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A new class of metric f-manifolds

PABLO ALEGRE!, LUIS M. FERNANDEZ? and ALICIA PRIETO-MARTIN?

ABSTRACT. We introduce a new general class of metric f-manifolds which we call (almost) trans-S-manifolds
and includes S-manifolds, C-manifolds, s-th Sasakian manifolds and generalized Kenmotsu manifolds studied
previously. We prove their main properties and we present many examples which justify their study.

1. INTRODUCTION

In complex geometry, the relationships between the different classes of manifolds can
be summarized in the well known diagram by Blair [3]:

metric . dQ2=0
[Complez | 25 [Fermition] =0 - [RacHler

[J,J]:OT [J,J]:OT vI=g [J,J}:OT

Almost | metricl  Almost dQ=0 Almost
Complex Hermitian Kaehler

In the case of contact geometry we have the diagram:

Normal Almost | metric| Normal Almost P=dn -
— = - >
Contact Contact Metric
T T ey
normal normal normal
Almost metric Almost d=dn Contact
—_ = _
Contact Contact Metric Metric

In the above diagram the almost contact structure (¢, n, §) is said to be normal if [¢, ¢] +
2dn ® & = 0 and condition (1) is

(Vxo)Y =g(X,Y)§ —n(Y)X,

for any tangent vector fields X and Y.
Moreover, an almost contact metric manifold (M, ¢, £, 7, g) is said to have an («, 3)
trans-Sasakian structure if (see [11] for more details)

(1.1) (Vxo)Y = ofg(X,Y)§ —n(Y)X} + B{g(¢X,Y)§ —n(Y)oX},
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where «, 5 are differentiable functions (called characteristic functions) on M. Particular
cases of trans-Sasakian manifolds are Sasakian (o« = 1, 8 = 0), cosymplectic (« = 8 = 0)
or Kenmotsu (o = 0, § = 1) manifolds. In fact, we can extend the above diagram to

Normal Almost (1.3) ’ Trans — Sasalkian ‘
Contact Metric

(1.1)
normal normal

Almost (1.2) Almost
Contact Metric |~ | Trans — Sasakian
where
(12) 4% =@ A (67 (5) — (Gn)n),  dn = 50RO — 2 A 6" (59)}.
and:
(13) dd = %577(@ An), dn= %5@(5)@, 6 (53) = 0.

More generally, K. Yano [15] introduced the notion of f-structure on a (2n + s)-dimen-
sional manifold as a tensor field f of type (1,1) and rank 2n satisfying f3 + f = 0. Almost
complex (s = 0) and almost contact (s = 1) structures are well-known examples of f-
structures. In this context, D. E. Blair [2] defined K-manifolds (and particular cases of
S-manifolds and C-manifolds). Then, K-manifolds are the analogue of Kaehlerian man-
ifolds in the almost complex geometry and S-manifolds (resp., C-manifolds) of Sasakian
manifolds (resp., cosymplectic manifolds) in the almost contact geometry. Consequently,
one can obtain a similar diagram for metric f-manifolds, that is, manifolds endowed with
an f-structure and a compatible metric.

The purpose of the present paper is to introduce a new class of metric f-manifolds
which generalizes the one of trans-Sasakian manifolds. In this context, we notice that
there has been a previous generalization of («,0)-trans-Sasakian manifolds for metric
f-manifolds. It was due to I. Hasegawa, Y. Okuyama and T. Abe who introduced the
so-called homothetic s-contact Riemannian manifolds in [8] as metric f-manifolds such that
2¢,9(fX,Y) = dn;(X,Y) for certain nonzero constants ¢;, ¢ = 1,..., s (actually, they use p
instead of s). In particular, if the structure vector fields ¢, are Killing vector fields and the
f-structure is also normal, the manifold is called a homothetic s-th Sasakian manifold. They
proved that a homothetic s-contact Riemannian manifold is a homothetic s-th Sasakian
manifold if and only if

(VxDY == adg(fX, fY) +m(Y) X},

and
Vx& =cfX,

for any tangent vector fields X and Y and any i =1,...,s.

More recently, M. Falcitelli and A. M. Pastore have introduced f-structures of Ken-
motsu type as those normal f-manifolds with dF = 2p' A Fand dp =0fori=1,...,s
[5]. In this context, L. Bhatt and K. K. Dube [1] and A. Turgut Vanli and R. Sari [14] have
studied a more general type of Kenmotsu f-manifolds for which all the structure 1-forms
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n; are closed and:

S
dF =2 n; A F.
i=1
These examples motivate the idea of introducing the mentioned new more general class
of metric f-manifolds, including the above ones, which we shall call trans-S-manifolds
because trans-Sasakian manifolds become to be a particular case of them.

2. METRIC f-MANIFOLDS

A (2n + s)-dimensional Riemannian manifold (M, g) endowed with an f-structure f
(that is, a tensor field of type (1,1) and rank 2n satisfying f2 + f = 0 [15]) is said to be
a metric f-manifold if, moreover, there exist s global vector fields &;,...,& on M (called
structure vector fields) such that, if i1, . . ., s are the dual 1-forms of &, . .., &, then

féa =0; ngo f=0; sz_IJFZna@EO‘;
a=1

(2.4) g(X,Y) = g(f X, fY)+ D n:(X)mi(Y),

i=1
forany X,Y € X(M)and i = 1,...,s. The distribution on M spanned by the structure
vector fields is denoted by M and its complementary orthogonal distribution is denoted
by £. Consequently, TM = L & M. Moreover, if X € L, then n,(X) = 0, for any
a=1,...,sand if X € M, then fX = 0.

For a metric f-manifold M we can construct very useful local orthonormal basis of
tangent vector fields. To this end, let U be a coordinate neighborhood on M and X; any
unit vector field on U, orthogonal to the structure vector fields. Then, fX; is another
unit vector field orthogonal to X; and to the structure vector fields too. Now, if it is
possible, we choose a unit vector field X, orthogonal to the structure vector fields, to X;
and to fX;. Then, fX> is also a unit vector field orthogonal to the structure vector fields,
to X, to fX; and to X,. Proceeding in this way, we obtain a local orthonormal basis
{X:, [X5,&})i=1,...,nand j = 1,...,s, called an f-basis.

Let F' be the 2-form on M defined by F(X,Y) = ¢(X, fY), forany X,Y € X(M). Since
f is of rank 2n, then

mA-Ans NF" #0
and, in particular, M is orientable. A metric f-manifold is said to be a metric f-contact
manifold if F' = dn;, forany i =1,...,s.

The f-structure f is said to be normal if

[fyf]+225i®d7h' =0,
=1

where [f, f] denotes the Nijenhuis tensor of f. If f is normal, then [7]

foranyi,j=1,...,s.

A metric f-manifold is said to be a K-manifold [2] if it is normal and dF = 0. In a
K-manifold M, the structure vector fields are Killing vector fields [2]. A K-manifold is
called an S-manifold if F' = dn;, for any ¢ and a C-manifold if dn; = 0, for any . Note
that, for s = 0, a K-manifold is a Kaehlerian manifold and, for s = 1, a K-manifold
is a quasi-Sasakian manifold, an S-manifold is a Sasakian manifold and a C-manifold
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is a cosymplectic manifold. When s > 2, non-trivial examples can be found in [2, 8].
Moreover, a K-manifold M is an S-manifold if and only if

(2.6) Vx&=—fX, XeX(M),i=1,...,s,
and it is a C-manifold if and only if
(2.7) Vx& =0, XeX(M),i=1,...,s.

It is easy to show that in an S-manifold,
2.8) (VxHY => {g(f X, fY)& +m(Y) X},
i=1

forany X,Y € X(M) and in a C-manifold,
(2.9) Vf=0.

3. DEFINITION OF TRANS-S-MANIFOLDS AND MAIN PROPERTIES

The original idea to define («, 8) trans-Sasakian manifolds is to generalize cosymplec-
tic, Kenmotsu and Sasakian manifolds.

Kenmotsu:
dn = 0,normal Trans-Sasakian:
Cosymplectic: Quasi-Sasakian: d® =25(® A n),
db=0, dn=0, d® =0, dn = a®,
normal normal @*(6®) = 0,
Sasakian: normal
® = dn, normal

In the same way, our idea is to define trans-S-manifolds generalizing C-manifolds, f-
Kenmotsu and S-manifolds.

As we said in the Introduction, an almost contact manifold is trans-Sasakian if and only
if it (1.1) holds. Then, we can introduce the notion of trans-S-manifold in a similar way:.

Definition 3.1. A (2n + s)-dimensional metric f-manifold M is said to be a almost trans-
S-manifold if it satisfies
(Vx Y =Y [ei{g(fX, Y& +m(YV) 2 X}

i=1

+ Bilg(fX, V)& —ni(Y)fX}],

for certain smooth functions (called the characteristic functions) «;, 3;, i = 1....s, on M
and any X,Y € X(M). If, moreover, M is normal, then it is said to be a trans-S-manifold.

(3.10)

So, if s = 1, a trans-S-manifold is actually a trans-Sasakian manifold. Furthermore, in
this case, condition (3.10) implies normality. However, for s > 2, this does not hold. In
fact, it is straightforward to prove that, for any X,Y € X(M),

GBIl [LAXY)+2) di(X, )& = 0 (Vx&mi(Y) = n;(Vy&n (X)] &,

i=1 ij=1



A new class of metric f-manifolds 127

which is not zero in general. But, in a trans-S-manifold, (3.11) implies that, for any X ¢
X(M)andanyi=1,...,s:

an VX& 77] Zn] VY& 77]( ) 0.

Jj=1 j=1
If we put Y = &, from (2.5) we get that
(3.12) m(Vx&) =0,
forany ¢,k =1,...,s. Using this fact, from (3.10), we deduce that
(3.13) Vx& = —aifX — Bif°X

forany X € X(M)andanyi=1,...,s.

Now, we can prove:
Theorem 3.1. A almost trans-S-manifold M is a trans-S-manifold if and only if (3.13) holds for
any X e X(M)andanyi=1,...,s.

Proof. From (3.10) we have that, forany X € X(M)andanyi=1,...,s:

Vx&i=—aifX = Bif’ X+ nj(Vx&)§.
j=1
Comparing this equality and (3.13) we have that n;(Vx¢&;) =0, forany i, = 1,...,s
So, from (3.11), the metric f-manifold M is normal and, consequently, a trans-S-manifold.
The converse is obvious. O

Observe that (3.10) can be re-written as

S

(VxF)(Y,2) = [aidg(fX, fZ)m(Y) — g(f X, fY)mi(2)}

i=1
+ B8i{g(X, fY)0:(2) = g(X, fZ)m(Y )},
forany X,Y,Z € X(M). Then, if X € L is a unit vector field, we have:
(VxF)(X,&) = —ai, (VxF)(&, fX)=08,1=1,...,s
Moreover, from (3.13), we deduce
(Vxm)Y = aig(X, fY) + Big(f X, fY),
forany X,Y € X(M)and any i = 1,...,s. Again, if X € £ is a unit vector field, we get:
(Vxni)fX =—a;, (Vxn)X =06, 1=1,...,s

For trans-S-manifolds, we can prove the following theorem.
Theorem 3.2. Let M be a trans-S-manifold. Then, (6F)§;, = 2na; and dn; = —2np;, for any
t=1,...,8

Proof. Taking a f-basis {X1,...,X,, fX1,..., fXn,&1,...,&}, since
6F)X ==Y {(Vx, F) (X5, X) + (Vx, F)(f X5, X) }

k=1
Z(ij )& X)
=1

Z (Xk, (Vx,0)X) + 9(f Xk, (Vyx,0) X))},

J
n
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for any X € X (M), by using (3.10) it is straightforward to obtain
(3.14) (OF)X =2n)  a;n;(X)
j=1

and, putting X = ¢, it follows that (6 F)¢; = 2na.
Moreover,

omi = = A(Vxum) Xi + (Vyxom) X} = Y (Ve m)és,

k=1 j=1
forany i = 1,...,s. But, from (3.12) we get that (V¢,7;,){; = 0, forany j = 1,...,s.
Consequently, by using (3.13)

om == {9(Xp, Vx,.&) + 9(f X, Vix, &)}
k=1

== " Bi{g(Xn, X) + 9(f X, fXi)} = —2nf;.

k=1
which concludes the proof. O
The above theorem generalizes the result given by D. E. Blair and J. A. Oubifia in [4]

for trans-Sasakian manifolds. Moreover, trans-S-manifolds verify certain desirable con-
ditions.

Proposition 3.1. Let M be a trans-S-manifold. The following equations are verified:

(i) dF =2F Ny Bini;
i=1
(i) dny; = F,i=1,...,s;
(iii) f*(0F) =0.

Proof. From (3.10), a direct computation gives, for any X,Y, Z € X (M):
AF(X,Y,Z) = = g(Vx )Y, Z) + (V¥ /)X, Z) = (V2 /)X, Y)

=2 Z{—ﬁiﬁi(z)g(f)QY) +Bimi(Y)g(f X, Z) — Bimi(X)g(fY, Z2)}

=2(F A Zﬁﬂh)@ﬂ Y, Z).

i=1
Next, from (3.13) it is obtained the second statement. Finally, from (3.14) we get (iii). O

From (ii) of the above proposition we observe that if one of the functions «; is a non-
zero constant function, then the 2-form F' is closed and the trans-S-manifold M is a K-
manifold. Moreover we can prove:

Theorem 3.3. A trans-S-manifold M is a K-manifold if and only if 81 = --- = s = 0.

Proof. Firstly, if all the functions 3; are equal to zero, from (i) of Proposition 3.1 we get
dF = 0and M is a K-manifold.
Conversely, it is known (see [6]) that, for K-manifolds, the following formula holds, for
any XY, Z € X(M):
9(Vx )Y, 2) = > _{dni(fY, X)mi(Z) — di (fZ, X)m(Y )}

i=1



A new class of metric f-manifolds 129

Consequently, from (i¢) of Proposition 3.1 and (3.10) we conclude that 3; = 0, for any
i=1,...,8. O

From Theorem 3.2 we deduce:
Corollary 3.1. A trans-S-manifold M is a K-manifold if and only if dn; = 0, foranyi=1,...,s.
Furthermore, taking into account (2.6) and (2.7), we have:

Corollary 3.2. Any trans-S-manifold is an S-manifold if and only if o, = 1, B; = O and it is a
C-manifold if and only if o; = ; = 0, in both cases forany i =1,...,s.

In next section, we shall present some examples of trans-S-manifolds which are not
K-manifolds due to the fact that not all their characteristic functions 3; are zero. Now,
the natural question is if any K-manifold is a trans-S-manifold. In general, the answer is
negative and to this end, we can consider the following example.

Let (N, J, G) be a Kaehler manifold, (M, f,&1,...,&s,m,---,70s, g) be an S-manifold and
M=NxM. _ o

X =U+XY=V+Y € X(M),whereU,V € X(N)and X,Y € X (M), respectively,
we can define a metric f-structure on M by the following structure elements:

FU+X)=JU+ X, &=0+&, 7(U+X) =m(X), i =1,...,5,
JU+X,V4+Y)=GU,V)+g9(X,Y).
It is straightforward to check that M with this structure is a K-manifold. However, it

is not a trans-S-manifold. In fact, since NV is a Kaehler manifold and so, J is parallel, if V
and V denote the Riemannian connections of M and M, respectively, then

(Vi HY =0+ (Vxf)Y

and, consequently, (3.10) does not hold for M.

However, we can observe that, from (2.8) and (2.9), the particular cases of S-manifolds
and C-manifolds are trans-S-manifolds.

On the other hand, it is known [2] that, in a K-manifold, all the structure vector fields
are Killing vector fields. For trans-S-manifolds we can prove:

Proposition 3.2. Let M be a trans-S-manifold. Then, the structure vector field &; is a Killing
vector field if and only if the corresponding characteristic function 8; = 0.

Proof. A direct computation by using (3.13) gives

(Le;9)(X,Y) = 2Bi9(f X, [Y),
forany X,Y € X(M). This completes the proof. O

4. EXAMPLES OF TRANS-S-MANIFOLDS

As we have mentioned above, it is obvious that, from (2.8) and (2.9), S-manifolds and
C-manifolds are trans-S-manifolds. Moreover, the homothetic s-th Sasakian manifolds of
[8] are also trans-S-manifolds with the function «; constant and 5; = 0, for any i.

From Propositions 2.2 and 2.5 of [5], we see that f-manifolds of Kenmotsu type, in-
troduced by M. Falcitelli and A.M. Pastore, actually are trans-S-manifolds with functions
ap=-=as=0s=-=p;=0and B = 1.

Also, from Theorem 2.4 in [14], we see that generalized Kenmotsu manifolds studied
by L. Bhatt and K.K. Dube [1] and A. Turgut Vanli and R. Sari [14] are trans-S-manifolds
with functionsa; =---=a;,=0and 8y =--- =5, = 1.
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Then, we are going to look for examples with different non-constant functions a; and
B;. We shall obtain these examples by using D-conformal deformations and warped prod-
ucts.

Firstly, given a metric f-manifold (M, f,&1,...,&s,m,- -, 7s, g), let us consider the gen-
eralized D-conformal deformation given by

- - 1 _ _ S
(4.15) f=1 &=_& ni=an, g=bg+(a®=b)> m&n,
i=1
forany i = 1,...,s, where a, b are two positive differentiable functions on M. Then, it
is easy to see that (M, f,&1,...,&s,M,...,7s, ) is also a metric f-manifold. Let us notice

that we can obtain conformal, D-homothetic (see [13]) or D-conformal (in the sense of
S. Suguri and S. Nakayama [12]) deformations, by putting a®> = b, a = b = constant or
a = bin (4.15), respectively. In [9] Z. Olszack considered a and b constants, a # 0, b > 0
but not necesarily equal and he also called the resulting transformation a D-homothetic
deformation.

Moreover, let us suppose that M is a trans-S-manifold and that a, b depend only on the
directions of the structure vector fields §;, 7 = 1, ..., s. Therefore, we can calculate V from
V and g by using Koszul’s formula and (3.13). It follows that the Riemannian connection

V of §is given by

a® —b)B; — &b

~ .92
VxY = VXY+Z o

=1

(XD)f2Y + (YD) f2X}

9(f X, [Y)&

2b
16) tis Z [(Xa)(Y) + (Ya)s(X)

Z 77] }52

{771 WX +ni(X )fY}’

for any vector fields X, Y € X(M )

Theorem 4.4. Let (M, f,&1,...,€s,M1, ..., 7s,9) be a trans-S-manifold and consider a genera-
lized D-conformal deformation on M, with a, b positive functions depending only on the directions
of the structure vector fields. Then (M, f §1, e §s, M, .-, 1s,9) is also a trans-S-manifold with
functions:

&b Bz
2a b

Proof. By using (4.16) and taking into account that b only depends on the directions of the
structure vector fields, we have

a'_ 751_

,t1=1,...,s.

(VxPY = (Vxf)Y - Z —S XY

2a2

1
9 i:1(§ib) l( Z 041771
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forany X, Y € X (M ). Now, since M is trans-S-manifold, from (3.10) and (4.15) we obtain

&b
2ab

X, JY)E + (V) X) + ( 52) GUX.Y)E — (V) X)),

and this completes the proof. O

Note that if M is a Sasakian manifold, thatis, if s = 1, « = 1 and 8 = 0, this method
does not produce an (o, §) trans-Sasakian manifold but an («,0) one because, by Dar-
boux’s theorem, if a, b only depend of the direction of £, they should be constants.

Corollary 4.3. Let (M, f,&1,...,&s, M, ---,Ns,g) be an S-manifold and consider a generalized
D-conformal deformation on M, with a,b positive functions depending only on the directions
of the structure vector fields. Then (M, f 51, e ,fs, M,...,7s,g) is a trans-S-manifold with
functions:

a -~ fzb .
= Ea Bi = %, 1
Corollary 4.4. Let (M, f,&1,...,&s,M1,---,7Ms,g) be an C-manifold and consider a generalized
D-conformal deformation on M, with a,b positive functions depending only on the directions
of the structure vector fields. Then (M, f 51, e ,fs, M,...,7s,g) is a trans-S-manifold with
functions:

=1,...,s.

- > &b
@i =0,8i=5 -,
Corollary 4.5. Let (M, f,&1,...,&s,m1, - .-, 7s,9) be a generalized Kenmotsu manifold and con-
sider a generalized D-conformal deformation on M, with a, b positive functions depending only
on the directions of the structure vector fields. Then (M, f §1, e 755, M,-.-,1s,J) i a trans-S-
manifold with functions:

i=1,...,8

~ a fz
@ =0, B =5~

Next, we are going to construct more examples of trans-S-manifolds by using warped
products. For later use, we need the following lemma from [10] to compute the Riemann-
ian connection of a warped product:

Jrf 1=1,...,s

Lemma 4.1. Let us consider M = B x;, F and denote by V, VB and V¥ the Riemannian
connections on M, B and F. If X, Y are tangent vector fields on B and V, W are tangent vector
fields on F, then:

(i) VxY is the lift of VEY
(i) VxV =VyX = (Xh/h)V.
(iii) The component of VW normal to the fibers is:
—(gn(V,W)/h)grad h.

(iv) The component of VW tangent to the fibers is the lift of VEW.

In this context, if (N, J, G) is an almost Hermitian manifold, the warped product M =
R?® x5, N can be endowed with a metric f-structure

(f?€17' .. 76577717' .. aﬁmgh)a
with the warped metric g, = —7*(gr:) + (h o m)?0*(G), where h > 0 is a differentiable
function on R* and 7 and o are the projections from R* X N on R* and N, respectively
In fact, f(X) = (Jo,X)*, for any vector field X e XM ) and & = 9/0t;, i = 1,.
where t; denotes the coordinates of R*. Note that this metric is the one used to construct
the Robertson-Walker spaces (see [10]).
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Now, we study the structure of this warped product.

Theorem 4.5. Let N be an almost Hermitian manifold. Then, the warped product (M =R* x,,
N,f,g], . ,gs,ﬁl, .y sy gn) 5 a trans-S-manifold with functions oy = --- = a; = 0 and
Bi=h"/hi=1,...,s, if and only if N is a Kaehlerian manifold, where h") are denoting the
components of the gradient of the function h, fori =1,...,s

Proof. Consider X=U+XandY =V +Y,where U ,V and X, Y are tangent vector fields
on R*® and N, respectively. Then, taking into account Lemma 4.1, if V and V¥ denote the
Riemannian connections of M and NV, respectively, we have:
(Vi HY =VuJX +VxJY
— f(VuV +VxV +VyY + VxY)
:U(h) gn(X,JY)
h h
V(h
- f(VuV + ;L )
_ gh(Xh’JY)grad(h) B V;lh)

L JX Y)
_nJXY) Zh% Zm —JX+(V§J)

JY — grad(h) + VY JY

Uh), _ gn(X,Y)
h h

JX + (VXY

X+ Y — grad(h) + VxY)

fXY ZM Zm fX+(v J)Y.

Therefore, (3.10) holds if and only if (VY J)V = 0, that s, if and only if NV is a Kaehlerian
manifold. Moreover, forany i =1,...,s,

hz) hz) _ s e~ hl) -
TX = T(X - ;U(X)fi) = _Tf X

and then, Theorem 3.1 gives the result. O

ﬁ)}g = Vué -‘rVXgi =

Corollary 4.6. The warped product R® xj, N, being N a Kaehlerian manifold and h a constant
function, is a C-manifold. In particular, if h = 1, the Riemannian product R® x N is a C-manifold.

Combining these examples with a generalized D-conformal deformation, a great vari-
ety of non-trivial trans-S-manifolds can be presented.

Moreover, if we do the warped product of R® with a (2n + s;)-dimensional (almost)
trans-S-manifold (M, f,&1,...,&s,, M1, - .-, 7s,, ), We obtain a new metric f-manifold

(M: R*® XhMa‘flaglw"753-1-81’517-"7ﬁs+817gh)7
where f(X) = (fo.X)* and:

N % if 1<i<s,
=1
Efi_s if s+1<i<s+s;.

These manifolds, under certain hypothesis about the function h, verify (3.10) but not
(3.13), so from Theorem 3.1 they are not normal. Consequently, they are examples of
almost trans-S-manifolds not trans-S-manifolds.
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Theorem 4.6. Let M be a (2n + s1)-dimensional (almost) trans-S-manifold with characteristics
functions (o, B;), @ = 1,...,s1. Then, the warped product M = R® x;,, M, with the metric
f-structure defined above, is a (2n + s + sy )-dimensional almost trans-S-manifold with fuctions

0 for i=1,...,s,

Q= )
% for i=s+1,...,8+51.
and: )
hl
— for i=1,...,s,
B 3 i s
Bi=
ﬂi—s .
" for i=s+1...,84+s1.

Proof. Consider X = U+ X andY =V +Y, where U,V and X, Y are tangent vector fields
on R® and M, respectively. Then, taking into account Lemma 4.1, if V is the Riemannian
connection of M, we deduce:

(V)7 == 2T ) - YW oy
XY), 00 o h?)
:% SRS = Vi) fX
i=1 to=1
s+s1
+ ) [aims {g(f X FY)6is +mims (V) 2 X}
1=s+1

+ Bi—s {L9(f X, Y)&i—s — mims (V) fX D]
S l) e o
=5 " (PR )G - (D)7

s+s1

+ > [ = g (FX, V)i + s (V) X}

1=s+1

ﬂzs

{gn(fX,V)Es — s (V) FX}] .

Joining the addends approprlately, it takes the form of (3.10) with the desired functions.
Therefore, M is a almost trans-S-manifold. O

Observe that, in the above conditions, (3 13) is not verified in general. In fact, consider
& with 1 < i < s. Then, foranyX € X(M),

~ hl) hY)  ~ .~
Vi = =X~ > m(X)g)
j=1

and so, if h is not a constant function, from Theorem 3.1, we get that M is not a trans-S-
manifold.

Corollary 4.7. The warped product R® x, M, being M a trans-S-manifold, is a trans-S-manifold
if and only if h is constant. In particular, the Riemannian product R® x M is a trans-S-manifold
with functions

0,.9.,0,a1,...,0as,,0,.9.,0,81,...,8,),
where (o, B;), 1 =1,...,s1, denote the characteristic functions of M.
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Corollary 4.8. Let M be a Sasakian manifold. Then, the warped product R x, M is a almost
trans-S-manifold with functions:

/

1 h
oy =0, az = ﬁ1=ﬁﬂ”d52=0-

Corollary 4.9. Let M be a three dimensional trans-Sasakian, with non-constant characteristic
functions o and B. Then, the warped product R x;, M is a four dimensional almost trans-S-
manifold not trans-S-manifold with functions:

h/
ay =0, 0!2:%, BlZEWdﬂz:%
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