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Existence and stability for a generalized differential mixed
quasi-variational inequality

WEI L1}, YI-BIN X1A02, XING WANG? and JUN FENG*

ABSTRACT. In the present paper, we investigate a generalized differential mixed quasi-variational inequality
consisting of a system of an ordinary differential equation and a generalized mixed quasi-variational inequal-
ity. By using an important result concerning the measurable selection, we prove the existence of Carathéodory
weak solution to the generalized differential mixed quasi-variational inequality. Then, with the existence result,
we establish two stability results for the generalized differential mixed quasi-variational inequality under dif-
ferent conditions, i.e., upper semicontinuity and lower semicontinuity of the Carathéodory weak solution with
respect to the parameter, which is a perturbation of some mappings in the generalized mixed quasi-variational
inequality.

1. INTRODUCTION

It is well known that variational inequality (VI), which has various kinds of generaliza-
tions such as quasi-variational inequality, mixed variational inequality and vector varia-
tional inequality etc., has been widely studied and applied into many research fields such
as economics, optimization, mechanics and transportation etc. (see [1, 5, 7, 10, 15, 19, 20,
25, 26,27, 28, 29, 30]). When an ordinary differential equation is involved, the system of
variational inequality and ordinary differential equation is called differential variational
inequality (DVI), which is introduced and studied by Pang and Stewart [16] in 2008. Re-
cently, DVIs have attracted much attention of researchers in different research fields and
many theoretical results, numerical algorithms and applications of DVIs have been stud-
ied by many authors. For the literature on the research of DVIs, we refer the reader to
[14, 17, 18, 24] and the references therein.

The stability analysis of a VI or a DVI with perturbed data is concerned with the upper
and lower semicontinuity, continuity, Lipschitz continuity or some kind of differentia-
bility of its solution set. It can help in identifying sensitive parameters that should be
obtained with relatively high accuracy, predicting the future changes of the equilibria as a
result of the changes in the governing system, providing useful information for designing
or planning various equilibrium systems. Consequently, the stability analysis of VIs and
DVIs attracted the attention of many researchers in very early time. In 1986, Tobin stud-
ied the stability analysis for a VI when both the variational inequality function and the
feasible region are perturbed in [21]. Khanh and Luu[6] studied the lower semicontinuity
and upper semicontinuity of the solution sets and approximate solution sets of parametric
multi-valued quasi-variational inequalities in topological vector spaces. Recently, Wang
et al.[22] studied some upper semicontinuity and continuity results concerned with the
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Carathéodory weak solution set mapping for the differential set-valued mixed variational
inequality. For more related research works, we can refer to [4, 8, 23] and the references
therein.

Inspired by the above research on stability analysis of VI and DVI, in this paper, we
study the existence and stability of solution to the following generalized differential mixed
quasi-variational inequality (GDMQVI) in finite dimensional space:

Find (z(t), u(t)) : [0,T] — R™ x R™ such that

#(t) = F(t, (1)) + B{t, (0)ult),
(1.1) (y — h(u), G(t,z) + F(u)) + pp(y) — pp(h(u)) = 0, vy € K(u),
’ hgg)) € K(u),
T = Z9-

where &(t) = dr stands for the derivative of function x with respect to time variable ¢,
(f,B,G): 2 = R™ x R™*™ x R™ are given functions with Q = [0, T] x R™ while (h, F') are
functions from R" to R™, ¢ : R" — (—o0, 4+00] is a functional, p is a positive real number,
and K : R" = R" is a set-valued mapping such that K (u) C R"™ is a closed convex subset
for each u € R".

The following of this paper is as follows. First, in Section 2, we present some prelimi-
naries. Then we give an existence result of Carathéodory weak solutions to the GDMQVI
(1.1) in Section 3. At last, in Sect. 4, the upper semicontinuity and lower semicontinuity
of Carathéodory weak solution set with respect to the perturbed data in the generalized
mixed quasi-variational inequality is established.

2. PRELIMINARES

In this section, we introduce some basic notations and preliminary results, and present
some definitions and hypotheses for the GDMQVI (1.1).

Definition 2.1. (see [12]) Let H be a real Hilbert space, and g, A : H — H be two single-
valued mappings.

(i) Ais said to be A-strongly monotone on H if there exists a constant A such that
(Ax — Ay, x —y) > Mz —y||?, Vr,y € H;

(ii) (A4,g) is said to be a u-strongly monotone couple on H if there exists a constant
1 > 0 such that

(Az — Ay, g(z) — g(y)) > pllz —y|*, Vo,y € H.

Definition 2.2. (see[2]) Let X, Y be two metric spaces. A set-valued mapping F': X = YV
is called to be

(i) upper semicontinuous at zy € X iff for any neighborhood N of F(z), there exists
ann > 0, such that F'(z) C N for every « € B(zo,n);

(i) lower semicontinuous at z¢ € X iff for any y € F(x() and for any sequence z,, €
X converging to zg, there exists a sequence of elements y,, € F(x,) converging to
Y.

Definition 2.3. (see [12]) Let H be a real Hilbert space and K : H = H be a set-valued
mapping such that K'(u) is a closed and convex subset of H for any v € H. The general-
ized f—projection of z € H on the set K (u) is defined by

Pruyz = w’ggeilgfu)(IIZII2 = 2(2,€) + [I€1* + 2pp(€)), Vz € H.
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Definition 2.4. A pair (x(t),u(t)) on [0,T] is called a Carathéodory weak solution of the
GDMQVI (1.1) if
() h) € K(u);
(2) x(t) is absolutely continuous on [0, T'| and satisfies the differential equation in the
GDMQVI (1.1) for almost all ¢ € [0,T7;
(3) u € L?[0,T] satisfies the generalized mixed quasi-variational inequality in the
GDMQVI (1.1) for every ¢ € [0,T], where L?[0, T] denotes the set of all measurable

functions u : [0,T] — R" satisfying fOT lu(t)]|?dt < +o0.

Lemma 2.1. ([13]). Let ¢ : R" — (—o00,+00] be a proper lower semicontinuous convex func-
tional. Suppose that the function p(u(-)) is integrable on [0, T for every u € L?[0,T]. Then

T
o = [ pul)d, we L1
0
is a proper lower semicontinuous convex functional.

Lemma 2.2. ([16]) Let F : Q@ = R™ be an upper semicontinuous set-valued mapping with
nonempty closed convex values. Suppose that there exists a scalar p* > 0 satisfying

(2.2) sup{|| y l: y € F(t,2)} < p"(A+ ||z [|), V(t,z) € Q.

For every 2° € R™, differential inclusion (DI) & € F(t,z),2(0) = 2° has a weak solution in the
sense of Carathéodory.

Lemma 2.3. ([16]) Let H : Q x R™ — R™ be a continuous function and U : Q@ =3 R™ be a
closed set-valued mapping such that for some constant ny > 0,
sup | |[<no(i+ [z ), V(Et,z) e
uel(t,x)
Let v : [0,T] — R™ be a measurable function and x : [0,T] — R™ be a continuous function sat-
isfying v(t) € H(t,z(t), U(t,x(t))) for almost all t € [0,T)]. There exists a measurable function
w:[0,T] — R"™ such that u(t) € U(t,z(t)) and v(t) = H(t, z(t), u(t)) for almost all t € [0,T).

At the end of this section, we present the following two hypotheses (A) and (B), which
hold for some functions in GDMQVI (1.1) in the rest of this paper.
(A) Suppose that the functions f, B and G are Lipschitz continuous functions on
with Lipschitz constants Ly > 0, Lg > 0 and Lg > 0, respectively.
(B) Suppose that the functions f and B are bounded on 2 with constants oy and 0.

ie,op= sup | B(t2)||[<oocandoy= sup | f(t,2)|< oo.
(t,z)eQ (t,x)eN

3. EXISTENCE OF SOLUTIONS TO THE GDMQVI

In this section, we prove the existence of Carathéodory weak solutions to the GDMQVI
(1.1) by using Lemma 2.2 and Lemma 2.3. For this purpose, we define a set-valued map-
ping F(t,z) : Q — 27" as follows:

(3.3) F(t,z) = {f(t,z) + B(t,z)u:u € S(G(t,x) + F(-),h, o, K(-))},

where S(G(t,z)+ F(-), h, p, K(-)) denotes the solution set of the generalized mixed quasi-
variational inequality in the GDMQVI (1.1). The following lemma presents some proper-
ties of the set-valued mapping I defined by (3.3) under the hypotheses (A) and (B).

Lemma 3.4. Let the hypotheses (A) and (B) hold, the functions h, F' : R" — R" and the set-
valued mapping K : R™ = R" be continuous on R"™, and for eachu € R", ¢ : R™ — R|J{+o0}
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be proper and continuous on K (u). Suppose that, for all ¢ € G(Q), S(q + F(:), h,, K(*)) is
nonempty and there exists a constant p > 0 such that
(54) sup{l| u [[: v € S(g+ F, h, 0, K())} < p(1+ [ ¢ )-
Then there exists a constant p* > 0 such that
sup{[| y [l: y € F(t,2)} < p"(1+ | 2 [)), V(t,2) € Q.
Moreover, F is upper semicontinuous and has closed-value on (2.

Proof. The proof is very similar to the proof of Lemma 3.1 in [11]. We omit it here. ]

Theorem 3.1. Let the hypotheses (A) and (B), F' : R" — R™ be Lipschitz continuous with
constants py on R™ , h be a linear and inverse function with linear coefficient being ps, and
¢ : R — R|J{+oo} be a proper, convex and continuous functional with p(u(-)) being integral
for every integral function u € L?[0, T]. Suppose that
(i) Fis A — strongly monotone on R™ and (h, F') is u — strongly monotone couple on R™;
(ii) there exists k > 0 such that || Px ()2 — Pryz|| < kllu —y|l, VYu,y € R",z € {v:
v = h(u) - p(q + F(u)),u € R",q € G(Q)}.
(iil) (p2? —2pp + M) 2 +p(1 =22+ ;)2 <p—k.
(iv) K : R™ =% R™ is a continuous set-valued mapping such that, for each uw € R™, K (u) C
R™ is a closed convex set and K has a linear growth.

Then the initial-value GDMQVI(1.1) has a Carathéodory weak solution.

Proof. By the Theorem 4.1 in [12], it follows from the assumptions (i), (ii) and (iii) that
S(g+ F, h,p, K(-)) is a nonempty singleton for every ¢ € G(2), which is assumed by {u},
and thus h(u) € K(u). Since h is linear, inverse and K has a linear growth, there exists a
constant ¢ > 0 such that for any ¢ € G(f2),

lull = IR~ R(u)]| < ellh™ (1 + [lull)-

Then by Lemma 3.4, the set-valued mapping I, defined by (3.3), is an upper semicontin-
uous set-valued mapping with nonempty closed convex values on 2 and there exists a
constant p* > 0 such that

sup{[| y [l: y € F(t,2)} < p" (14 [ 2 [I), V(t,2) € Q.

This indicates by Lemma 2.2 that inclusion problem DI : & € F(¢, z), z(0) = o has a weak
solution z in the sense of Carathéodory, which implies that

t
[z < llzoll +/O pr (14 [|lz(s)[])ds.
Moreover, by Gronwall’s lemma,
=)l < (lzoll + P T)e” .

Now, we prove that U(t,z) = S(G(t,x) + F, h, ¢, K(-)) is closed on Q. To this end, let
{(tn,zn)} C QDbeasequence converging to some vector (¢, xg) € 2, and {u,} C U(ty, Ty)
converging to ug. Thus, h(u,) € K (u,) and

(3.5) (Y = h(un), G(tn, zn) + F(un)) + pe(y) — pp(h(un)) > 0, Vy € K(un).

Since h is continuous and K is upper semi-continuous on R", it follows h(u,) € K(uy,)
that h(ug) € K (up). The lower semicontinuity of K implies that, for any § € K(uo), there
exists y,, € K(u,) such that y,, — ¢. This implies by (3.5) that

(3.6) (Yn — h(un), G(tn, vn) + F(un)) + pp(yn) — pp(h(un)) > 0.
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By letting n — oo at both sides of the above inequality, we obtain that
(g — h(uo), G(to, o) + F(uo)) + pp(9) — pe(h(uo))
> nle [<yn - h(un) G(tmxn) + F(un»] er‘P(yn) fpliggiolgf w(h(u"))
(3.7) > 0.

This means that ug € U(to, o) and thus U(t, z) is closed on 2. Then, by Lemma 2.3 we
know GDMQVI (1.1) admits a Carathéodory weak solution. |

4. STABILITY FOR THE GDMQVI

In this section, we aim to study the stability of solutions to the GDMQVI (1.1). For
this purpose, we consider the parametric GDMQVI, which is denoted by PGDMQV]I, as
follows:

w(t) = f(t,x(t)) + B(t, z(t))u(t),
48) (y — h(u),G(t,z) + F(u, 2)) + pe(y) — pe(h(u)) >0,  Vye K(u,z),
’ hgo)) € K(u,z),
x = Zo,

where, with (Z, d) being a metric space, F': R" x Z — R" and K : R" x Z =% R" are the
perturbed mappings of the corresponding mappings in the GDMQVI (1.1) respectively.
For easy of writing, we denote by SD(z) the Carathéodory weak solution of the GDMQVI
(4.8) and the set of all  is denoted by SD,(z).

Theorem 4.2. Let the hypotheses (A) and (B) hold, h : R™ — R™ be linear and inverse, F :
R"x Z — R"and K : R" x Z = R™ be continuous mappings such that K (-, z) have a linear
growth for every z € Z, p : R" — R|J{+o0o} be a proper, convex and continuous functional
with p(u(t)) being integral for every u € L?[0, T, and zo € Z be a given point. Suppose that
(i) there exists a neighborhood U (zg) of zo such that, for any z € U(zp) and ¢ € G(Q),
S(q+ F(-,2),h, 0, K(-, 2)) is a nonempty singleton;

(if) K is closed on R™ x {z0} and K(R"™ x Z) is a bounded set;

(iii) SD,(z) is uniformly compact at z.
Then SD(z) is upper semicontinuous at zy € Z.

Proof. By Theorem 3.1, it follows from assumptions (i) and (ii) that SD(z) is nonempty for
any z € U(zo). Now, we prove the assertion. We assume the contrary holds for the sake
of contradiction. Then there exists an open set N containing SD(zg) such that, for every
sequence z, € U(zy) with z, — 2z, there exists (x,,,u,) € SD(z,) but (x,,u,) ¢ N, for
every n. Since (x,, u,) € SD(z,), we get that

(1) forany 0 < s <t < T, x,(t) — s (s) = f:[f(T, (7)) + B(7, 2, (7)) )un (7)]dT;
(2) h(un(t)) € K(uy(t), z,) and for any § € K (uy(t), z,),
(9 = h(un(t), G(t, zn(t)) + F(un(t)) + pp(9) — pe(h(un(t))) = 0;

(3) CCH(O) = Zg-
Since h is linear and inverse and K (R" x Z) is bounded, there exists a constant C' > 0
such that, for any n and ¢ € [0,7], ||lun(¢)|| < C. By the hypotheses (A), (B) and the
boundedness of K(R"™ x Z), it follows from (1) that {z,,} is uniformly bounded with the
norm ||z[|1 = sup;c(o,7y [|(¢)|| and there exists a constant M > 0 such that, for any n,

[ (t) = zn(s)]] < Mt = s|.

Thus, from Arzela-Ascoli theorem, we know {z,,} has a subsequence, denoted by {z,},
such that z,, — 2. Meanwhile, since SD,,(z) is uniformly compact at 2o, there exists a
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subsequence of {u, }, denoted by {u,}, such that u,, — @. This means (z,,u,) — (£,4) ¢
N. Therefore, forany 0 < s <t < T, (1) and (3) imply that

(4.9) z(t) — 2(s) = / [f(r,&(7)) + B(r, z(7))a(r)]dr

(4.10) #(0) = xo.

By the assumption (ii), i.e., K is closed on R" x {2}, we get from (2) that
(4.11) h(a(t)) € K(u(t), zo).

Moreover, since K is lower semicontinuous, for any yo € K(u(t),20), there exists a se-
quence {y,} C K(un(t),z,) such that y,, — yo. It follows from (2) that, for any y, €
K (a(t), z0),

{yo — h(a(t)), G(t,2(t)) + F(a(t), 20)) + pe(yo) — pp(h(a(t))
> lm (yn — h(un(t)), G(t, 2n(t)) + F(un(t), 2n)) + pliminflo(yn) — pe(h(un(t)))]

n— oo

4.12) > 0.
It follows (4.9)-(4.12) that (&, @) € SD(z), which contradicts to (&, 4) ¢ N. O

Theorem 4.3. Let the hypotheses (A) and (B) hold for the mappings (f,G,B), h=1: R — R"
be the identity function, zy € Z be a given point, F' : R" x Z — R"and K : R* x Z =% R"
be continuous mappings such that F(-, zy) is A-strongly monotone with X > 0 and K (-, z) have
a linear growth for every z € Z, and ¢ : R™ — R|J{+oc} be a proper, convex and continuous
functional with p(u(t)) being integral for every u € L*(0,T]. Suppose that
(i) there exists a neighborhood U (zg) of zo such that SD(z) is nonempty for any z € U(zo);
(ii) K is closed on R™ x {2}, K(R™ x Z) is bounded, and K (u(t), z0) = K(u(t), zo) for
any @, @ € SDy(z0);
(iii) SD.(z) is uniformly compact at zy;
(iv) forany (&,4) € SD(z),
(y —a(t), G, 2(t) + F(a(t), 20)) + pe(y) — pp(a(t)) >0, vy e K(a(t), z20)\{a(t)}-
Then SD(z) is lower semicontinuous at zy.
Proof. Suppose, on the contrary, that SD(z) is not lower semicontinuous at z,. Then there
exists a sequence {z,} in Z with z, — 2, and (Z,4) € SD(zp) such that, for every se-
quence (zn,u,) € SD(z,), (Tn,u,) - (&,4). Since SD,(z) is uniformly compact at zo,
there exists a subsequence of {u, }, denoted by {u,, }, such that u,,, — @. By similar argu-

ments in proof of Theorem 4.2, it is easy to obtain that {x,, } has a subsequence {z,, } such
that x,, — = and (&, ) € SD(zg). Thus, for any ¢ € [0, 7],

(4.13) Z(t) = xo +/0 [f(r,Z(7)) + B(r, Z(7))u(r)]dr,

(4.14) Z(t) = xo +/0 [f(r,&(7)) + B(r,Z(7))a(r)]dr.

And, by the contradiction assumption, (Z,a) # (&,u). This means that z # & or a4 # 4.
Note that if ¢ # 2, it is easy to get from (4.13) and (4.14) that u # 4. If & # @, it follows
from the assumption (iv) that, for all y; € K(a(¢), z0)\{a(t)},

(4.15) (y1 —a(t), G(t, &(t) + F(a(t), 20)) + pe(y1) — pe(a(t)) > 0

and, for all y, € K (a(t), z0)\{u(t)},

(4.16) {y2 —a(t), G(t, () + F(a(t), 20)) + pp(ya2) — pp(u(t)) > 0.
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Letting y; = u(t) in (4.15) and ¥, = @(t) in (4.16), we get by adding the obtained inequali-
ties that

(a(t) —a(t), F(u(t), z0) — F(a(t), z0)) < (u(t) —a(t), G(¢, (1)) — G(t, Z(t))).

Since F' : R" x Z — R™is A-strongly monotone on R™ x {%} and G is Lipschitz continuous
function on Q with Lipschitz constants L > 0, we get from the above inequality that

[u(t) —a(t)|| < LTGH:E(t) — &)

Thus, it follows from (4.13) and (4.14) that there exists a constant C; > 0 such that

() — ()] < Cy / & (s) — i(s)ds.

By applying the Gronwall inequality, it is easy to get that ||Z(t) — £(¢)|| < 0, which is a
contradiction. O
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