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On some results concerning the polygonal polynomials

DORIN ANDRICA and OVIDIU BAGDASAR

ABSTRACT. In this paper we define the nth polygonal polynomial P, (2) = (z — 1)(22 — 1)--- (2™ — 1)
and we investigate recurrence relations and exact integral formulae for the coefficients of P, and for those of
the Mahonian polynomials Qr(2) = (z + 1)(22 + 2z + 1) --- (2"~1 4 ... + 2 + 1). We also explore numerical
properties of these coefficients, unraveling new meanings for old sequences and generating novel entries to the
Online Encyclopedia of Integer Sequences (OEIS). Some open questions are also formulated.

1. INTRODUCTION

For a positive integer n, we define the nth polygonal polynomial by
(1.1) Po(2)=(z—=1)(22 = 1)--- (2" = 1).

For each k = 1,...,n, the roots of z* — 1 are the complex coordinates of the vertices of
the regular k-gon centered in the origin and having 1 as a vertex. Consequently, the roots
of P, are the vertices, with repetitions, of the regular k-gons, k = 1,...,n, motivating the
name of this polynomial. Clearly, P, has degree "(”+1) and integer coefficients. These
polynomials are closely linked to Euler’s famous pentagonal number theorem concerning
the infinite expansion (1—z)(1—22)(1—2%)--- = 5% (=1)" 2*G*=1/2 where |z| < 1,
and the exponents are called (generalised) pentagonal numbers [4].
The polynomials P, are a special case of the general class of polynomials defined by

n

Fzon () =[] G™ = ),

k=1
where n, my, ma, ..., m, are positive integers and z;, 2, . . ., 2, are complex numbers with
|z1] = |22] = -+ = |zn| = 1, introduced and investigated by Andrica and Bagdasar in [3].

This general class also contains the cyclotomic polynomials.
Recall that the nth cyclotomic polynomial ®,, is defined by

(1.2) ou(z)= [ G-¢h,
1<k<n-—1
ged(k,n)=1

where (,, = cos & + jsin 2= denotes the first primitive root of order n of the unity. It is
well known that the followmg formula holds

(1.3) 2" —1=[]al2)
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2 Dorin Andrica and Ovidiu Bagdasar

Therefore, we obtain the decomposition of P, as product of cyclotomic polynomials

(1.4) Po(z) = I]:I]:@d(z)

k=1 d|k

Because every cyclotomic polynomial is irreducible over Z ([7], Theorem 1, page 195),
it follows that P, has exactly v(n) = Y ,_, 7(k) factors irreducible over Z, where 7(k)
denotes the number of divisors of the positive integer k. This property gives a new inter-
pretation for the integer sequence v(n) (indexed as A006218 in the Online Encyclopedia
of Integer Sequences (OEIS) [12])), in terms of the polynomial P,. The terms of v(n) are

1,3,5,8,10, 14, 16, 20, 23, 27, 29, 35, 37, 41, 45, 50, 52, 58, 60, 66, 70, 74, 76, 84, 87,91, 95, . . .

The explicit computations for the magnitude of coefficients of cyclotomic polynomials
may involve complicated formulations [8, 9], [14, p.258-259]. The integral formulae for
the coefficients of the cyclotomic polynomials established by Andrica and Bagdasar [2],
opened new perspectives in the study of these coefficients and related sequences.

It is easy to see that the direct link between the Gaussian polynomials defined by

(m)z IR I Clmair)

T (z—=1)---(2m—=1)
and the polygonal polynomials is given by the formula
m\ P, (2)
(9 <T>z  Pe(2)Pr(2)’

While the polynomial P,, seems very simple, from many points of view it can be seen
as the “father” of the cyclotomic polynomials ®4 (see formula above), and it hides
deep algebraic, arithmetic and combinatorial properties. The natural companion to P, is
the Mahonian polynomial @,, defined in (2.16), with a key role in the theory of partitions.
The aim of this paper is to explore the polynomials P,, and @Q,, and their coefficients. The
coefficients of ),, are known as Mahonian numbers (A008302/in [12]).

In Section 2 we investigate the coefficients of P,, for which we establish a recursive
formula (subsection 2.1), we deduce an exact integral formula (subsection 2.2) and give
a combinatorial interpretation (subsection 2.3). We then analyze the companion polyno-
mial @, (subsection 2.4), for whose coefficients we give recurrence formulae (Theorem
Proposition[2.1). We also show by a direct computation that the polynomial @, is uni-
modal (Proposition , and we establish a link between the coefficients of polynomials
P, and Q,, (Theorem2.4).

Section 3 is devoted to some integer sequences related to polynomials P, and @,,. First,
we examine the number of distinct complex roots of P, (subsection 3.1). Then, we ana-
lyze the sequence of middle coefficients of P,, and deduce an integral formula, and of @,
(Kendall-Mann numbers), and propose some conjectures (subsection 3.2). Furthermore, in
subsection 3.3 we conjecture that every integer n can be a coefficient of some polynomial
P,, (property known to hold for cyclotomic polynomials [15])), the result being confirmed
numerically for the first 10° numbers. We also propose a new integer sequence, defined by
the smallest value m, for which the integer n > 1 appears as a coefficient in P, (A301701
in [12]). Finally, in subsection 3.4 we discuss the number of positive, negative, and zero co-
efficients of P,,, adding new entries to the OEIS, namely the sequences A301703|/A301704,
and |A301705.
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2. FORMULAE AND PROPERTIES OF THE COEFFICIENTS

Recall that a polynomial f(z) = ag + a1z + - - - + a;, 2™ of degree m is called
e palindromic (or reciprocal) if f(z) = 2™ f (1), ie, a; = am—j, j =0,...,m;
e antipalindromic (or antireciprocal) if f(z) = —2™f (1), i€, a; = —am—j;
e unimodal if the sequence of its coefficients is unimodal, i.e., there exists an integer
t (called mode), such thata; < as <--- <agand a; > ag41 > -+ > Q.
The algebraic form of the polynomial P, in (L.1)) is

n(n+1)
2

(2.6) P, (z)= cgn)zj.
§=0

An easy computation shows that

n(n41 1
Po(z) = (—1)"2"5 P, () :

z
. . . . . 9 1
hence P, is palindromic for n even, i.e., we have c§.") = c(ﬁlﬂ) = 0,..., % Also,
2
[ . . . . . 1
it is antipalindromic for n odd, i.e., we have c§.") = —Cﬁl+1> = 0,..., %
2

2.1. The recurrence formula for the coefficients of P,,. The coefficients of the polynomial
P, can be obtained recursively. Notice that

2.7) Pu(z) = [[(+F = 1) = Puca(2) (2" = 1).

k=1

Using the coefficients of P, and P,_, one obtains

n(nt1) n(n—1)
2 2
(2.8) P,(z) = Z c§n)zj = Z cg-nfl)zj (z"—=1).
Jj=0 Jj=0

This indicates the following formula:
—cn Y if je{o,...,n—1},

(2.9) cgn) = cg.y:f) —dm g e {m ., M) }’

J
(n—1) . . n(n—1) n(n+1)
¢; if ]E{T—&-l,...,T}.

Using the recurrence (2.9), we obtain the numbers in Table

The values of the coefficients c§-") correspond to (—1)"T(n, j) of A231599 in OEIS.
2.2. The integral formula for the coefficients c§n). Writing the polynomial P, in the al-
gebraic form, one obtains

n(n+1)
2

Pu(z)= Y Vel = (-1)"1—2)1—2%) - (12",
j=0

therefore

3T = (—)me (1 - 2) (1 2% (1 2.
kit
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Pl

Pi(z) | —14+=

P 11,111

Py (z) 1—2—22423

P 11,1,1,0,-1,-1,1

P3(2) | —14+2+2%2 —2%— 25426

¢ 11,-1,-1,0,0,2,0,0,-1,-1,1

Py(2) | 1—2—22 4225 — 28 — 29 4 210

¢ 1-1,1,1,0,0,-1,-1,-1,1,1,1,0,0,-1,-1,1

Po(z) | 14242225 26 57 1 58 4 294,10 ;13 14 4 15

¢ 11,-1,-1,0,0,1,0,2,0,-1,-1,-1,-1,0,2,0,1,0,0,-1,-1,1

PG(Z) 1—2— 22 JrZS +227 729 *ZIO _ le 7212 +2Zl4 +216 7219 _ Z20 +221

" 1,1,1,0,0,-1,0,-1,-1,0,1,1,2,0,0,0,-2,-1,-1,0,1,1,0,1,0,0,-1,-1, 1

P7(Z) —1+Z+22 _ 25 _ 27 _ ZS _,’_ZIO +211 +2212 —2216 _Zl7 _ 218 _,’_220 +221+
4223 _ 426 _ ,27 4 .28

TABLE 1. Polynomials P, and their coefficients forn = 1,2, 3,4,5,6, 7.

Letting z = cos 2t + ¢ sin 2¢, by the well-known de Moivre formula, we obtain

437 e = (—1)" (cos 2t — isin2jt) [ ] (2sin? st — 2isin st cos st)

k#j s=1
n n
= 2"{"(cos 2jt — isin 2jt) H(cos st + i sin st) H sin st
s=1 s=1

1) —4j 1) —4j -
=27 [cos <n(n+2)jt+ n27r> + ¢sin <n(n+2)]t—|— n;r)} Hsinst.

Integrating on the interval [0, 7] we get

" an [T 1) —4y . . .
c(. ) _ 7/ cos Mt—i— nr sintsin 2t - - -sinntdt
J Vi 0 2 2

ELZZ T cos (Mt) sintsin2t---sinntdt if nis even

ntl n .
2 2t foﬂ sin (%t) sintsin2t---sinntdt if nis odd.

s

(2.10) =

In addition, from the proof of the integral formula (2.10) it follows that

i 1) — 44
/ sin (n(n—|—2)]t+ n27r> sintsin2t---sinntdt = 0.
0

2.3. The combinatorial interpretation of the coefficients cg-”). The calculation of these

polynomial coefficients involves tuples with fixed sum. Let s, k,n be positive integers.
We denote by af(s, k, n) the number of integer s-tuples (i1, ..., ;) with the properties
(2.11) i tig+ i =k, 1<i;<ig<---<igs<n.

The link with the coefficients cg-”) is given in the following theorem.
Theorem 2.1. The following formula holds :

(2.12) A = (=)™ (a1, k,n) — a(2,k,n) + a3, k,n) — ).



On some results concerning the polygonal polynomials 5

Proof. The coefficient ¢\ of z* in the expansion (z — 1)(22 — 1)--- (2" — 1) involves s

distinct terms chosen from the set {1,...,n} with the property that their sum is &, and

also n — s terms equal to (—1), for s = 0,. .., n. Explicitly, cg") is given by the expression
o = ()" a1k, n) + (-1)" (2, k,n) + (—1)" a3, k) +

This ends the proof. O

Clearly, a(s, k, n) is an increasing function with n. When n is large enough, the function
is stationary to a value not depending on n, simply denoted by «(s, k).
The following result shows a link between the polynomial P, and integers a(s, k).

Theorem 2.2. If s is a positive integer, then for all z € C such that |z| < 1 we have

s(s41) 00
—1)°z" = - i1 gt
(2.13) (;M = nlgr;o E Zattetetts — E afs, k)2~
s 1<i) <ig < <ig<n k=0

Proof. Clearly, we have

is—1+1
: ietis ietis itetiaoy | ?
B D D DL D D e
1<i1 < <is<n 1<iy << 1<i1 < <is—1
2(is—2+1)
__Z 42, _ 7 irteotiso | 2
C1l—z Z = 1_1—z Z = ) 1— 22
1<ip < <tg—1 1<i1 < <2
142 T4t (s—1
- g 2 Z gttt — L = ey 1 Z 251
— — — e — yS—
(1-2)(1-22) e S, (1—2)---(1—21) =
B Zs(s;l) B (_1)825(5;1)
(-2 (127 Pi(2)
(]
Notice also that by (2.13) it follows that
0o s(s2+1) oo
s(s+1) .
(—1)°z7 2 = Py(z) (Z a(s,k)zk> = Z cg-s)zj (Z 04(57k‘)2k> ;
k=0 =0 k=0
hence we obtain the following result.
idori (s) _ ; (s+1)
Corollary 2.1. Considering that c;”” = 0 for j > =°3=*, we have
n
(2.14) S a(s,n— )l = (—1)%6,, scin,

7=0
where 6., ,, denotes the Kronecker symbol.
Corollary 2.2. Let 3(s, k) be the number of distinct solutions to the equation
(2.15) 1+ 224+ sjs =k,
such that the numbers j1, ja, ..., js > 1 are not necessarily distinct. We have a(s, k) = (s, k).
Proof. Indeed, for j € {1,...,s} and |z| < 1 one has % =20 425 4.
By taking the product over j € {1,..., s}, one obtains

(-1 ="

= (a2 )22t ) (52 ) = 3 S zk,
by A ) (T I;B(,k)
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_ _ s(s+1)
The result follows by (2.13). Clearly, a(s, k) = (s, k) = 0for 0 < k < =5~ — 1. O

Recent results concerning the number of ordered partitions of the integer k into s parts
each of size at least 0 but no larger than n have been obtained in [13] and [16].

2.4. The connection to the Mahonian polynomial @,,. The polygonal polynomial can
also be written as P, (z) = (z — 1)"Qx(z), where

(n—1)n
2

(216)  Qu(z)=(G+1)(P2+z2+1) "4 224 1) = a2,
=0

We call @Q,, the Mahonian polynomial, which presents interest in its own right and has
been investigated in many papers [11] (related to coin-tossing), or Margolius [10]. The
coefficients a,(cn) are called Mahonian numbers, representing the number of permutations
of the set {1,...,n} with k inversions, indexed as|A008302 in OEIS. If 2% = zk1 ... zkn—
with 2% coming from the factor 1 + z + - - - + 27 in (2.16), then a direct interpretation of
the coefficient a,(:) is the number of partitions of the integer k = ki + --- + kp—1 , with
the constraints 0 < k; < j, 1 < j < n — 1. These numbers are related to the Mahonian

distribution, which interestingly, are used in the mixing of diffusing particles [5].

af) 1,1
Q2(2) | 1+2
a® 11,221

Q;(z) 1422 +222 + 28
o 11,356,531
Qa(2) | 1+32+522 4623 + 524+ 325 + 26
ol 11,4,9,15,20,22,20,15,9, 4,1
Q5(2) | 1+42+ 922 + 1523 + 202* + 2225 4 2026 + 1528 + 928 + 429 + 210
a® 1 1,5,14,29,49,71,90,101, 101, 90, 71, 49, 29, 14, 5, 1
Qo(z) | 14524 1422 42923 4 492% 4 712% 4+ 9026 4+ 10127 + 10128 + 9029 + 71210 + 49211 4+
29212 4 14213 4 5214 4 215

TABLE 2. Polynomials @,, and their coefficients for n = 2, 3,4, 5, 6.

For n = 10 the following formula is obtained for the polynomial Q10:

Qi0(2) = 1+ 92 + 4422 +1552% + 4402* 4+ 10682° + 229825 + 448927 + 80952° + 136402°
+ 2167020 4 326832 + 4704322 + 6488923 + 860542 + 1100102 4 135853 21°

+ 16233727 + 187959218 4 21108929 + 230131220 4 243694221 + 250749222 + 25074923
+ 24369422 + 23013122 4 211089226 + 187959227 4 162337228 + 13585322°

+ 11001023 + 86054231 + 64889232 4 47043233 + 3268323* + 216702%° + 13640236

+ 8095257 + 4489238 + 229823 4 1068240 4 4402* + 155242 + 44243 4 9244 4 45,

(n)

We also give a recurrence formula for a jn , as a function of the coefficients of Q;.

Theorem 2.3. Let n > k + 1. The coefficient a,(C”) is given by the recursive formula

k .
(n) _ n—=1-=7\ )
(2.17) ay, —E ( ko )aj .

=0
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Proof. Notice that a" is the coefficient of z* in Q4 (2)(1 4 z + - - - + 2¥)"~*. Clearly:

1— ki7" nek (1 \"7F
(1+z+~~+zk)"k<z) = (1-2"1) k( ) .

1—=2 1—=2

For |z| < 1, the geometric series summation yields
1
:1+Z+22+...+25+...
1—=2

By differentiating (n — k — 1) times one obtains

n—k 00
(n—k—l)!( ! ) :Z(s+l)(s+2)---(s+n—k—1)25

1—
z s=0

hence

1 \" (s+1)(s+2)--(s+n—k-1) Lo 2 (s+n—1-k\ ,
<1—z> Z (n—k—1)! Z( ) '

=0 s=

The coefficient of z* in

is then given by
k k
(n) () 8+n—k—1) (k) (n—]—l)
a,’ = a’ ( :E a .
5=0 § j=0 ’ k—Jj
O

Example 2.1. First, one may show that aé") = 1 and a§"> = n — 1. By Theorem [2.3| one
obtains:

e k= 2: Forn > 3 wehave

n—1\ (o n—2\ (2 n—3\ 29 nm—-2)(n+1)
aé")< 5 >aé)+( ) >a§)+< 0 )ag)2 :

e k= 3: Forn > 4 we have

n—1 n—2 n—3 n—4 nn2 -7
aén)( 3 >a‘()3)+< 2 >a§3)+( 1 >a53)+( 0 )agf’) : 6 }

e k =4: Forn > 5 we have

n n—1 4 n—2 4 n—3 4 n—4 4 n—>a 4
afl):< 4 )a(())+< 3 )ag)—i—( 9 )aé)—&-( 1 )ag)-i-( 0 )ai)

n(n+1)(n®>4+n—14)
N 24 '
e k= 5: For n > 6 we have

n n—1 5 n—2 5 n—3 5 n—4 5 n—>5 5
aé):( 5 >aé)+< 4 )ag)—&-( 3 )ag)-i-( 9 )ag)—i-( 1 )ai)—i—

n—6 a® = 1 n—1)(n n3 — 9n — 20):
+( ) L D+ 6)(® — 9n — 20);

0 120
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e k = 6: Forn > 7 we have

n 1
aé J = —n (n +9n* — 503 — 16502 — 356n + 516) .

720

For n = 10 we have a( 9 — 1068 and aélo) = 2298, confirming the values of Q1.
The coefficients of the polynomial @,, can also be obtained recursively. One may write

(2.18) Qn(2) = Qn-1(2) (2" T+ 2+ 1)

Using the coefficients of @), and @,,—1, one obtains

(n—L)n (n=2)(n=1)
2 2
(2.19) Qn(z) = agn)zj = Z ag.”fl)zj ("2 1).
i=0 i=0

Proposition 2.1. The following formula holds:

(n—1) (n—1) . .
220, o _ a; +-+ag if je€{0,...,n—1},
: J (n—1) (n—1) . . n(n—1)
a; oty if ]6{1@...,%}.

One can prove that ),, is a A-polynomial, i.e., it is both palindromic and unimodal with
nonnegative coefficients. This follows from a general result by Andrews [1]], and the fact
that @, is a product of the A-polynomials z + 1, 22 + 2 + 1,..., 2" 71 + --- 4+ 2z + 1. This
property can be seen in Table[I} We also present a direct proof of the unimodality @Q,,.

Proposition 2.2. The polynomial Q,, is unimodal.

n(n+1)
4

Proof. Let us denote for convenience m = {%J and M = J . We shall prove

the result by induction. Assume that the polynomial @),, is unimodal. Observe that

(@) if m = =1 then the sequence {a§-n };(% Y/2 has a single maximum value at

j =m, and also as,?)ﬂ. = agslj,j =0,...,m, by the unimodality of @,,;

(n)}n(n 1)/2

(b) if m # "(" ) , then sequence {a has maximum values at j = m,m + 1,

and also am) ;= agnilﬂ,j 0,.

Clearly, Q2(z) = 1 + z is unimodal. We show that the sequence a§"+1), j=0,...,M,is

increasing. First, by formula (2.20), if 0 < j < n — 1, then a(T{U — gt = (,”) > 1.

.7
Then, if n < j < m — 1, one has ayr[l) §"+1) ng (") > 0,as Q, is ummodal

,m, by the unimodality of Q,,.

Finally, we prove that the inequality a; Jl) §n+1) >0 holds Whenever m<j<M-1.
Denote for convenience p = j —m, forp € {0,..., M —m — 1}.

Case 1. If n = 4k, then M — m = 2k. For p € {0,...,2k — 1} (even n), one obtains

(n) (n) _ (n) (n)
iy =G5l = Qpipy1 — O (n_py > 0,

since p + 1 < n — p. Also, one may notice that for p = 2k, one obtains
(n) (n) _ () (n) o™ (n) (n) (n)

501 =05 0 = O opy1 — Opnlop = Gpiopy1 — Oplor = O — O <
hence sequence a; ' ), j =0,..., M is increasing, and has the single mode j = M.
Case 2. If n =4k + 1, then M — m = 2k. Forp € {0, ...,2k — 1} (odd n) we have
(ﬂ) o™ (n) (n)
U1~ G = Ui 1yap ~ Cm—np) > O
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since p < n — p. Also, for p = 2k one obtains

(n) (n) (n) (n) n) (n)
aji1 - ajin = a(2+1)+2k - amL—Qk = a§\4+1 - CLJZ =0,

hence sequence ag.”ﬂ), j=0,..., M is increasing, and has modes j = M, M + 1.
Case 3. If n = 4k + 2, then M — m = 2k + 1. Forp € {0,...,2k} (even n), one has

(n) n) _ (0 (n)
@jp1 = 0l = Omipi1 = O () > 0;

since p + 1 < n — p. Also, one may notice that for p = 2k + 1, one obtains

A g (n) (n)

(n) _ () (n)
G4+l T A = Qplopyo ar:zbf(2k+1) = a7:+2k+2 ~ Oy iokpr1 T aJGH —ay <0,
hence sequence a§n+1), j =0,..., M is increasing, and has the single mode j = M.
Case 4. If n = 4k + 3, then M — m = 2k 4+ 2. For p € {0, ...,2k + 1} (odd n) we have

NONENE)

W g = o) _ )
J Jj—n

= Yt D)+p ~ Fm—(n—p) > O
since p < n — p. Also, for p = 2k + 2 one obtains

a§‘+)1 - a;)n = a(n3+1)+2k+2 - agn)fzkﬁ = a5\/1)+1 - agw =0,

(n+1)

hence sequence a; ,j=0,..., M is increasing, and has modes j = M, M + 1. O

Using the definition of the polynomial @),,, we obtain another interpretation of the co-
efficients of polynomial P, in terms of Kandall-Mann numbers. Indeed, from

(n—1)n

P(z) = [Zn <7(;> - (Tll) 2"+ (;L) 2R () (Z)] jz: a§»n)zj ,

one obtains a link between the coefficients of polynomial P, and those of @,.

Theorem 2.4. The following formula holds
(=17 (@ () = @™ () + o+ (<17aP(3)) i e {0, n -1},
(=07 (ol () = ™y () + -+ (1", () i g€ {n mER Y

Example 2.2. Applying the formula in Theorem forj =1,....,6and n > j+ 1 we

(n) _
c;’ =

ogat)am

n

c = (=1)",

o = (10" a" —a” (1) = (1" (0= 1) = n) = (=",

c(2n) _ (_Dn(aén) . agn) (T) + agn) (g)) _ (_1)n+1’

el 0+ 6 - -1,

e’ = (=1)"(ag" —a3" (V) +ay” (3) — a1 (5) + a0 (})) =

g = (1" = a" (1) + a5 () — " (5) + 0" () — g (5)) = (1",
g = (" =g (7) + 0 (3) — a5V () + 0V () — oV ) + 0 (3)) = 0
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3. ASSOCIATED INTEGER SEQUENCES

3.1. The number of distinct roots. The number of distinct roots of P, is given by

(3.21) An) =) +¢(2) + -+ ¢(n).

Indeed, by one has P, 1(2) = P,(2)(2""! — 1). The new roots added by z"*! — 1 to
the set of roots of P,, are those given by the primitive roots of order n + 1, whose number

is ¢(n + 1). The result follows by induction.
The sequence A(n) is indexed as/A002088|in the OEIS, starting with the values:

1,2,4,6,10,12, 18, 22, 28, 32, 42, 46, 58, 64, 72, 80, 96, 102, 120, 128, 140, 150, 172, 180, 200, . . .

The asymptotic formula for A(n) is given in [4, Theorem 3.7, page 72]:

2
zﬂn%v%%f+Cangn)

Proposition 3.3. Let 1 < k < n be an integer. If z, , = 2™k is a k™" primitive root, then the

n
% |

Sl -2
k=1

Proof. The root z, ;, appears for the first time in polynomial P, from the factor z* — 1. Each
of the ¢ (k) roots appears as a non-primitive root of every multiple of k smaller thann. O

3.2. The middle coefficients of P,, and @,,. Formula (2.10) provides an insight into the
sequence of middle terms. Denote by m = {WJ .

multiplicity of root z, y, in the polynomial P, is Consequently, one recovers the identity

o If n = 4k, then for m = % we have cos (Wt) =1and

2m [
(3.22) cm = 2 / sintsin 2t - - - sin nt dt.
T Jo

This sequence recovers|A269298 in OEIS, having the starting values
2,2,4,6,8,16, 28,50, 100, 196, 388, 786, 1600, 3280, 6780, 14060, 29280, 61232, . . .
o If n =4k + 1, then n(n 4+ 1) — 4m = 2 and sin (Mt) = sint, hence

(3.23) o = —% /OTr sin? tsin2t - - -sinnt dt = —c(") |
The sequence of terms multiplied by (—1) is not currently indexed in OEIS:
1,1,1,1,2,2,3,4,6,10, 17,28, 52,94, 176, 339, 651, 1268, 2505, 4965, 9916, 19926, . . .
o If n =4k +2,thenn(n+ 1) — 4m = 2 and cos (Wt) = cost, hence

n [
(3.24) el = 2 / costsintsin2t---sinntdt = cfﬁ_l.
T Jo

m
The sequence of terms multiplied by (—1) is not currently indexed in OEIS:
1,1,2,3,5,10,19, 34, 68,135,269, 544, 1111, 2274, 4694, 9729, 20237, 42260, 88538, . . .
o If n =4k + 3 then form = w we have sin (Mt) =0and cg,?) =0.

Conjecture 1. Let n be an integer and m = {%J . Then the middle coefficient ) is

e positive for n = 4k (mentioned in A231599, without a proof);
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e negative for n = 4k + 1 and n = 4k + 2.

The sequence of middle coefficients of @,, gives the Kendall-Mann numbers indexed
as A000140 in OEIS, representing the number of permutations of the set {1,...,n} having
the maximum number of inversions. The first terms are:

1,1,2,6,22,101, 573, 3836, 29228, 250749, 2409581, 25598186, 296643390, 3727542188, . .

The asymptotic behavior of this sequence was conjectured in A000140.

Conjecture 2. Let n be an integer and m = {"("TA)J . Then the sequence of middle coefficients

alyy of Qy, satisfies the asymptotic formula

We are not aware of the existence of any proof at the moment.
For the cyclotomic polynomial @,,, the sequence of middle coefficients was studied by
Dresden [6], and corresponds to the sequence A094754]in OEIS.

3.3. First occurrence of n as a coefficient of a polygonal polynomial. It was proved by
Suzuki [15], that every integer n is a coefficient for some cyclotomic polynomial ®,,. We
formulate the following open question regarding polygonal polynomials.

Conjecture 3. Every integer n appears as a coefficient of some polygonal polynomial.

Notice that 1 is a coefficient of P;, while 2 first appears as a coefficient in P;. For an
integer n > 0, the sequence a(n) defined by the smallest number m for which n is a
coefficient of P, produces sequence|A301701, recently added by the authors to OEIS.

n o1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19...
a(n) |3 1 4 10 12 17 16 19 20 22 22 23 24 25 25 25 24 26 26 28...

The conjecture was recently checked for the first 10° integers.

3.4. Number of non-zero terms of P,. The sequence of non-zero coefficients of P, is
indexed as'A086781/in OEIS and starts with the terms

1,2,4,6,7,12, 14, 18, 25, 32, 36, 42, 53, 68, 64, 84, 97, 108, 126, 146, 161, 170 . ...

Recently, we have added the sequences below to the OEIS.
e A301703| representing the number of positive coefficients of P,;:

1,2,3,3,6,6,9,13,16,18,21,27, 34, 32,42,47, 54,62, 73,79, 85,96, 104, 113, 123, 140, 150, . ...
e A301704), representing the number of negative coefficients of P,:

1,2,3,4,6,8,9,12,16,18, 21, 26, 34, 32,42, 50, 54, 64, 73, 82, 85,96, 104, 116, 123, 134, 150, . ...
e A301705, representing the number of zero coefficients of P,:

0,0,1,4,4,8,11,12, 14, 20, 25, 26, 24,42, 37, 40, 46, 46, 45, 50, 62, 62, 69, 72, 80, 78,79, 74, . . .
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