y2, 91),
forall (x1,11) € X, (w2,y2) € X*, and (Tp,yn) — (,y) implies x,, = z and y,, — y.
Let C be a nonempty, closed, and convex subset of X and let f: X; — (—o0,+x)], ¢
Xy — (—00, +00] be convex Gateaux differentiable functions. Now, for any (z,y) € X, if
(z*,y*) = Pl(x,y), then

for all (u,v) € C, where h: X — (—o0,+o0] is defined by h(x,y) = f(x) + g(y) and
Vh(z,y) = (Vfz,Vgy).
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Lemma 2.3. [29] Let X be a reflexive real Banach space and let f: X — (—o0, 4] be a proper,
lower semi-continuous, convex and Gateaux differentiable function. Then, f*: X* — (—o0, +00]
is a proper, weak* lower semi-continuous and convex function. Thus, for all x € X, we have

N N
Dy (J:,Vf* (Z ain(zi)>> < Zain(vai)a

i=1

where {zi}f.v:l C X and {ai}f.v:l C (0,1) with ZL a; =1

A function f is said to be uniformly convex if there exists an increasing nonnegative func-
tion ¢ with ¢(0) = 0 such that

FOr+ (1= Ay) <Af(2) + (1 =N f(y) = AL = No(llz —yl]),
forall z,y € domf and A € [0, 1]. The function ¢ is called the modulus of uniform convexity
of f. The subdifferential of f at x, denoted by 0f, is the set defined by
Of (x) = {z" € X*: (", y —x) < f(y) — f(2),Vy € X}, (see, [22]).
Lemma 2.4. Let f: X — (—o00,+00] be a convex and lower semi-continuous function on a
Banach space X. Then, the following are equivalent (see, [38]):

(i) fis uniformly convex;
(ii) for all (z,z*),(y,y*) € Gph(Of) there exists a modulus ¢ such that f(y) > f(z) +
(@ y — ) + o(llz — yll);
(iii) dom f* = X*, f* is Fréchet differentiable and V f* is uniformly continuous.
Note that every S—strongly convex function is uniformly convex with modulus of uni-

form convexity ¢(z) = —2? and hence the class of strongly convex functions is contained
in the class of uniformly convex functions.
Lemma 2.5. [26] Let X be a Banach space and let f: X — (—o0, +o00| be a Gateaux differentiable

function which is uniformly convex on bounded subsets of X. Let the sequences {x,,} and {w,}
be bounded in X. Then, lim,,_,oc D¢ (2, wy) = 0 if and only if lim,, , ||z, — wy|| = 0.

Let f: X — R be a Gateaux differentiable Legendre function. The non-negative real-
valued function Vy: X x X* — [0, +00) defined by

(2.19) Vi(x,z*) = f(x) — (=", 2) + f*(z), for all z€ X, 2" € X"
satisfies the following two properties

(2.20) Vi(z,2*) = Dy(x, Vf*(z7)),

and

(221) Vi(z,z")+ (y*, VI (@") —z) < Vi(z, 2" +y"), for allze X, z*, y" € X*.
Lemma 2.6. [32] Let {a,, } be a sequence of nonnegative real numbers such that
An 41 S (]- - an) Ap, + andn7

where {a,} C (0,1) with lim, oo, = 0, >0, = 00 and {d,} is a sequence of real
numbers. If lim supy,_, o dn, < 0 for every subsequence {a,, } of {an} satisfying the condition

liminf (ap, 1 — an, ) >0,
k—oo

then lim,,_,~ a, = 0.
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The modulus of total convexity of a Gateaux differentiable function f is the function vy:
int(domf) x [0,00) — [0, 00) defined by vs(x,t) = inf {D(y,x) : y € domf, ||y — z|| = t}.
We say that f is totally convex at a point « € int(domf) if v¢(x,t) > 0 whenever ¢t > 0. The
function f is said to be totally convex if it is totally convex at every point in the interior of
its domain.

Notice that the concepts of total convexity and uniform convexity coincide on bounded
subsets of X (see, [9]).

Lemma 2.7. [23] Let X be a reflexive real Banach space and f: X — R be a totally convex
function. If {D¢(xy, x0)} is bounded for any xy € X, then {x,,} is bounded.

Lemma 2.8. [31] If f: X — R is uniformly Fréchet differentiable function which is bounded on
bounded subsets of X, then V f is norm-to-norm uniformly continuous on bounded subsets of X
and hence both f and V f are bounded on bounded subsets of X.

Lemma 2.9. [34] Let X be a reflexive real Banach space with dual X* and let g: X — (—o0, +00]
be a strongly coercive and strongly convex function with strongly convex conjugate g* and let
x = (u,v) € X x X*. Then, the function f: X x X* — (—o0, 00| defined by

fx) = g(u) + g7 (v),
is strongly coercive and strongly convex.

Lemma 2.10. [24] Let X be a reflexive real Banach space with dual X* and let A: X — X* bea
hemicontinuous monotone mapping. Then, A is maximal monotone.

Note that for any continuous monotone mapping A, the set N(4) = {z € X : Az =0} is
closed and convex (see, e.g., [39]).

Lemma 2.11. [24] Let X be a reflexive real Banach space with dual X*. Let E = X x X*
with norm ||z||% = ||u||% + ||[v||%~, where z = (u,v) € E. If F: X — X* and K: X* —
X are hemicontinuous monotone mappings, then the mapping A: E — E* defined by Az =
(Fu — v, Kv + u) is maximal monotone.

Let X be a reflexive real Banach space with dual X* and let g: X — (—o0,+o¢] be a
proper, convex and lower semi-continuous function. If g is strongly coercive, bounded
on bounded subsets of X and Legendre function, then its Fenchel conjugate g*: X* —
(—o00, +0o0] is also strongly coercive, bounded on bounded subsets of X* and Legendre
function [34]. If we define f: X x X* — (—o0, +00] by

f(@) = g(u) +97(v), = (u,v) € X x X7,

then it can be easily verified that f is a bounded Legendre function on bounded subsets
of X x X*. Moreover, if g is uniformly convex and uniformly Fréchet differentiable func-
tion, then f is Fréchet differentiable and Vfx = (Vgu, Vg*v) [34]. By Lemma 2.4 and
Lemma 2.8, we have that Vg and Vg* are uniformly continuous on bounded subsets of
their domains and hence V f and V f* are uniformly continuous.

3. MAIN RESULT

In this section, we present precise statement of our algorithm and discuss its convergence.
We will make use of the following assumptions for the convergence of the proposed algo-
rithm:

Conditions

(C1) Let X and Y be reflexive real Banach spaces with dual spaces X* and Y*, respec-
tively;



Split Equality Hammerstein Equations in Reflexive Banach Spaces 53

(C2) Let F1: X — X*, Ki: X* = X, For Y = Y* and Ky: Y* — Y be uniformly
continuous monotone mappings;

(C3) LetTy: X — Z and S1: Y — Z be bounded linear mappings with adjoints 77" and
ST, respectively, where Z is another reflexive real Banach space;

(C4) Let the set of solutions of (1.9), denoted by A, be nonempty. That is,

A={(u*p*) e X XY :u* + K1 Fiu* = 0,p* + KoFop* = 0 and Thu* = Sip*} #
0;

(C5) Let g: X, Y — (—o00, +00] be a strongly coercive, lower semi-continuous, strongly
convex, bounded and uniformly Fréchet differentiable Legendre function on
bounded subsets with strongly convex conjugate g*. Let the strong convexity con-
stants of g and ¢g* be 1 and s, respectively, and let 5 = min {31, 52};

(C6) Let {a,} C (0,1) be such that lim,, oo v, =0and Y 2 | a;, = o0;

(C7) Let {¢,} be a positive sequence such that ¢,, € (0, §> and Sn — 0asn — oo.

Qn
Remark 3.2. We note that the conditions (C6) and (C7) ara easily satisfied by, for example,

1
taki n=——and(, = —5—.
aking o n+1an ¢ P
Lemma 3.12. Let X be a real normed space with dual X*. Let F: X — X*and K: X* — X
be uniformly continuous mappings. Let E = X x X* be the Cartesian product space with norm
l|z||% = ||ull% + ||v]|%-, where x = (u,v) € E. Then, the mapping A: E — E* defined by
Az = A(u,v) = (Fu — v, Kv + w) is uniformly continuous.

Proof. Let x,, = (un,Vn),Yn = (Wp, 2,) € E be such that z,, — y,, — 0 as n — oco. That is,
u, — w, — 0and v,, — z, — 0asn — co. Now,
(3.22)

[|Az,, — Aynl| = || (Fun — v, Koy + uy) — (Fwy — 2, Kz + wy) ||

= || (Fuyp — Fwy, + 25, — v, Kvyy — Kz + w — wy) |

N |

— {||Fun — Fw,, + 2z, —vn||2 + || Kvp — Kzpp + up —wn||2}

1
2 219
< {11Fun = Fuoall + 120 = val I? + [[1Kvn = Kznl| + [lun = wall* } 2.

Since F' and K are uniformly continuous and the norm is a continuous function, we have
that |[Fu, — Fw,|| — 0 and ||Kv, — Kz,|| = 0 as n — oco. Thus, taking the limit of
both sides of (3.22) yields that ||Axz, — Ay,|| — 0 as n — oo and hence A is uniformly
continuous. g

The following notations will be used in the undermentioned algorithm.

1
0 = {lIVgun = Vgun 1|2 + |Vg 00 — Vg vn ][} 2,

1

2.

P, = {I\Vgpn = Vgpn1l? + Vg an — vg*Qn71H2}
Algorithm 3.1

Initialization: Let ug,u1,€ X, vo,v1,€ X*, po,p1,€ Y, qo,q1,€ Y*, 0 > 0, n e (O,ﬁ),
l,7,€(0,1). Foru e X,v € X*,p €Y and ¢q € Y*, calculate {u, }, {vn}, {pn} and {¢.} as
follows:
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Step 1: Let the current iterates be u,—1,un € X, vy_1,vn € X%, pp_1,pn € Y and
Gn-1,qn € Y*. Choose 0,, such that 0 < 6,, < 6,,, where

, Cn .
9;7(: mzn{@,w}, Zf @n—I—q)n;éO
0

otherwise.
Step 2: Compute
e1n = Vg* [Vgu, + 0, (Vgu, — Vgun—_1)],
ean = Vg [Vg v, + 0, (Vg v, — Vg v,_1)],
hin = V9" [Vgpy + 0n (Vgpn — Vgpp—1)]
han = Vg[Vg g + 0, (V9" 0 — Vg gn-1)].

)

Step 3: Compute
21n = V" [Vgern —vTi Jz (Thein — Sihin)],
r1in = Vg [Vghin — mSTJz (S1hin — Tie1n)],
where 0 < p <7, < p; with

Bl|Tie1n — Sihin|? }
T3 Tz (Trern — Sthan)ll? + (|57 Iz (S1hin — Trenn)||?]
forn € Q= {m e N:Tie1y — S1him # 0}, otherwise 7, = p.

Step 4: Compute

(323) Yin = v.g* [v.gzln - /\n(Flzln - 6277,)}

= mi 1
p1 mm{p+ 3

(3.24) Yan = Vg [Vg*ean — M (Kiean + 214)]
tin = V" [Vgrin — nu(Farin — hay)]
ton = Vg [Vg han — nn(Kahan + 110)] s
An =yl and 1, = yI™", where j, is the smallest nonnegative integer j satisfying
W [HFlyln — Fizin + e2p — y2n||2 + ([ K1y2n — Kiean + y1n — Zln||2]
< g {llyin = z1nll? + lly2n — e2nl?]
and m,, is the smallest nonnegative integer m satisfying
Y [[|Fot1n — Forin + hon — tan||? + || Katan — Kohap + tin — r1n]|?]
< g [ltin = rial? + ltzn — honl?] -

(3.25)

(3.26)

Step 5: Compute
a1n = V9" [Vgyin — An(Fryin — Fizin + €20 — Y2u)] s
azn = Vg [Vg yan — An(K1yan — Ki€an + Y1n — 210)] ,
k1n = Vg* [Vgtin — Mn(Fatin — Forin + han — tan)],
kan = Vg[Vg tan — mn(Katan — Kohon +tin —110)] -
Step 6: Compute
Unt1 = Vg* [anVgu + (1 — ap,)Vgar,],
Unt1 = VglanVg v+ (1 — an)Vgras,],
Pn+1 = Vg [, Vgp + (1 — a,)Vgki],
Gn+1 = VglanVg g+ (1 — an)VgTka,].
Setn =n + 1 and go to Step 1.
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Lemma 3.13. Assume that the conditions (C'1) — (C7) hold. Then, the Armijo-line search rules
(3.25) and (3.26) are well defined.

Proof. We consider two cases on z1,, and 71,:

Case I. Assume that zy,, is a solution of the Hammerstein type equation v + K1 Fyu = 0.
That s, z1,, + K1Fi21, = 0 with es,, = F;21,. Then, we have

(Fiz1n — €2n, K1€9, + 215) = (0,0),
which implies that

(3.27) Fizi, — €2, =0,
and
(3.28) Kies,, + 21, = 0.

Substituting (3.27) and (3.28) into (3.23) and (3.24), respectively, we obtain that yi,, = 21
and y9,, = es,. Thus, we have

(329) ||y1n - ZlnH2 + Han - e2n||2 = 0.
On the other hand, we have
(3.30) AV [[|Fiy1n — Fizin + €20 — yonll* + [|K1y2n — K12 + y1n — 210| ] = 0.

for every nonnegative integer j. From (3.29) and (3.30), we conclude that inequality (3.25)
holds for j = 0.

Case II. Assume that 2, is not a solution of the Hammerstein type equation u+K; Fiu =0
and assume on the contrary that for all j we have

[1F1pn; — Fizin + €2n — anjl||> + || K1anj — K1€2n + pnj — z10|°]

3.31
( ) > % [||p”j_zln”2+||qnj_62n||2] 5

where pn; = Vg* [Vgz1n — Y (Fiz1 — €20)] and ¢n; = Vg [Vg*ean — Y (Kie2 + 210)].
Since Vg* and Vg are continuous, we have

(3.32) lim ||pn; — z1n|| = lim ||Vg* [ngln - vlj(Flzln - egn)] — z1a]| = 0.
Jj—o0 J—r00
Similarly,
(3.33) lim |[gn; — e2nl] = 0.
j—o0

Since F; and K are uniformly continuous, we obtain using (3.32) and (3.33) that

(3.34) ]11)120 ([|Fipnj — Fizin + €2n — sl + || K1Gn; — K1€2n + pnj — 21a]]?) = 0.

Combining (3.31) and (3.34), we obtain

i H o 2 o 21\ _
i (25 g = 10l + Ny = e2nl?)) =0

from which we obtain
(3.35) lim (20— Fn) o gy (IS0
j—ro0 'le j—o0 "Ylj

The Lipschitz continuity of Vg together with (3.35) gives

Vgpn; — ngm) 0

(3.36) lim ( T

j—o0
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Since p,,; € X, one can write p,,; = P$Vg* [Vgz1, — 7 (Fiz1, — €2,)] and thus we have
by (2.16) that

(3.37) (Vgzin =YV (Fizin = €20) = Vgppj,y — pnj) <0 for all y € X,
which implies that
Vgzin — Vgpn;
@38  ( 7
Taking the limit as j — oo in (3.38) and using (3.36), we obtain
(3.39) — lim (Fiz15, — €20,y — Pnj) <0 for all y e X.
Jj—o0

Y= Png ) = (Fiz1n = €20,y = pag) SO for all ye X,

Taking Yy = —J‘l(Flzln — egn) + Pnj in (339), we obtain <J_1(F121n — €2n), Fizip, — 62n> =
||Fy 21, — €25 ]|* < 0 which implies that

(3.40) Fiz1, —es, = 0.
Similarly, we can show that

(3.41) Kieap + 21, = 0.
Combining (3.40) and (3.41), we get

(3.42) (F121n — €an, K1eapn + 214) = (0,0),

and this implies that z;,, is a solution of the Hammerstein type equation v + K1 Fiu = 0
which is a contradiction. Thus, (3.25) holds. Considering similar cases on ry,, it can be
shown that (3.26) holds and hence the proof is complete. O

Theorem 3.1. Assume that conditions (C1) — (C7) hold. Then, the sequences {u,} C X,
{vn} C X*, {pn} C Y and {q,} C Y* generated by Algorithm 3.1 are bounded.

Proof. We have from Lemma 2.10 that F; and K; are maximal monotone mappings. If
we define a norm on By = X x X* by [[z]|3, = [|ull% + [[v][%-, then we have by
Lemma 2.11 that the mapping A;: Eq — Ef given by A1z = (Fiu — v, K1v + u), where
x = (u,v) € E,,is a maximal monotone. Similarly, the mapping A,: E; — E3 given by
Asw = (Fap — q, Koq + p), where w = (p,q) € E2 =Y x Y*, is a maximal monotone. If
welet B3 =Z x Z*and T : By — E3, S : E; — Ej3 are mappings defined by T' = (77, 0)
and S = (51,0), then Algorithm 3.1 can be rewritten as follows:

Initialization: Let 2,21 € E1, wo,w; € E2,0 >0, u € (0,8),1,v,€ (0,1). For z = (u,v) €
E; and w = (p, q) € Es, calculate (x,,, w,,) as follows:

Step 1: Given the current iterates z,, 1,2, € E1 and w,_1,w, € E3, choose 0,, such that
0<4#, <6,,where

(3.43) 0, = mm{e, ®n+®n}, if ©,+®,#0
0

otherwise,
Step 2: Compute
(3.44) en =V \Vfe,+60,(Vfr, —Vfr,_1)],
hn = V[V fw, + 0, (Vfw, — Vfw,_1)].
Step 3: Compute
(3.45) 2n =V [Vfen — T Jg, (Te, — Shy)],
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T = V[ [Vfhy —wS* g, (Shy — Teyp)].
Step 4: Compute
(3.46) Yn =V [Vizn — AAi1zn],
tn =NV [ [V frn —mnAsra],

for A, = vl» and n,, = yI™", where j, and m,, are the smallest nonnegative integers j
and m satisfying the relations

Y| Aryn — Arzn|| < pllyn — 2a|| and

’Vlm”AQtn - AZTnH S /1'||tn - Tn”v

respectively.
Step 5: Compute

(3.47) a, = Vf* [v Fn — An(A1yn — Alzn)},
ky =V f* [v Fto — n(Astn — Agrn)]

Step 6: Compute

(3.48) T = VI [anV o+ (1= an)V fan |,

Wyt = Vf* [aanw +(1- an)kan]
Setn =n 4+ 1 and go to Step 1.

where f: Eq, E; — (—00, +00] is defined by f(u,v) = g(u)+¢*(v). Note that z,, = (un,vy),
Wy, = (Pn, ¢n) and f is uniformly Fréchet differentiable Legendre function that is bounded
on bounded subsets of E; and Es. By Lemma 2.9, we have that f is strongly coercive and
strongly convex with constant (.

Now, let (u*,p*) € A. We observe that * = (u*,v*) solves A;x = 0 if and only if u* is a
solution of the equation u+ K Fiu = 0, where v* = Fyu*. So, the set of null points of A4, is
nonempty. Similarly, it can be shown that the set of null points of A, is nonempty. In ad-
dition to this, we have Tyu* = S1p*. Thus, IT = {(2*, w*) € N(A41) x N(A43) : Ta* = Sw*}
is nonempty.

Now, let (z,w) € II. From Lemma 2.3 and (3.48), we have

Df(.’f}, xn_H) = Df(.’f}, Vi (a,Vfr+(1-— an)Vfan))
< aan(jj, z)+(1— O‘n)Df('ia an).

From (2.12) and (3.47), we obtain

(3.49)

(3.50)
Dy (&,an) = Dy (2, Vf* (Vfyn — A (Aryn — A120)))
= f(2) = (Vfyn — A(A1yn — A120), 2 — an) — f(an)
= f(2) + (Vfyn,an — ) + M (A1yn — A124), 2 — an) — flan)
= f(@) = (Vfyn: @ — yn) — f(Yn) + (VI Yn, & — yn) + f(yn)

<vfyn7 Gp — 'T> < (Alyn - Alzn) an> - f(an)
= Df(j"a y’ﬂ) + <nyna an — yn> + f(yn) - f(an) + <)‘n(Alyn - Alzn)ai - an>
= Df('fjv yn) - Df(ana yn) + <)\n(Alyn - Alzn)w% - an>-
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Using (2.14), we have
(351) Df(:i'a yn) - Df(anvyn) = Df(i%v Zn) - Df(anvzn) + <vf2n - nym - an>~

Combining (3.50) and (3.51), we obtain

(3.52)
Df (ivan) = Df(fi'azn) - Df(anazn) + <)\n(A1yn - Alzn)ai' - an> + <Vf2n - nyn,ﬁ - an>~

From (3.45), (2.20) and (2.21), we have

Dy (%,2,) =Dy (2, Vf* (Vfen — T Jg,(Ten, — Shy)))
=V;(2,Vfen —T*Jg,(Te, — Shy))
<Vi(&,Vien) — (T I, (Ten — Shy), z2n — &)
=Dy (&, en) — (T Jgs(Ten — Shy), 2n — Z).

(3.53)

Substituting (3.53) into (3.52), we get

Dy (Z,an) < D¢(Z,en) — Df(an, 2n) + (An(A1Yn — A12n), T — an)

3.54
(3:54) +{(Vfzn = Vfyn, T — an) — (nT*Jg,(Ten — Shy), 2n — T).

From (2.13), we obtain

(3.55) Dy(an,zn) = Dy(an,yn) + Dy(Yn, 2n) — (Vfyn — Vf2n, Yn — an).
Combining (3.54) and (3.55), we obtain

Dy (%,an) < Dg(2,en) — Dy(an, yn) — Df(yn, 2n)
+ <nyn —Vfzn,yn — an> + <)‘n(A1yn - Alzn)v% - an>
(3.56) + (Vfzn = Viyn, & —an) — (WT"Jg, (Ten — Shy), 2, — I).
= Dy(&,en) = D(an, yn) — Df(Yns 2n) +(Vfyn — Vzn, yn — 1)
+ A (A1yn — A120), T — an) — (T g, (Ten, — Shy), 2n — T).

From (3.44) and (2.12), we have

(3.57)

Dy (&,en) = Dy (2, Vf* (Vfxn + 0,(Vfr, —Vfr, 1))
= f(@) = (Vfrn + 0. (Vfr, = Vfr,1),2 —en) — f(en)
= (&) = (Vfxn, & —en) = (On(Vfrn = Ve 1),& —en) — f(en)
= f(#) = (Vfrn,@ —zn) = f(xn) + (Vfn, & —zn) + f(2s)

- <fon7§3 - en> - <0n(vfxn - vffl'nfl%ij - en> - f(en)
= Df(jvxn) + <vf33n7 €n — $n> + f(xn) - f(en) - <9n(vfxn —Vfan_1),% - en)
=D (&,x,) — Dy(en,z,) — On(Vfzy — Vr,_1),& —ey,).
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Substituting (3.57) into (3.56), we obtain

Df(j>an> < Df(i"vxn> Df(anayn) Df(ymzn> - Df(emwn)
+ (Vifyn = Vifzn,yn — &) + (An(A1yn — A120), & — an)
— (0n(Vfxy, —Vfrn_1),&—en) — (WT* g, (Ten — Shy), z2n — I)
=D¢(Z,2n) — Df(an,Yn) — D§(Yn, 2n) — Dy(en, n)
+ (Vfyn = Vizn,yn — ) + An(Aryn — A120), & = Yn + Yo — an)
— (0n(Vfxy —Vfrn_1),&—en) — (WT* g, (Ten — Shy), 2n — &)
:Df(jvxn) Df(anayn) Df(ynazn)*Df(emzn)
+(Vfyn = Vizn,yn — 2) + (An(Ar1yn — A120), & — yn)
+ <)‘n(Alyn - Alzn)v Yn > (0 (men ~Vfr,1),T —en)
— (T Jg,(Ten, — Shy,), 2, — 1)
= Df(j Tp) — Df(anayn) - Df(yna 2p) — Df(envfrn)
+ A (A1yn — A120),Yn — an) — (W T Jg, (Ten, — Shy), 20, — T)
— 0n(Vfxy, —Via,_ 1) en)
= An(Aryn — Arzn) = (Vfyn = Vifzn) .y — 3).
Since & € N(A;), we have from (3.46) that

<>\7L(A1yn - Alzn) - (Vfl/n - szn) s Yn — i‘>
= (MAryn — (Vfzn = Vfyn) = (Viyn — Vzn) yn — 2)
= <)\’ﬂA1y’na Yn — £%> 2 07

(3.58)

where the last inequality follows by the virtue of monotonicity of A;. Thus, the relation
(3.58) can be simplified to

Df(iaan) < Df(ivxn) - Df(anayn) - Df(yn,zn) - Df(envxn)
(359) + <)\n(A1yn - Alzn)ayn - an> - <9n(vfmn - fonfl),:fj - €n>
— (VT Jg,(Ten — Shy), 2z — &).

Moreover, by the Cauchy Schwarz inequality and (2.15) we have

(3.60)
(On(Vfrn = Vfra_1),2 —en) < 0|V fa, =V fr, |l ||2 — el
= On|[Vfrn — Vi, ol [[(Z —en) x 1]

O .
< SV Fan =V fanall [l - enl* +1]
O .
- ?Hfon —Vfz,_1| [Hx—xn—I—mn —enH2 + 1}
O R
< S IIVfan =V ag|l [21|& — x| * + 2[|zn — enl]* +1]

4
—=Dy¢(en,zn) +1

0 4 .
< SV Fan = Vfzail| BDf(x,xn) t3

20,
—||fon — Ve, 1||Ds(Z, xy)

’I'L 071
+7||fon_vfxn71”Df(enaxn)"‘?vaxn_vfmnle
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Substituting (3.60) into (3.59) and using (3.25) and the Cauchy Schwarz inequality, we
obtain

3.61)
Df(-i'7an) < Df(j:;xn) - Df(a'ruyn) - Df(ynvzn) - Df(@n,l'n) + )\n”Alyn - Alan ||yn - anH

20,, . 20,,
+ FHfon - men_lan(I,In) + FHV.]CIW - vfxn—IHDf(en»xn)
O, . .
+ ?vaxn = Vfz, || = (wmT*Jg;(Ten — Shy), 2n — T)
< Df(i‘axn) - Df(a’myn) - Df(ynvzn) - Df(envxn) +M|‘yn - Zn” ||yn - an”

20, N 20,
+ 7||fon - fonflan(xaxn) + FHmen - fonflan(emxn)

0 . N
+ ?Hfon —Vfn_1ll — (WT"Jg,(Ten — Shy), 20 — &)

[lyn—2nl1? + [lyn —an||?
2

< Df(:i;xn) - Df(anayn) - Df(ynvzn) - Df(envmn)+ﬂ
20,, . 20,
+ 7||Vfl'n - fonflan(xaxn) + FHmen - fonflan(en»xn)

0 . N
+ ?Hfon —Vftn1ll — (WT I, (Ten, — Shy), zn, — &).

From (3.61), (2.15) and (3.43), we obtain

(3.62)

Df(i'aan) < Df(i";xn) - Df(anayn) - Df(ynvzn) - Df(envxn) + %Df(ynazn) + %Df(anvyn)

20, N 20,
+ 7||fon - fon—lan(xaxn) + FHfon - fon—lan(emxn)

On . .
+ ?HVf:cn —Vfn-1ll = (WT g, (Ten — Shy), zn — &)
It

< Df(jaxn) - Df(anvyn) - Df(ynazn) - Df(enaxn) + %Df(ynazn) + ﬁDf(avnyn)
2 n ~ 2 n n * ~
+ g Dy(&,zy,) + %Df(en,zn) + 42 — (WT*Jg,(Ten, — Shy,), 2, — T)

= (1 + 2;") Dy(i, ) — (1 - 2;") Dy(en,zn) — (1 - Z) Dy¢(an, yn)

- (1 - g) Df(ynyzn) + %l - <’7nT*JE3(T€n - Sh")’zn o i‘>

Since ¢, € (0, g) and p € (0, 8) , we obtain from (3.62) that

(.63)  Dy(i,an) < (1 + 22") Dy (&, 2,) + %” — (T*Jg,(Tepn — Shy), 2n — ).
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Substituting (3.63) into (3.49), we obtain

(3.64)
Dy(avtnan) < auDy(,)+ (1= ) | (1425 ) Dytan) — (1= %) Dyten)]|
~=an (1= 5) Drtanan) + (1-4) Dtyn,on) - §
— (1= ) (T T (Ten — Shn), 2 — ).
Similarly,
(3.65)
Dyl 00:) < anDs(a) + (1 - ) | (14 25 ) Dsawn) = (1= %) Dy

—(1—an) [(1 - Z) Dy, tn) + (1 - g) Dy (tn, ) — ﬂ
(1= an)(mS* Jg, (Shy — Tep),rn — ).

Let Q,, = Dy (%,x,) + Dy(,w,) and ¥ = Dy(&,z) + Dy(,w). Then, combining (3.64)
and (3.65), we obtain

2¢,
(366) Qn—i—l S OénE =+ (1 — ozn) (1 + ﬁ) Qn + (1 — Ozn)Cn
— (1 = an)w(Je,(Ten — Shy), Tz, — Sry).
But,
(3.67)

—(Jg,(Ten — Shy,), Tzp — Sry) = —=(Jp, (Ten, — Shy,), Ten, — Shy)
— (Jgy,(Ten, — Shy), Tzy, — Tey)
— (Jp,(Tep — Shy), Shy — Stn)
= —|[Ten — Shy||> = (T* Jg,(Ten — Shy), 2, — €n)
—(hp — 10, ST, (Te,, — Shy))
< —||Ten — Shn”2 + |20 — enl| [|T* JEgs(Ten — Shy)||
+ [|hy = 1l [ 11S™ Ty (Ter, — Shy)||.

From the strong convexity of f and the definition of z,, we have

lzn = enll = [IVf* (VF(en) = T Jgs(Ten — Shy)) = VI (V(en)) |l

(3.68) < %HT*J& (Ten — Shy)l.

Similarly, the strong convexity of f and the definition of r,, imply that

|0 — hall = [IVF* (V fhy, — VnS*']Es (Shy —Tey)) = VI (Vfhy)|l

3.69 _—
(3.69) g%ns Jp, (Shn — Tep)||.
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Substituting (3.69) and (3.68) into (3.67), we get

(3.70)
2
(T, (Ten — Shy), Tz — St < —nl|Ten — Shy|? + %"HT*JES (Ten — Shy)|?
,)/2
+ FHHS*JE:J.(Shn - Ten)HQ
< —LlITen = Shall? = Z||Ten — Shal P

n 2 n *
+7{ o JES(TenShn)|2}

2 | 8
I [ 200 ) g _ 2
+ 3 { 515" iy (Sha = Teu)| }

< —LllTeq — Shal P

B ¢,

Lete € (O, 2). Since =* — 0 as n — oo, there exists a natural number ng such that
o

¢, < ape for all n > ny. So, combining (3.70) and (3.66), we obtain

Uit < an + (1 - ay) (1 + 22) Qp+(1—an)C, — (1— an)gHTen — Shy|?
< S+ (1 ), + 25;‘" Q +ca,
3.71) = [1 —an (1 - 2;)] Qp +a, [E+¢]
B 2 2e B pe
[ (125 oo (0-5) [52% + 522
B Be
SmaX{Qn,B_QE—Fﬂ_QE}.

By the Principle of Mathematical induction, we have

Qngmax{Qo,ﬂE—F pe }

B—2 [—2
Thus, {Q,,} is a bounded sequence. This in turn implies that the sequences {D(&,z,)}
and {D(w, w, )} arebounded. So, by Lemma 2.7 we have that {z,,} and {w,, } are bounded
and hence {u,}, {vn}, {pn} and {g,} are bounded sequences. O

Theorem 3.2. Assume that conditions (C1) — (C7) hold. Then, the sequences {uy}, {vn},
{pn} and {q, } generated by Algorithm 3.1 converge strongly to u, v, p and q, respectively, where
(a,p) € A, v = Fruand ¢ = Fsp.

Proof. Let Il = {(z*,w*) € N(A1) x N(Ag) : Tax* = Sw*}, where A;, A2, T and S are de-
fined as in the proof of Theorem 3.1. Now, let (z,w) = Pﬁc(x,w), where z = (u,v),
w = (p,q) T = (4,?) and w = (p, ¢). Then, by (2.18), we have

(3.72) (Vfz,Vfw)— (Vfz,Vfw), (z,r)— (2,w)) <0,
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for all (z,r) € II. From (3.48), (2.20), (2.21) and Lemma 2.3, we get
(3.73)
D¢(z,2n41) = Ds(2, V" (nVfr + (1 — an)Vfa,))

= Vi@, a,Vfr+ (1 —on)Vfay)

<Vi(@,anVfr+(1—a,)Vfa, —a, (Vfr—Vfz))

+(an (Vfr =V fi), xpn1 — @)

= Vi@, a, Vit + (1 — o)V fay) + (an (Vir = VL), zpp1 — &)

=D,V (VT + (1 —an)Via,)) + (an (Vfr =V f2), x4 —T).
Since Dy(z,z) = 0, we obtain from (3.73) and (3.63) that

(3.74)
Dy(#,2ni1) < (1= ) Dy (#.00) + (o (V= V&) 20i1 — &)

(1 - ) |:<1 + 2271) Df(‘%vmn) + %l - <'7nT*JE3(Ten - Shn)vzn - -%>

+{an (Vfx —=VfI), zhe1 — )

IN

=(1-ay) (1 + 2;") Dy (&, 2p) 4 (1 —an) %"
- (L=a, )T Jgy(Ten = Shn), zn — &) + (an (Vfr = Vi), 201 — T)
< (1—ay)Df(d,x,) + %Df(m xn) + %
— (1= )T Jg,(Ten — Shy), zn — 2) + (a, (Vix — VfT), 241 — 2).
Since % — 0asn — oo, forany ¢ € (O, g), there exists a natural number ng such that

¢, < ane for all n > ng. Thus, we obtain

(3.75)

2eq .
Dy(z,2p41) < (1 —ayp) Dy(z, ) + JDf(x,xn) + Sn

B 2
— (1= )T Jgy(Ten — Shp),zn — ) + {an (Vix =V ), xpni1 — )

= _1 —ay, (1 — 2;) Dy(z,x,) + C—n +{(a, (Vfx =V fi),xpy1 — T)

- (1 - CY7L)<’YnT*JE3 (Ten - Shn)7 Zn — 5%>

anCn

’I’L

IN

i e
1—a, <1—;) Dy(z,xn) + an||V e — V|| ||2ne1 — xn||—|—

+{(an (Vfx —=VfE),z, —2) — (1 — a, )T Jg,(Ten — Shy), 2n — x)

< _1 —ay, (1 — 2;) Dy(z,z,) — (1 — a, ) (T Jg,(Ten — Shy), 2n — T)
' 26\ [BIIV Sz = V|| [[2ni1 — 2l
R R
2e 5<Vf$—Vf.%,(En—f%> ﬁCn
”"(1_5) [* B2 +(2ﬁ—4e)a}

= [1 —ay, <1 - 2;)] Dy(z,z,) + <1 — 2;) A,
- (1 - an)<7nT*JE3(T6n - Shn)7zn - ao:>7
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where
BV fr =V fz|| [|[2ne1 — 20l | BVfr -V fi,z, —T) BCn

B = B — 2 + B — 2 +(254€)0¢n]

Similarly,
— (I —a, ) {(S"Jg,(Shy — Tep),rn — W),

where

T {mvfwVfﬁ)lllwmrl”wnllJrﬂ(VJ"’wVJ"’?iuwnU?)Jr BCn ]

" B—2 B—2¢ 28 —4e)an |’

Denote ¥* = D¢(z,z) + Dy(w,w) and QF = Ds(z,z,) + Dy(w, w,). Now, combining
(3.75) and (3.76) and using the relation (3.70), we obtain

(3.77)

O < [1 —a <1 - 2;)] O+ an <1 - 2;) (Ap+T0) — (1 —an)gHTen — Sha|?

2¢e 2e
<{l—apl== )| +a,[1——=)(Ar+Ty).
[ ( B )] < B ) ( )
Adding the relations (3.64) and (3.65) with & = & and @ = % and using (3.70) gives

(=) (125 Dstenan) + (= an) (1= 5 ) Drfann)

B B
1 26n
+(1—an)(1- 3 D¢(Yn,2n) + (1 —0ap) | 1= a D¢ (hp,wy)
(3.78)
+(1—ay) (1 - g) Dy (kn,tn) + (1 — o) (1 - g) Dy(tn, )
+ L1 Tey — Shal2 < 8 — % |24 (1) an 4 ]
9 = n n+1 B n an
Now, suppose {€2 } is a subsequence of {€2},} with the property
(3.79) 1ikn_1>gf Q. -5 ) >0
Taking the limit on both sides of (3.78) we obtain
(3.80) lim ||Ten,, — Shy, || = 0.
k—o0 )
From (3.78), (3.79) and Lemma 2.5, we obtain
(381) lim ||€7lk - xnk” = lim Hank - ynk” = lim Hynk - an” =0,
k— o0 k—o00 k—»o00
and
(3.82) Hm ||hp, —wn, ]| = Um ||kp, —tn, || = Hm ||[tn, —70.]] =0.
k—o0 k—oc0 k—o0

From (3.45) and (3.80), we obtain
IV fzn, = Venl = w1 T Jpy (Ten, — Sha,)l|
< (p+ DT Jgs(Ten, — Shn,)||
< (p+ DT || JEs(Ten,, — Sha, )|l = 0 as k — oo,
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which implies, together with the uniform continuity of V f*, that
(3.83) lim ||zn, — en,|| =0.
k— 00

From (3.48) and the condition on «,,, we have

nh_{%o vaxnk-‘rl - VfankH = kli_>Holo ||a"kvf'r + (1 - ank)vfank - VfankH

3.84
(3.84) = lim ap,||Vfz —Vfan,| =0.
k—o0

From (3.84) and the uniform continuity of V f*, we obtain

(3.85) lim ||@p, 41 — an,]| = 0.
k—o0

Consequently, from (3.81), (3.83) and (3.85), we obtain

||mnk+1 _xnkH < Hxnk-i-l - ank” + ||ank _y”lk” + ||y7lk: - an”

3.86
(059 + 12ne = €ngl| + lleny — Tnyl| = 0 as k — <.
Similarly,

k—oo

Since {(zn,,wn,)} is bounded in E; x E3 and E; and E, are reflexive, there exist a
subsequence {(xnkj,wnkj)} of {(xn,,wn,)} and an element (Z,w) of E; x E3 such that

(xnkj , wnkj) — (&, w) and

lim sup((V f, V f1) — (V £, V fib), (@, wn,) — (& 1))

k—o0

= lim ((Vfa, Vfw) = (Vi VIi), (@, s 0, ) — (,10)).

J]—o0

Moreover, we have Ty, = Z and W, — w. Now, we show that (z,w) € II. Let (g, 2) €
G(A;), where G(A;) is the graph of A;. We have from (3.46) that

vfynkj = vfenkj - )\nkj Alenkja

that is,

1
A,

‘3

(ernkj - nynkj) — Alenkj =0.

Thus, we have

1
)\"’9.7’

(2= Mg =7 (Vfens, = Vivm, ) + Areng 5= v, ) =0,
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which implies that
(3.88)
o _ 1 _
<Z7 Yy — ynk]> = <A1y + A (ernkj - vfynk]) - Alenkj Y — y'nkj >
Nk -

J

1
= <A1§ - Alenkj Y — ynkj> + <)\nk (vfenkj - nynk]) Y — ynkj>
< g Alynk +A1yn;€ Ale’ﬂk 7y ynk >
1
+ <>‘nk (ernk - vfy’ﬂk ) Y= Yny, >

<A1y Alynk 7y ynk > <A1ynkj - Alenkj ) g - ynk.j>

+ </\ (ernkj - vfynkj) Y- Y, >

> <A1y"kj - Alenkj Y= y"kj> + <

Nk -
k]

1 _
A (vfenkj - vfynkj) VY T Ynay >7

where the last inequality holds by the virtue of the monotonicity of A;. Since A; and V f
are uniformly continuous, we have from (3.81) and (3.83) that

lim ||Aien, — A1yn, || = lim ||[Vfen, —Vfyn,. ||=0.

J—00 J J j—o0 J J
Thus, from (3.88) we conclude that (z,§ — &) > 0. By the maximality of A;, we have that
Z € N(A;). Similarly, one can show that @ € N(A,).
Moreover, by Lemma 2.1, we have

(3.89)
T2 — Sw||* = ||Ten,, — Shu,, +T% —Ten,, + Shy, — Sl
< |[Ten,, — Sha,, 112+ 2(Jp, (TE — S), TZ — Ten,, + Shy,, — Sw).
From (3.81) and (3.82), we have that eny, — I and hnkj p. Since T' and S bounded
linear mappings, they are sequentially weakly continuous and hence wehaveTe,, —Ti

and Shnkj Sw. Thus, we obtain from (3.80) and (3.89) that 7% = Sw. Therefore
(z,w) € IL

By (2.18), we have
lim Sup<(Vf$, VfU/) - (vf*%a Vfﬁ))? (xnk7wnk) - (‘%7 dj»
k—o0
(3.90) = lim (Vfa, Vfu) = (V& Vi), (0, wn,,) = (&)

From (3.77), (3.86), (3.87), (3.90) and Lemma 2.6, we obtain
lim QF =0,

n—oo

which implies that lim,,_,oc D (2, ) = lim,, o Dy(w, w,) = 0 and hence we obtain, by
Lemma 2.5, that ||x,, — Z|| — 0 as n — oco. Therefore, lim, o 2, = limy, o0 (U, v,) =
(@,0) = &, where u is a solution of v + K; Fiu = 0 with v = Fy4. Similarly, lim, o, w,, =
limy, 00 (P, Gn) = (P, q) = w, where p is a solution of p + KyFop = 0 with ¢ = Fyp. The
proof is complete. O
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If, in Theorem 3.2, we assume that F, F5, K1 and K are Lipschitz monotone mappings,
then we obtain the following corollary.

Corollary 3.1. Assume that the conditions (C1),(C3) — (C7) hold. If F; : X — X*, K; :
X" = X, Fr:Y = Y* Ky :Y* = Y are Lipschitz monotone mappings, then the sequences
{un}, {vn}, {pn} and {q,} generated by Algorithm 3.1 converge strongly to u*, v*, p* and q*,
respectively, where (u*, p*) € A with v* = Fyu* and ¢* = Fap*.

1

If we assume g(z) = §|\x||2 in Theorem 3.2, then Vg = J and Vg* = J~1. Thus, we get

the following corollary.

Corollary 3.2. Assume that the conditions (C1) — (C4),(C6), (C7) are satisfied. Then, the
sequences {uy }, {vn}, {pn} and {q, } generated by Algorithm 3.1, withVg = Jand Vg* = J 1,
converge strongly to u*, v*, p* and q*, respectively, where (u*,p*) € A with v* = Fiu* and
q" = Fyp”.

1
If we assume that X,Y and Z are real Hilbert spaces and g(z) = §||x| | in Theorem 3.2,
then Vg = J = [ and Vg* = J~! = I and hence we obtain the following corollary.

Corollary 3.3. Let X,Y and Z be real Hilbert spaces and assume that the Conditions (C2) —
(C4),(C6), (CT) are satisfied. Then, the sequences {u,}, {vn}, {pn} and {q.} generated by Al-
gorithm 3.1, with Vg = Ix and Vg* = Ix~, converge strongly to u*, v*, p* and q*, respectively,
where (u*,p*) € A withv* = Fiu* and ¢* = Fop*.

4. APPLICATION
This section deals with applications of the main result to specific cases.

4.1. Common Solutions of Hammerstein Type Equation Problems. If we consider X =
Y = Zand T1 = 51 = Ix in Algorithm 3.1, then SEHTEP reduces to common solutions
of the Hammerstein type equation problem, which is defined as finding two points u,p € X
such thatu + K1 Flu=0,p+ KoFop=0and u = p.

DenoteI' = {(u,p) € X x X : u+ K1 Fiu=0,p+ KoFop = 0 and u = p}.

Corollary 4.4. Assume that conditions (C1), (C2) and (C5) — (C7), with X =Y = Z hold.
If T # 0, then the sequences {uy}, {vn}, {pn} and {q.} generated by Algorithm 3.1 with T, =
S1 = Ix converge strongly to u*, v*, p* and q*, respectively, where (u*,p*) € I" with v* = Fyu*
and q* = Fyp*.

Corollary 4.5. Assume that conditions (C1) and (C5) — (C7), with X =Y = Z, hold. Let
Fi: X - X*, Ki: X* = X, Fo: X — X*, Kot X* — X be Lipschitz monotone mappings.
Assume that T' # (. Then, the sequences {uy }, {vn}, {pn} and {q,} generated by Algorithm 3.1
with Ty = S1 = Ix converge strongly to u*, v*, p* and q*, respectively, where (u*, p*) € T with
v* = Fiu* and q* = Fyp™.

4.2. Split Hammerstein Type Equation Problems. If we take Y = Z and S; = Iy in
Algorithm 3.1, then the SEHTEP reduces to split Hammerstein type equation problem which
seeks to find two points u € X and p € Y such that u + K; Fiu =0, p+ Ko Fyp = 0 and
Tiu =p.

Denote T = {(u,p) € X XY :u+ K1 Fiu =0, p+ Ko Fop = 0 and Tyu = p}.
Corollary 4.6. Assume that conditions (C1)—(C3) and (C5)—(C7) holdwithY = Z, S, = Iy.

Let T* = (). Then, the sequences {uy }, {vn}, {pn} and {q. } generated by Algorithm 3.1 converge
strongly to u*, v*, p* and q*, respectively, where (u*, p*) € I'* with v* = Fyu* and ¢* = Fyp*.
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Corollary 4.7. Assume that conditions (C1), (C3) and (C5) — (CT)withY = Z and S, = Iy
hold. Let Fy: X — X*, Ki: X* — X, Fo:' Y — Y*, Ky: Y* — Y be Lipschitz monotone
mappings and T'* # (. Then, the sequences {u,}, {vn}, {pn} and {q,} generated by Algorithm
3.1 converge strongly to u*, v*, p* and ¢*, respectively, where (u*, p*) € I'* with v* = Fyu* and
q" = Fyp”.

4.3. Hammerstein Type Equation Problems. If we take X =Y = Z, F, = Vf, Ky =
=V f*, Ty = S1 = 0in Algorithm 3.1, then the SEHTEP reduces to Hammerstein type
equation problem which seeks to find a point v € X such that v + K; Fyu = 0. Denote
U={ueX:u+ K Fiu=0}

Corollary 4.8. Let X be a reflexive real Banach space with its dual X*. Let F1: X — X*
and Ky1: X* — X be uniformly continuous monotone mappings. Assume that U # (). Let g:
X — (—o00,400] be a strongly coercive, lower semi-continuous, strongly convex, bounded and
uniformly Fréchet differentiable Legendre function on bounded subsets of X with strongly convex
conjugate g*. Let the strong convexity constants of g and g* be 51 and Bq, respectively, and let
B = min{p1, B2}. If conditions (C6) — (C'7), hold, then the sequence {(u,,v,)} generated by
Algorithm 3.1, with X = Z, F> = Vf, Ko = =V f*and T\ = S; = 0, converges strongly to
(u*,v*), where u* € U and v* = Fyu*.

Corollary 4.9. Let X be a reflexive real Banach space with its dual X*. Let Fy: X — X* and
Ki: X* — X be Lipschitz monotone mappings. Assume that ¥ # (). Let g: X — (—o0, +00]
be a strongly coercive, lower semi-continuous, strongly convex, bounded and uniformly Fréchet
differentiable Legendre function on bounded subsets of X with strongly convex conjugate g*. Let
the strong convexity constants of g and g* be By and s, respectively, and let § = min {81, 2}
If conditions (C6) — (C7), hold, then the sequence {(uy, vy)} generated by Algorithm 3.1, with
X=2Z F=Vf Ky=-Vf*and Ty = S; = 0, converges strongly to (u*,v*), where u* € ¥
and v* = Fju*.

5. NUMERICAL EXAMPLE

In this section, we give examples of uniformly continuous monotone mappings which sat-
isty the conditions of Theorem 3.2. A numerical experiment is also provided to illustrate
the applicability of the algorithm.

Example 5.1. Let X = Y = Z = L}([0,1]), where 1 < p < oo with the norm ||z||r,
1

(fol |$(t>|pdt)5 and g: X — (—o00, +00] be defined by g(z) = 1\|x||7’ Then, X* = Y* =
p

7% = L]ff([(), 1]), where 1 + 1 = 1. Let Fi, F5: X — X* and Ky, Ko: X* — X be defined
p q
by (Fiu)(t) = 2Vgu(t) = 2J,u(t), (F2p)(t) = 3Vgp(t) = 3Jpp(t), (K1v)(t) = Vg u(t) -2 =

Jy o(t) — 2 and (Kaq)(t) = Vg*q(t) + 1 = J, 'q(t) + 1. One can show that Fy, K1, F;

2
and K, are uniformly continuous monotone mappings and the functions u*(t) = 3 and

—1
p(t) = - are solutions of the equations u(t) + K1 Fiu(t) = 0 and p(t) + Ko Fop(t) = 0,
respectively. Now, define 71: X — Z and S;: Y — Z by

(Tt = qu(t) and (S0 = () o0

Clearly, T} and S are bounded linear mappings with

w(3)-1-9(3)
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lheIefOIe,
Y ’ 37 4

{(u*,p*) € X xY :u* + K1 Fiu* = 0,p* + Ko Fop* = 0 and Tyu* = S1p*}.
1
For simplicity of the computation, we take p = 2 so that g(z) = ¢*(z) = 3 ||z||* and Vgz =

Vg*z = Jz = Iz = z, where I is the identity mapping on L¥ ([0, 1]). Then, the mappings
F, Ky, F; and K5 reduce to (Fiu)(t) = 2u(t), (K1v)(t) = v(t) — 2, (F2p)(t) = 3p(t) and
1

K2q)(t) = q(t) + 1. If id = oy =———— =03, v=07
( (:21(])( ) = q(t) + 1. If we consider ¢, 2T 1000° “" = n3100000° M Y
an

2

1 4
acln 7hn
H2€1 +3 1

5) ,
= if neq,
Tn = (2 1e +gh 2—1— Eh —&-ge i
4 in 3 1n 9 1n 3 1n
1 )
Toooo00 1 " £

then the conditions (C'1) — (C7) are satisfied and the numerical MATLAB experiments
shown below indicate that the sequence {d,} = {(un,pn)} generated by Algorithm 3.1
converges strongly to a solution (u*, p*) of Problem 5.1 for different choices of [, 5 and 0
as it is shown in the figures below.

0.6

I < I
w EN o

lterates, ||d -(u ,p )l

o
N

0.1

Elapsed time(sec)

(UOa Vo, Po, qO) = (Ov 0'57()’ 05)/ 0= O5a /8 =0.5.

FIGURE 1
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*

o
2}

o
o

o
~

o
w

o
N

©
o

Y. A. Belay, H. Zegeye and O. A. Boikanyo

1 2 3 4 5 6 7 8 9 10
Elapsed time(sec)

(UO, Vo, Po, qO) = (0.570,0.5, 0), 0= 0.5, [ =0.5.

FIGURE 2

1 1 1 1 1 |

4 6 8 10 12 14 16

Elapsed time(sec)

(Uo,vo,po,qo) = (05,05,05,05), = 02, ﬁ =0.5.

FIGURE 3
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Remark 5.3. FIGURE 1 reveals that the convergence of the method gets faster as [ gets
closer to zero while all other parameters and initial points are kept fixed. We also observe,
from FIGURE 2, that the convergence of the method gets faster as the strong convexity
constant, 3, of f gets closer to 1 keeping all other parameters and the initial point fixed.
From FIGURE 3, we observe that: (i) the rate of convergence of the method with inertial
algorithm is faster than that of the non-inertial version, and (ii) the rate of convergence is
different for different values of the inertial parameter 6 and it also seems that the larger 6
has better convergence rate.

6. CONCLUSIONS

In this paper, we have proposed an inertial iterative algorithm which solves the split
equality Hammerstein type equation problems in reflexive real Banach spaces. A strong
convergence theorem is established under the assumption that the associated mappings
are uniformly continuous and monotone. The convergence of the method does not require
the existence of a constant v, unlike the results in Chidume and Zegeye [15], Uba et al.
[36] and Bello et al. [3]. A numerical example is also provided to clearly exhibit the behav-
ior of the convergence of the proposed method. Generally, the main result in this paper
extends many of the results in the literature in the sense that the space considered is a
more general reflexive real Banach space with a more general split equality Hammerstein
type equation problems.

Acknowledgments. The authors gratefully acknowledge the funding received from Si-
mons Foundation based at Botswana International University of Science and Technology
(BIUST).
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