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The Dunkl generalization of Stancu type
q-Szász-Mirakjan-Kantorovich operators and some
approximation results

M. MURSALEEN and MOHD. AHASAN

ABSTRACT. In this paper, a Dunkl type generalization of Stancu type q-Szász-Mirakjan-Kantorovich positive
linear operators of the exponential function is introduced. With the help of well-known Korovkin’s theorem,
some approximation properties and also the rate of convergence for these operators in terms of the classical and
second-order modulus of continuity, Peetre’s K-functional and Lipschitz functions are investigated.

1. INTRODUCTION

S. Bernstein [5] introduced a sequence of operators which are known as the Bernstein
operators:

(1.1) Bn(f ; y) =

n∑
k=0

(
n

k

)
yk(1− y)n−kf

(
k

n

)
,

for n ∈ N, y ∈ [0, 1] and for a real valued function f defined and bounded on [0, 1].
In 1950, for f ∈ C[0,∞) Szász [18] introduced the operators

(1.2) Sn(f ; y) = e−ny
∞∑
k=0

(ny)k

k!
f

(
k

n

)
,

where n ∈ N and y ≥ 0 whenever the series in (1.2) converges absolutely.
In the sequel, we recall some notations and basic definitions of q-calculus which have an
important role in the present paper. For related work, we refer to [1]–[4], [6], [9], [11]–[15],
[17].

Definition 1.1. For the given value of |q| < 1, the q-integer [m]q is defined by

(1.3) [m]q =


1−qm

1−q , (m ∈ C)

m−1∑
l=0

ql = 1 + q + q2 + · · ·+ qm−1 (m ∈ N).
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Definition 1.2. For the given value of |q| < 1, the q-factorial [m]q! is defined as

(1.4) [m]q! =


1, (m = 0)

m∏
l=1

[l]q (m ∈ N).

A generalization of exponential function [16] is defined as follows:

eµ(y) =

∞∑
m=0

ym

γµ(m)
,

where

γµ(2l) =
22ll!Γ

(
l + µ+ 1

2

)
Γ
(
µ+ 1

2

) ,

and

γµ(2l + 1) =
22l+1l!Γ

(
l + µ+ 3

2

)
Γ
(
µ+ 1

2

) .

For γµ, the recursion formula is defined as

γµ(l + 1) = (l + 1 + 2µθl+1)γµ(l),

(
l ∈ N0 = N ∪ {0};µ > −1

2

)
where

θl =

{
0, if l ∈ 2N
1, if l ∈ 2N+ 1.

A Dunkl analogue of the Szász operators via eµ(x) was defined by Sucu [19] and is given
by

(1.5) S∗
n(f ; y) :=

1

eµ(ny)

∞∑
l=0

(ny)l

γµ(l)
f

(
l + 2µθl

n

)
,

where y ≥ 0, µ ≥ 0, n ∈ N and f ∈ C[0,∞).
Cheikh et al. [6] defined the q-Dunkl analogues of the q-exponential functions and studied
the q-Dunkl classical q-Hermite type polynomials, together with their recurrence relations
given by

(1.6) eµ,q(y) =

∞∑
n=0

yn

γµ,q(n)
, for y ∈ [0,∞), q ∈ (0, 1), µ > −1

2

(1.7) Eµ,q(y) =

∞∑
n=0

q
n(n−1)

2 yn

γµ,q(n)
, y ∈ [0,∞)

(1.8) γµ,q(n+ 1) =

(
1− q2µθn+1+(n+1)

1− q

)
γµ,q(n), n ∈ N,

where

θn =

{
0, if n ∈ 2N,
1, if n ∈ 2N+ 1.

An explicit formula for γµ,q(n) is

γµ,q(n) =
(q2µ+1, q2)[n+1

2 ](q
2, q2)[n2 ]

(1− q)n
γµ,q(n), n ∈ N.
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Some values of γµ,q(n) are defined as

γµ,q(0) = 1,

γµ,q(1) =
1− q2µ+1

1− q
,

γµ,q(2) =

(
1− q2µ+1

1− q

)(
(1− q)(1 + q)

1− q

)
,

γµ,q(3) =

(
1− q2µ+1

1− q

)(
(1− q)(1 + q)

1− q

)(
1− q2µ+3

1− q

)
, ...

γµ,q(n) =

(
1− q2µθn+n

1− q

)
γµ,q(n− 1), n ∈ N.

İçöz and Çekim [8] introduced q-Szász operators [9] and Kantorovich integral generaliza-
tion of q-Szász operators via Dunkl generalization.
Here, we construct Stancu type q-Szász-Mirakjan-Kantorovich operators of the exponen-
tial functions by Dunkl generalization. For these operators, we get some approximation
results by well-known korovkin’s theorem. Further, in terms of the classical, weighted
and second order modulus of continuity we obtain the rate of convergence of the opera-
tors.

2. CONSTRUCTION OF OPERATORS

Srivastava et al. [17] defined the Dunkl generalization of q-Szász-Mirakjan-Kantorovich
type operators for n ∈ N, y ∈ [0,∞), µ > 1

2 and q ∈ (0, 1). We have

(2.9) ˜Kn,q(f ; y) =
[n]q

Eµ,q([n]qy)

∞∑
k=0

([n]qy)
k

γµ,q(k)
q

k(k−1)
2

∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

f(t)dqt,

where, f is a continuously nondecreasing function on the interval [0,∞).
Now we recall the following lemma which is proved in [17].

Lemma 2.1. Let the q-operator ˜Kn,q(f ; y) be given by (2.9). Then
(1) ˜Kn,q(f ; y) = 1, when f(t) = 1

(2) ˜Kn,q(f ; y) =
1

[2]q [n]q
+ 2q

[2]q
y, when f(t) = t

(3) When f(t) = t2, then we have

1

[3]q[n]2q
+

3q
(
1 + q2µ[1− 2µ]q

)
y

[3]q[n]q
+

3q

[3]q
y2 ≤ ˜Kn,q(t

2; y) ≤ 1

[3]q[n]2q
+

3

[3]q
y2

+
3 (1 + [1 + 2µ]q) y

[3]q[n]q
.

Now we introduce Stancu type q-Szász-Mirakjan-Kantorovich operators via Dunkl gen-

eralization, for any n ∈ N, y ∈ [0,∞), 0 < q < 1 and | µ |≤ 1

2
, we have

(2.10)

Kα,β
n,q (f ; y) =

[n]q
Eµ,q([n]qy)

∞∑
k=0

([n]qy)
k

γµ,q(k)
q

k(k−1)
2

∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

f

(
[n]qt+ α

[n]q + β

)
dqt.

If α = β = 0 in (2.10), then Kα,β
n,q (f ; y) reduce to the operators (2.9).

Lemma 2.2. For each y ≥ 0, we have
(1) Kα,β

n,q (1; y) = 1, for f(t) = 1
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(2) Kα,β
n,q (t; y) =

α
([n]q+β) +

1
[2]q([n]q+β) +

2q[n]q
[2]q([n]q+β)y, for f(t) = t

(3) For f(t) = t2, we have

(1+3q[n]qy+3q[n]qq
2µ[1−2µ]qy+3q[n]2qy

2)
[3]q([n]q+β)2 + 2α

[2]q([n]q+β)2 (1 + 2q[n]qy) +
α2

([n]q+β)2

≤ Kα,β
n,q

(
t2; y

)
≤ 1

[3]q([n]q+β)2

(
1 + 3[n]qy + 3[n]q[1 + 2µ]qy + 3[n]2qy

2
)

+ 2α
[2]q([n]q+β)2 (1 + 2q[n]qy) +

α2

([n]q+β)2 .

Lemma 2.3. We have
(1) Kα,β

n,q (t− 1; y) = α
([n]q+β) − 1 + 1

[2]q([n]q+β) (1 + 2q[n]qy) ,

(2) Kα,β
n,q (t− y; y) = α

([n]q+β) +
1

[2]q([n]q+β) +
(

2q[n]q
[2]q([n]q+β) − 1

)
y,

(3)
(
(3q[n]q+3[n]qq

2µ+1[1−2µ]q)
[3]q([n]q+β)2 + 2

([n]q+β)

(
2αq[n]q

[2]q([n]q+β) − α− 1
[2]q

))
y

+ 1
([n]q+β)2

(
α2 + 1

[3]q
+ 2α

[2]q

)
+
(
1 +

3q[n]2q
[3]q([n]q+β)2 − 4q[n]q

[2]q([n]q+β)

)
y2

≤ Kα,β
n,q

(
(t− y)2; y

)
≤
(

(3[n]q+3[n]q [1+2µ]q)
[3]q([n]q+β)2 + 2

([n]q+β)

(
2αq[n]q

[2]q([n]q+β) − α− 1
[2]q

))
y

+ 1
([n]q+β)2

(
α2 + 1

[3]q
+ 2α

[2]q

)
+
(
1 +

3[n]2q
[3]q([n]q+β)2 − 4q[n]q

[2]q([n]q+β)

)
y2.

3. KOROVKIN TYPE APPROXIMATION PROPERTIES

Here, the main aim is to derive some well-known Korovkin type and weighted Ko-
rovkin type approximation results for the operators Kα,β

n,q (f ; y) defined in (2.10).

Theorem 3.1. ([10]) Let Ln : C[a, b] → C[a, b] is a sequence of positive linear operators. Then
for all f ∈ C[a, b], lim

n→∞
Lnf = f uniformly on [a, b] if lim

n→∞
Lnt

r = tr (r = 0, 1, 2) uniformly
on [a, b].

Let CB(R+) is a normed linear space equipped with the norm:

∥ f ∥CB
= sup

y≥0
| f(y) |,

where, CB(R+) is the set of all bounded and continuous functions on R+ = [0,∞). Also

H := {f(y) : y ∈ [0,∞),
f(y)

1 + y2
is convergent as y → ∞}.

For the operators Kα,β
n,q (f ; y), we obtain the convergence results if we take q = qn, where

qn ∈ (0, 1) satisfying

(3.11) lim
n

qn → 1, lim
n

qnn → a.

Theorem 3.2. Let q = qn, for 0 < qn < 1 satisfy (3.11). Then, on each compact subset of [0,∞)
and any function f ∈ C[0,∞) ∩H ,

lim
n→∞

Kα,β
n,q (f ; y) = f(y),

converges uniformly.

Proof. We prove this theorem regarding the convergence of a sequence of positive linear
operators with the help of well known Korovkin’s theorem, if we prove the following
conditions, then it is enough

Kα,β
n,q (t

j ; y) = yj , j = 0, 1, 2, {as n → ∞}
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converges uniformly on the interval [0, a], where a > 0.
From (3.11) and

1

[n]qn
→ 0 (n → ∞),

we have

lim
n→∞

Kα,β
n,q (t; y) = lim

n→∞

1

([n]q + β)

(
α+

1

[2]q
+

2q[n]q
[2]q

y

)
= y

and

lim
n→∞

Kα,β
n,q

(
t2; y

)
= lim

n→∞

((
1 + 3[n]qy + 3[n]q[1 + 2µ]qy + 3[n]2qy

2
)

[3]q([n]q + β)2

)

+ lim
n→∞

(
2α

[2]q([n]q + β)2
(1 + 2q[n]qy) +

α2

([n]q + β)2

)
= y2.

□

Gadzhiev [7] proved weighted Korovkin-type theorems. If a real function ρ(y) =
1 + y2 is continuous on R then it is known as a weight function if

lim
|y|→∞

ρ(y) = ∞ and ρ(y) ≥ 1 for all y ∈ R.

We have some weighted spaces of the functions defined on R+ as follows

Pρ(R+) = {f : | f(y) |≤ Kfρ(y)} ,
Qρ(R+) =

{
f : f ∈ Pρ(R+) ∩ C[0,∞)

}
and

QM
ρ (R+) =

{
f : f ∈ Qρ(R+) and lim

y→∞

f(y)

ρ(y)
= M, M is a constant

}
,

where Kf is a constant depend only on f , ρ(y) is defined as above and Qρ(R+) be a
normed space with ∥ f ∥ρ= sup

y≥0

|f(y)|
ρ(y) .

Theorem 3.3. Let q = qn satisfy (3.11), for 0 < q < 1. Then for any function f ∈ Qk
ρ(R+), we

have
lim
n→∞

∥ Kα,β
n,q (f ; y)− f(y) ∥ρ= 0.

Proof. By using Lemma 2.2, the first condition of Lemma 2.2 is fulfilled for τ = 0. Now
for τ = 1, 2 it is easy to see from conditions (2) and (3) of Lemma 2.2, we have

∥ Kα,β
n,q (t

τ ; y)− yτ ∥ρ= 0.

By using the weighted Korovkin’s type theorem we get the desired result. □

4. THE RATES OF CONVERGENCE

In this section, we use Lipschitz type maximal functions and modulus of continuity
for calculating the rate of convergence of the operators (2.10).
Let ω(f, δ) denotes the modulus of continuity of f and f ∈ C[0,∞). For any interval of
length does not exceed δ > 0, ω(f, δ) gives the maximum oscillation of f and we have the
following relation:

(4.12) ω(f, δ) = sup
|w−v|≤δ

| f(w)− f(v) |, v, w ∈ [0,∞).
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But we know that limδ→0+ ω(f, δ) = 0,
for any f ∈ C[0,∞), δ > 0, we have

(4.13) | f(w)− f(v) |≤
(
| w − v |

δ
+ 1

)
ω(f, δ).

Theorem 4.4. Let the operators Kα,β
n,q (f ; y) is defined by (2.10). Then for a given q ∈ (0, 1),

y ≥ 0, and f ∈ C∗[0,∞), we have

(4.14) | Kα,β
n,q (f ; y)− f(y) |≤

{
1 +

√
ϕ∗(y)

}
ω

(
f ;

1√
([n]q + β)

)
,

where

ϕ∗(y) =

(
(3[n]q + 3[n]q[1 + 2µ]q)

[3]q
+ 2([n]q + β)

(
2αq[n]q

[2]q([n]q + β)
− α− 1

[2]q

))
y

+

(
α2 +

1

[3]q
+

2α

[2]q

)
+

(
([n]q + β)2 +

3[n]2q
[3]q

− 4q[n]q([n]q + β)

[2]q

)
y2,

ω(f, δ) is defined as above and C∗[0,∞) denotes the space of all uniformly continuous function
on R+.

Proof. Now using the above relations (4.12), (4.13) and Cauchy-Schwarz inequality, we
get
| Kα,β

n,q (f ; y)− f(y) |

≤ [n]q
Eµ,q([n]qy)

∞∑
k=0

([n]qy)
k

γµ,q(k)
q

k(k−1)
2

∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

|f(t)− f(y)|dq(t)

≤ [n]q
Eµ,q([n]qy)

∞∑
k=0

([n]qy)
k

γµ,q(k)
q

k(k−1)
2

∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

(
1 +

| t− y |
δ

)
dq(t)ω(f ; δ)

=

1 +
1

δ

 [n]q
Eµ,q([n]qy)

∞∑
k=0

([n]qy)
k

γµ,q(k)
q

k(k−1)
2

∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

| t− y | dq(t)


× ω(f ; δ)

≤

1 +
1

δ

 [n]q
Eµ,q([n]qy)

∞∑
k=0

([n]qy)
k

γµ,q(k)
q

k(k−1)
2

∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

(t− y)2dq(t)

 1
2


× ω(f ; δ)

=

{
1 +

1

δ

(
Kα,β

n,q ((t− y)2; y)
) 1

2

}
ω(f ; δ), where t =

[n]qt+ α

[n]q + β
.

We easily obtain the result (4.14) if δ = δn =
√

1
([n]q+β) . □

Let LipS(ϑ) denotes the usual Lipschitz class for f ∈ C[0,∞), S > 0, 0 < ϑ ≤ 1 and
defined by

(4.15) LipS(ϑ) =
{
f :| f(u1)− f(u2) |≤ S | u1 − u2 |ϑ, u1, u2 ∈ [0,∞)

}
.

The following theorem gives the rate of convergence, in terms of the elements of the usual
Lipschitz class LipS(ϑ) of the operators Kα,β

n,q (f ; y) defined in (2.10).
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Theorem 4.5. Let the operators Kα,β
n,q (f ; y) defined in (2.10). Then for each f ∈ LipS(ϑ), S >

0 and 0 < ϑ ≤ 1 satisfying (4.15), we have

| Kα,β
n,q (f ; y)− f(y) |≤ S (λn(y))

ϑ
2

where, λn(y) = Kα,β
n,q ((t− y)2; y) and t =

[n]qt+α
[n]q+β .

Proof. For proving the above theorem we need (4.15) and using the Hölder’s inequality,
we have

| Kα,β
n,q (f ; y)− f(y) | ≤ | Kα,β

n,q (f(t)− f(y); y) |
≤ Kα,β

n,q (| f(t)− f(y) |; y)
≤ SKα,β

n,q

(
| t− y |ϑ; y

)
.

Further,
| Kα,β

n,q (f ; y)− f(y) |

≤ S
[n]q

Eµ,q([n]qy)

∞∑
k=0

([n]qy)
k

γµ,q(k)
q

k(k−1)
2

∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

| t− y |ϑ dq(t)

≤ S
[n]q

Eµ,q([n]qy)

∞∑
k=0

(
([n]qy)

kq
k(k−1)

2

γµ,q(k)

) 2−ϑ
2

×

(
([n]qy)

kq
k(k−1)

2

γµ,q(k)

)ϑ
2 ∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

| t− y |ϑ dq(t)

≤ S

 [n]q
(Eµ,q([n]qy))

∞∑
k=0

([n]qy)
kq

k(k−1)
2

γµ,q(k)

∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

dq(t)


2−ϑ
2

×

 [n]q
(Eµ,q([n]qy))

∞∑
k=0

([n]qy)
kq

k(k−1)
2

γµ,q(k)

∫ [k+1+2µθk]q−1

qk−1[n]q
+ 1

[n]q

[k+2µθk]q

qk−2[n]q

| t− y |2 dq(t)

ϑ
2

= S
(
Kα,β

n,q ((t− y)2; y)
)ϑ

2 .

□

5. CONCLUSION

In this paper, we introduce the dunkl generalization of Stancu type q-Szász-Mirakjan-
Kantorovich positive linear operator of the exponential functions. Also, with the help of
well-known Korovkin’s theorem we studied some approximation properties and also de-
termined the rate of convergence for the same operators.
Acknowledgements. The authors would like to thank the reviewers for their useful sug-
gestions which improved the presentation of the paper.
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