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Iterative algorithms for split common fixed points of

demicontractive operators without priori knowledge of
operator norms

YONGHONG YAO!2, JEN-CHIH YAO?, YEONG-CHENG L10U* and MIHAI POSTOLACHE?®

ABSTRACT. The split common fixed points problem for demicontractive operators has been studied in Hilbert
spaces. An iterative algorithm is considered and the weak convergence result is given under some mild assump-
tions.

1. INTRODUCTION

Let H1 and #5 be two real Hilbert spaces equipped up their own inner product (-, -)
and norm || - ||. Let S: H1 — H1 and 7: Ha — Ha be two nonlinear operators. Denote
the fixed point sets of S and 7 by Fix(S) and Fix(7), respectively. Let A: H; — H, be a
bounded linear operator with its adjoint .A*.

The present article focusses on the split common fixed point problem which is to find
a point u' € H; such that

(1.1) ul € Fix(S) and Au' € Fix(7).
The split common fixed point problem (1.1) is a generalization of the split feasibility prob-

lem arising from signal processing and image restoration ([4, 6, 17, 18, 19, 21]), which is to
find a point u' such that

(1.2) uf €C and Auf € Q,

where C C H; and @ C H, are two nonempty closed convex sets. Problem (1.1) was
firstly introduced by Censor and Segal [7]. Note that solving (1.1) can be translated to
solve the fixed point equation

z*=8@" —7A (I -T)Az"), 7>0.
Whereafter, Censor and Segal proposed an algorithm for directed operators. Since then,
there has been growing interest in the split common fixed point problem ([1, 3, 5, 8, 12, 13,

14, 20, 22]). In particular, Wang [16] introduced the following new iterative algorithm for
the split common fixed point problem of firmly-nonexpansive mappings.

Algorithm 1.1. Choose an arbitrary initial guess zy.
Step 1. Given z,,, compute the next iteration via the formula:

(1.3) Tp4+1 = Tn — Pn [Z'n — Sz, + A (I - T)Axn]a n > 0.
Step 2. If the following equality
(14) ||mn+1 - anJrl + A* (I - T)'AanrlH =0.
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holds, then stop; otherwise go to step 1.
Subsequently, Wang [16] demonstrated the convergence analysis of Algorithm 1.1.

Theorem 1.1. Assume the following conditions are satisfied:

(Al) Ais a bounded linear operator;
(A2) the solution set of problem (1.1), denoted by §2, is nonempty;
(A3) both S and T are firmly nonexpansive operators.

Let {x,,} be the sequence generated by Algorithm 1.1. If the sequence { p,, } satisfies ", pn = 00
and Y0 p2 < oo, then {x,} converges weakly to a solution z of problem (1.1), where z =
lim,, 00 ProjoTn.

At the same time, Wang[16] gave the following remark.

Remark 1.1. It is readily seen that, in Algorithm 1.1, the selection of the stepsize does not
depend on the operator norm ||.A|. It seems that the assumption (A3) cannot weaken to
directed operators.

Inspired by the work in the literature, the main purpose of this paper is to give an
answer to Remark 1.1. We will extend Wang’s [16] result from the firmly nonexpansive
operators to a more general demicontractive operators. We demonstrate the convergence
of Algorithm 1.1 for solving the split common fixed point problem (1.1). Weak conver-
gence theorem is given under some mild assumptions.

2. PRELIMINARIES
Let C be a nonempty closed convex subset of a real Hilbert space H.
Definition 2.1. An operator 7: C — C is said to be nonexpansive if
1 Tw = Tul|| < [lu—u|
for all u,u' € C.
Definition 2.2. An operator 7 : C — C is said to be firmly nonexpansive if
17w = Tul|* < Jlu— | = ||(I = Tu— (I = T)u'|?
for all u,u’ € C.

A typical example of firmly nonexpansive operators is an orthogonal projection proj,
from H onto C defined by

proje(u) := arg min{ Ju — o]}, u € .

The metric projection proj. of # onto C is characterized by

(2.5 (u — proje(u),v — proje(u)) >0

forallu € H,v € C.

Definition 2.3. An operator 7: C — C is said to be directed if
1T =l |* < Jlu—ul|* = | Tu — ul?

forall u € C and u' € Fix(T).

The class of directed operators is an important class since it includes the orthogonal
projections and the subgradient projectors which are fundamental in the convex opti-
mization.
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Definition 2.4. An operator 7 is called demicontractive if there exists a constant 5 € [0, 1)
such that
2 2 2
[T = oll” < flu=l|" + Bllu = Tul
or equivalently,
1-—

T,

(2.6) (= Tuu—v) >

for all (u,v) € H x Fix(T).

Remark 2.2. It is clear that the demicontractive operators include the directed operators
as special cases. The class of demicontractive operators is fundamental because many
common types of operators arising in optimization belong to this class, see for example

Definition 2.5. An operator 7 is said to be demiclosed if for any sequence {z, } which
weakly converges to z, and if the sequence {7 (z,,)} strongly converges to z, then 7 (z) =
2.

Definition 2.6. A sequence {x,, } is called Fejér-monotone with respect to a given nonempty
set 2 if for every x € €,

|lzn+1 — z|| < ||zn — x|, foralln >0.

Next we adopt the following notations:
- T, — x means that z,, converges weakly to z;
- Wy (Tn) = {x : Iz,; — x} is the weak w-limit set of the sequence {z,}.

Lemma 2.1. ([2]) Let Q be a nonempty closed convex subset in H. If the sequence {x,,} is Fejér
monotone with respect to Q, then we have the following conclusions:
(1) p — 2T € Qiffwy(z,) C
(13) the sequence {projg(z,)} converges strongly;
(iii) if x,, — 2zt € Q, then 2t = lim,,_, ., projg(z,).

Lemma 2.2. ([15]) Let {a,} and {b,} be positive real sequences such that > >~ b, < oo. If
either an+1 < (1 4+ byp)ay, or ant1 < ay + by, then lim,, o a,, exists.

3. MAIN RESULTS

In this section, we will give the convergence analysis of Algorithm 1.1 for solving the
split common fixed points problem (1.1). For the purpose, the following hypothesises are
involved.

(HP1): H; and H; are two real Hilbert spaces;

(HP2): S: Hy — Hyand T : Ho — H, are two demicontractive operators with coefficients
B €[0,1) and i € [0, 1), respectively;

(HP3): S: H1 — Hi and T: Ho — Ho are Lipschitz continuous with Lipschitz constant
L>1;

(HP4): A: #Hi — Hs is a bounded linear operator with its adjoint operator .A*.

We use (2 to denote the solution set of problem (1.1), that is,

QN ={z:z e Fix(S) and Az € Fix(T)}.

Throughout, assume {2 is nonempty.
First, we have the following remark.

Remark 3.3. If (1.4) holds, then x,,;; solves problem (1.1). As a matter of fact, we have
the following a more general conclusion.
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Proposition 3.1. z' solves (1.1) iff ||2F — Sz + A*(I — T)AzT|| = 0.

Proof. 1f 21 solves (1.1), then zf = Sz and (I — 7).Az" = 0. It is obvious that ||zf — Szt +
A (I - T)AA|| = 0.

To see the converse, assume that ||z — Sz + A*(I — T)Azt|| = 0, then for any z € Q,
we obtain

0=|lz" = S2" + A*(I — T)A=T|||| 2" — 2|
> (27 = ST+ A (I - T) AT, 2T — 2)
= (21 = Szt 2T — 2) + (A (T - T) AT, 2T — 2)
= (21 =821 2T — 2) + (I — T)AzT, AzT — Az).

(3.7)

Since S and 7 are demicontractve, from (2.6), we deduce

(3.8) (zF =82t 2t —2) > 1;8”% - 8%,
and

1—
(3.9) (1= THAT AT = Az) > =B (1 = T A |2

By (3.7)-(3.9), we get

0> (2f =Szl + A*(I - T) AT, 2T — 2)

(3.10) - 1-8

1—p
=t = 8211 + =11 = T) A2,

Since 3, 1 € [0,1), we deduce z' € Fix(S) and Az € Fix(T) by (3.10). Therefore, z' solves
problem (1.1). The proof is completed. O

We assume that the sequence {z,} generated by Algorithm 1.1 is infinite. In other
words, Algorithm 1.1 does not terminate in a finite number of iterations. In this case, we
demonstrate the convergence of the sequence {x,,} generated by Algorithm 1.1.

Theorem 3.2. Assume the following conditions are satisfied

(i) I —Sand I — T are demiclosed at zero;
(i) S0 o pn=o00andy o, p2 < oc.

Then the sequence {x,, } generated by Algorithm 1.1 converges weakly to a solution z* of problem
(1.1), where z* = lim,,—, o0 Projo (zn).
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Proof. Firstly, we prove that the sequence {z,} is bounded. Let z € Q. Sety, = z,, —
Sz, + A*(I — T) Az, for all n > 0. From (2.6), we have

(Yn,xn — 2) = (xy — Sxp + A (I — T)Azy, x, — 2)
= (xp — STy, xn — 2) + (A" (I — T)Azp, n, — 2)
1-— 1-—
R
1= 2, A=WIAP*, 2
1- 1- .
> 25 = S 4+ G A = T, P
(3.11) min{l — 3,1 —pu} B 2 - 2
* ZmaxL, Ay T Sl IATE =T A
min{l — 5,1 — pu} 3 - 9
e T (o = S+ 14°(1 = T A
min{l — 8,1 — u} 7 —_ 2
dmax{1 A7} | St AT T
_ min{l _ ﬁa 1- :U/} Hy ||2
4max{L, [|A[2} ™"
= 7y,
~ min{l — 3,1 —pu}
where 7 = Tmax{1, JA2}
According to (1.3) and (3.11), we derive
”xn-ﬁ-l - Z||2 = Hxn —z+ pnyn||2
(3.12) = |20 — 2l” = 2pn(yn, & — 2) + pillyall?

I I°.

< lwn = 2112 = 2007 lynll® + P2l yn

Since S and T are L-Lipschitzian, we have
Iyl = ll2n — Sz + A*(I = T) Az, — [z = Sz + A (I — T) Az
<NT=8)xn — (I =8)z|| + [|A(I = T) Az, — A(I = T)Az||
< (L4 Vllen — 2+ (L + DIAJ 20 - 2
= (L4 1)1+ A2 2 — 211
By (3.12) and (3.13), we get
lzns1 = 217 < lzn = 212 = 2007 lyall* + £7 |y
(3.14) < lwn — 20 + P4 (L + D* (A + AP [lzn — 217 = 2007 [lyn
< flan = 201 + PR (L + 1)1+ LAl — 2]

Noting that Y | p2 < oo, from Lemma 2.2 and (3.14), we deduce lim,, , « ||, — z|| exists.
Hence, {z,} is bounded and so is {y, }.

Next, we show that every weak cluster point of the sequence {z,, } belongs to the solu-
tion set of problem (1.1), i.e., wy, (x,) C .

From (3.12), we obtain

(3.13)

I? I?

27 pnllynl® < llzn — 2017 = lenss — 217 + pllyal®

< lzn — 2”2 — |Tnt1 — 2”2 + pin
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where M = sup, {[lya]|?}-
An induction induces that

(3.15) 21> pullynll® < llzo — 2l + MY p} < o0,
n=0 n=0
which implies that
(3.16) liminf ||y, | = 0
due to the fact that Y2 p, = oc.
Observe that

[Yn+1 = ynll = [Tn1 — STpy1 + AL = T) ATy 11
— [&zn — Sz + A (I — T) Az, ||
< @ng1 — Sxpg1 — [xn - an]”
(3.17) + A = T)A§p1 — A(I = T) Az,
< (L4 Dllnsr — wall + (L + DA @01 — 20l
= (L+ D)+ A zne1 — zall
= (L+ 1)+ AI%)pnllynll
It follows that
Y41 l* = lynll® + 20, Ynt1 = vn) + [Yns1 — ynll?
(3.18) <yl + 20nlllgnsts = yall + [Yns1 = ynll?
<yl + 2L+ 1)+ A pnllynll? + (L + 121+ [|A*)? 0% lyall*.

From (3.15), we know that "7 p,[lyn||* < co. At the same time, > >/ p2 < oo by the
assumption. Thus, we can apply Lemma 2.2 to (3.18) to deduce lim,,_,  ||y» || exists. This
together with (3.16) implies that

(3.19) Jim (lyn[| = Tim [z, — Sz + A1 = T)Azp[| = 0.
Observe that
1-p

1—p
e — Sl + LT - T Azl

(3.20) <Axp — Sxp,xp — 2y + (A (I = T)Azp, Ty — 2)

= {(xp — Stp + A (I —T)Axp, ), — 2)

<lwn — Szn + AL = T)Azy||||2n — 2||.
In view of (3.19) and (3.20), we have
(3.21) lim ||z, — Sz,||=0and lim ||(I —T7)Az,| =0.

n— 00 n— oo

By the demiclosedness (at zero) of I — S and I — T, we deduce immediately w,,(z,) C Q.

To this end, the conditions of Lemma 2.1 are all satisfied. Consequently, z, — z* =
lim,, o0 proj (). The proof is completed. O

Since the demicontractive operators include the directed operators and the firmly-
nonexpansive mappings operators as special cases, we have immediately the following
corollaries.

Corollary 3.1. Assume the following conditions are satisfied

(i) Hy and Ho are two real Hilbert spaces;
(ii) S: H1 — Hyand T : Ho — Hy are two directed operators;
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(iii) S: Hy1 — Hyand T : Ho — Ho are Lipschitz continuous with Lipschitz constant L > 1;
(iv) I — S and I — T are demiclosed at zero;
(©) Yoo p=ocand 337 pr < oo
Then the sequence {x,,} generated by Algorithm 1.1 converges weakly to a solution z* of problem
(1.1), where z* = lim,_, o0 Projo(zn)-

Corollary 3.2. Assume the following conditions are satisfied

(1) Hq and Ho are two real Hilbert spaces;
(i) S: Hi1 — Hiand T : Ho — Ho are two firmly-nonexpansive mappings;
(iii) Y07 o pn =o00and > 0 p2 < oo.
Then the sequence {x,,} generated by Algorithm 1.1 converges weakly to a solution z* of problem
(1.1), where z* = lim,— o0 Projo(zn).
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