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Hemi-slant submanifolds in metallic Riemannian
manifolds

CRISTINA E. HRETCANU and ADARA M. BLAGA

ABSTRACT. The aim of our paper is to focus on some properties of hemi-slant submanifolds in metallic
(and Golden) Riemannian manifolds. We give some characterizations of hemi-slant submanifolds in metallic or
Golden Riemannian manifolds and we obtain integrability conditions for the distributions involved. Examples
of hemi-slant submanifolds in metallic and Golden Riemannian manifolds are given.

1. INTRODUCTION

The geometry of slant submanifolds in complex manifolds, studied by B. Y. Chen in
([7]) in the early 1990’s, was extended to semi-slant submanifold, pseudo-slant submani-
fold and bi-slant submanifold, respectively, in different types of differentiable manifolds.
The pseudo-slant submanifolds (also called hemi-slant submanifolds) in Kenmotsu or
nearly Kenmotsu manifolds ([1], [2]) or in locally decomposable Riemannian manifolds
([3]) were studied by M. Atceken et al. Properties of hemi-slant submanifolds in locally
product Riemannian manifolds were studied by H. M. Tastan and F. Ozdem in ([15]).

The notion of metallic structure (and, in particular, Golden structure) on a Riemannian
manifold was initially studied in ([4], [5], [6], [8],[12],[13],[14]). In ([12]), the authors of the
present paper studied the properties of the slant and semi-slant submanifolds in metallic
or Golden Riemannian manifolds.

The purpose of the present paper is to investigate the properties of hemi-slant subman-
ifolds in metallic (or Golden) Riemannian manifolds. Using a polynomial structure on a
manifold ([9]) and the metallic numbers ([16]), we defined the metallic structure J ([14]).

_ b+

The name of this structure is provided by the metallic number ¢, , = % (i.e. the
positive solution of the equation z? — px — ¢ = 0) for positive integer values of p and ¢. If
M is an m-dimensional manifold endowed with a tensor field .J of type (1, 1) such that:

(1.1) J? = pJ+ql,

for p, ¢ € N*, where I is the identity operator on the Lie algebra I'(T M), then the structure
J is a metallic structure. In this situation, the pair (M, J) is called metallic manifold.

In particular, if p = ¢ = 1 one obtains the Golden structure ([8]) determined by a (1, 1)-
tensor field J which verifies J? = J + I. In this case, (M, J) is called Golden manifold
([8]).

If (M, g) is a Riemannian manifold endowed with a metallic (or a Golden) structure .J,
such that the Riemannian metric g is J-compatible, i.e.:

(1.2) 9(JX,Y) =39(X,JY),
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for any X,Y € I'(T'M), then (g, J) is called a metallic (or a Golden) Riemannian structure
and (M, g, J) is a metallic (or a Golden) Riemannian manifold ([14]). Moreover, we have:

(1.3) gJX,JY) =g(J*X,Y) = pg(JX,Y) + qg(X,Y),

forany X,Y € I'(TM) ([14]).
Any almost product structure F on M induces two metallic structures on M:
20p.4

—-p
F.
2 )

where [ is the identity operator on the Lie algebra I'(TM) ([14]).

1.4) J= gl +

2. SUBMANIFOLDS IN THE METALLIC RIEMANNIAN MANIFOLDS

Let M be an m'-dimensional submanifold, isometrically immersed in the m-dimensional
metallic (or Golden) Riemannian manifold (M, g, J) with m,m’ € N* and m > m’. Let
T, M be the tangent space of M in a point z € M and T;- M the normal space of M in z.
The tangent space T,,M can be decomposed into the direct sum: T, M = T, M @ T;-M,
for any = € M. Let i, be the differential of the immersion i : M — M. The induced Rie-
mannian metric g on M is given by ¢(X,Y) = §(i. X, i.Y), forany X, Y € I'(T'M). For the
simplification of the notations, in the rest of the paper we shall note by X the vector field
i+ X, for any X € I'(T'M). Properties of submanifolds in metallic Riemannian manifolds
was studied in ([10]) and ([11]). If we denote by T'X and N X, respectively, the tangential
and normal parts of JX, for any X € I'(T'M), then we get:

@.1) JX =TX + NX,

T :T(TM) - T(TM), TX = (JX)T and N : I(TM) — I(T+M), NX := (JX)*. For
any V € T'(T+ M), the tangential and normal parts of JV satisfy:

2.2) JV =tV +nV,

t: (T M) = T(TM),tV := (JV)T and n : T(T+ M) — T(T+M), nV = (JV)*.
We remark that the maps 7" and n are g-symmetric ([5]):

(2.3) (1) g(TX,Y) =g(X,TY), (ii)g(nU,V)=7g(UnV),
forany X,Y € I(TM) and U,V € T'(T+M). Moreover, we get
(24) gINX,U) =g(X,tU),

forany X € I'(TM) and U € I'(T+M). By using (2.1), (2.2) and (1.1), we obtain:
Remark 2.1. If M is a submanifold in a metallic Riemannian manifold (M, g, J), then:

(2.5) (i) T?X = pTX +qX —tNX, (ii))pNX = NTX +nNX,

(2.6) (i) n®V = pnV + qV — NtV, (i) ptV = TtV + tnV,

forany X e [(TM)and V € T'(T+M).

For p = ¢ = 1 and M is a submanifold in a Golden Riemannian manifold (M,g, J)
then, forany X € I'(TM) we get T?°X =TX + X —tNX, NX = NTX +nNX and for
any V € T(T+ M) we get n®V =nV +V — NtV,tV =TtV + tnV.

Remark 2.2. ([11]) Let (M, g) be a Riemannian manifold endowed with an almost product
structure F and let .J be one of the two metallic structures induced by F on M. If M is
a submanifold in the almost product Riemannian manifold (M,g, F) and for any X €
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I'(TM),V € T(T+M) we have FX = fX +wX, FV = BV + CV, with fX := (FX)7,
wX = (FX)*, BV := (FV)T and CV := (FV)*, then:
20 —
2

20 —p

Prx, (i) NX ==+ wX

2.7) (i) TX = gx +

20 —p ov.

(2.8) (i) tV = +

BV, (ii))nV = %”Vi 2"2_79

In the next considerations we denote by V and V the Levi-Civita connections on (M, g)
and its submanifold (1, g), respectively. The Gauss and Weingarten formulas are given
by:

(2.9) () VxY =VxY +h(X,Y), (ii))VxV =—-AyX + V%V,

forany X,Y € I(TM) and V € I'(T+M), where h is the second fundamental form and
Ay is the shape operator. The second fundamental form and the shape operator verify:

Definition 2.1. ([10]) If (M,g,J) is a metallic (or Golden) Riemannian manifold and .J

is parallel with respect to the Levi-Civita connection V on M (i.e. V.J = 0), we say that
(M,g,J) is a locally metallic (or locally Golden) Riemannian manifold.

The covariant derivatives of the tangential and normal parts of JX (and JV), T and N
(t and n, respectively) are given by ([10],[1]):

@11) (i) (VxT)Y = VxTY —T(VxY), (i) (VxN)Y = VLENY — N(VxY),

(2.12) (@) (Vxt)V = VxtV —t(VxV), (i) (Vxn)V =VxnV —n(VxV),
forany X,Y € I(TM)and V € T'(T+M). From g(JX,Y) = g(X, JY), it follows:
(2.13) 9(Vx )Y, Z2) =5(Y,(VxJ)Z),

forany X, Y, Z € I‘(TM). Moreover, if M is an isometrically immersed submanifold in
the metallic Riemannian manifold (M, g, J), then ([6]):

(2.14) 9(VxT)Y, 2) =g(Y,(VxT)Z),
forany X,Y, Z e T'(TM).

Lemma 2.1. ([11]) If M is a submanifold in a locally metallic (or Golden) Riemannian manifold
(M, g, J), then the covariant derivatives of T and N verify:

215) () (VxT)Y = Axy X + th(X,Y), (i) (VxN)Y =nh(X,Y) — h(X,TY),

(2.16) @) (Vxt)V = Ay X — TAyX, (i) (Vxn)V = —h(X,tV) — NAy X,
forany X,Y € T(TM) and V € T(T+M).

Remark 2.3. If M is a submanifold in a locally metallic (or locally Golden) Riemannian
manifold (M, g, .J), then we obtain:

(2.17) J(VxN)Y,V) =g((Vxt)V.Y),
forany X,Y € [(TM)and V € T(T+M).

Proof. From (2.15) (ii) and (2.3) (ii) we get g((Vx N)Y, V) = g(h(X,Y ), nV)—g(h(X,TY),V) =
g(Apv X —TAy X,Y) and using (2.16)(i) we obtain (2.17). |



62 Cristina E. Hretcanu and Adara M. Blaga

Theorem 2.1. Let M be a submanifold in a locally metallic (or locally Golden) Riemannian man-
ifold (M,g,J). Then (VxN)Y = 0and (Vxt)V =0, forany X, Y € I(TM), V € I(T+M)
if and only if the shape operator A verifies:

(2.18) Ay X = TAy X = AyTX.
Proof. From (2.3)(ii) we get g(nh(X,Y),V) = g(h(X,Y),nV), for any X,Y € I'(TM),
V € T(T+M). Thus, we obtain:

J(VxN)Y, V) =g(h(X,Y),nV) - g(h(X,TY),V) = §(Aw X,Y) - G(Av X, TY),
forany X,Y € I(TM),V € T(T+M). From (2.15)(ii) and (2.10) we have

(2.19) F(VxN)Y, V) =G(Any X — TAyX,Y) = G(AnyY — AyTY, X),
forany X,Y € I'(TM), V € I'(T+M). Thus, from (2.19) and (2.17) we obtain the conclu-
sion. ]

Theorem 2.2. ([11]) If M is a submanifold in a locally metallic (or locally Golden) Riemannian
manifold (M, g, J), then:

(2.20) T(X,Y])) = VxTY — VyTX — Any X + AnxY

(2.21) N([X,Y]) = h(X,TY) — h(TX,Y) + VxNY — V& NX,
forany XY € T'(T'M), where V is the Levi-Civita connection on T' (T M).

3. HEMI-SLANT SUBMANIFOLDS IN METALLIC RIEMANNIAN MANIFOLDS

In this section we recall the definition of a slant distribution and of a bi-slant subman-
ifold in a metallic (or Golden) Riemannian manifold. Then, we define the hemi-slant
submanifold and find some properties regarding the distributions involved in this type of
submanifold, using a similar definition as for Riemannian product manifold ([15]).

Definition 3.2. ([11]) Let M be an immersed submanifold in a metallic (or Golden) Rie-
mannian manifold (M, g, .J). A differentiable distribution D on M is called a slant distri-
bution if the angle 6 p between J X, and the vector subspace D, is constant, for any z € M
and any nonzero vector field X,, € I'(D,). The constant angle 6 is called the slant angle
of the distribution D.

Theorem 3.3. ([11]) Let D be a differentiable distribution on a submanifold M of a metallic (or
Golden) Riemannian manifold (M, g, J). The distribution D is a slant distribution if and only if
there exists a constant A € [0, 1] such that:

(3.1) (PpT)*X = MN(pPpTX + ¢X),

forany X € T'(D), where Pp, is the orthogonal projection on D. Moreover, if 0 is the slant angle
of D, then it satisfies X\ = cos? Op.

Definition 3.3. ([11]) Let M be an immersed submanifold in a metallic (or Golden) Rie-
mannian manifold (M, g, J). We say that M is a bi-slant submanifold of M if there exist two
orthogonal differentiable distribution D; and Dy on M such that TM = Dy @ D,, and D;,
Dy, are slant distributions with the slant angles ¢; and 65, respectively. Moreover, M is a
proper bi-slant submanifold of M if dim(Dy) - dim(Dz) # 0.

Definition 3.4. An immersed submanifold M in a metallic (or Golden) Riemannian mani-
fold (M, g, J) is a hemi-slant submanifold if there exist two orthogonal distributions DY and
D+ on M such that:

(1) TM admits the orthogonal direct decomposition TM = D’ & D+;
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(2) The distribution D? is slant with angle 6 € [0, Z];

(3) The distribution D+ is anti-invariant distribution (i.e. J(D*) C T'(T+M)).

Moreover, if dim(D?) - dim(D+) # 0 and § € (0,%), then M is a proper hemi-slant
submanifold.

Remark 3.4. If M is a hemi-slant submanifold in a metallic Riemannian manifold (M, g, .J),
with TM = DY & D+, for particular cases we get:

(1) if = 0 and dim(D+) = 0, then M is an invariant submanifold;

(2) if dim(D’) = 0 or 6 = Z, then M is an anti-invariant submanifold;

(3) if dim(D+) = 0and 6 # 0, then M is a slant submanifold;

(4) if dim(D?) - dim(D+) # 0 and 6 = 0, then M is a semi-invariant submanifold.

Remark 3.5. If M is a hemi-slant submanifold in a metallic Riemannian manifold (M, g, J),
with TM = DY & D+, then we get that M is an anti-invariant submanifold if § = Z and
g(JX,Y) =0, forany X € I'(D?) and X € I'(D1).

Let M be a hemi-slant submanifold in a metallic Riemannian manifold (M, g, J), with
TM = D% @ D+ and let P, and P, be the orthogonal projections on D? and D+, respec-
tively. Thus, for any X € I'(T'M ), we can consider the decomposition of X = P, X + P, X,
where P, X € I'(DY) and P,X € I'(D+). From J(D+) C I'(T+ M) we obtain:

Lemma 3.2. If M is a hemi-slant submanifold in a metallic (or Golden) Riemannian manifold
(M,g,J) then, for any X € I'(T M) we have:

(3.2) JX=TP X+ NP X+NPRLX=TPX+NX

(3.3) (i)JP,X = NP, X, (ii))TP,X = 0, (iii)TP, X € T'(D%).

Remark 3.6. If M is a hemi-slant submanifold in a metallic (or Golden) Riemannian man-
ifold (M,7q,J), then:

(3.4) T+M = N(D%) @ N(D*) @ p,
where 1 is an invariant subbundle of T M.

Proof. Forany X € T'(D%) and Z € T'(Dt)wegetg(NX,NZ) =g(JX,JZ) = pg(X,TZ)+
q9(X, Z) = 0. Thus, the distributions N(D?) and N(D~) are mutually perpendicular in
T+ M. If we denote by p the orthogonal complementary subbundle of J(T'M) in T+ M,
then we obtain (3.4). O

Remark 3.7. If M is a hemi-slant submanifold in a metallic (or Golden) Riemannian man-
ifold (M,g,J), then: g(JP, X, TP, X) = cos§(X)||TP,X]| - ||JP.X] and the cosine of the
slant angle 6(X) =: 0 of the distribution DY is constant, for any nonzero X € I'(TM).
Thus, for any nonzero X € I'(T'M), we get:

gUPX,ThX) |ThX]|

3.5 cosf = = .
(3:3) TP X TP X~ [TPX]

Theorem 3.4. If M is a hemi-slant submanifold in a metallic Riemannian manifold (Mg, J)
then, for any X, Y € I'(T' M), we have:

(3.6) G(TP.X,TPY) = cos® 0pg(TP, X, P\Y) + qg(P.X, P,Y)]

(3.7) gINX,NY) =sin® 0[pg(TPL X, PY) + qg(P1 X, P1Y)].
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Proof. Taking X +Y in (3.5) then, for any X, Y € I'(T'M) we have

g(TPlX, TP1Y) = COS2 9§(JP1X, JP1Y) = COS2 gﬂpg(JplX, P1Y) + qy(PlX, .131}/)]7 and
using (3.3)(iii) we get (3.6). Thus, from (3.2) we get, forany X, Y € I'(T'M):
4(TPX,TPY) =g(JP.X,JPY) — g(NX,NY) and (3.7) holds. 0

Remark 3.8. A hemi-slant submanifold M in a Golden Riemannian manifold (M, g, .J)
with the slant angle 6 of the distribution D? verifies (3.6) and (3.7) withp = ¢ = 1.

Theorem 3.5. Let M be a hemi-slant submanifold in a metallic Riemannian manifold (M, g, J)
with the slant angle 0 of the distribution D°. Then:

(3.8) (TP)* = cos? (pT Py + qI),
where I is the identity on T'(D?) and
(3.9) V({(TP))?) = pcos®> OV(TP,).

Remark 3.9. Let M be a hemi-slant submanifold in a metallic (or Golden) Riemannian
manifold (M, g, J), with TM = D’ @ D+. Then T(DY) = DY and T(D+) = 0.

Proof. By using (2.3)(i), we get g(T'X, Z) = g(X,TZ) =0, forany X € ['(D?), Z € I'(D4).
Thus, T(D?) L D+. Since T(D?) C T'(T'M) we obtain that T(D?) C D’. Moreover,
from (3.8) we obtain X = (T(TX — pcos®0X), for any X € I'(D) (le. P X = X),
where (M, g, J) is a metallic Riemannian manifold. If (M,7g, J) is a Golden Riemannian
manifold, then X = T(TX — cos?6X), for any X € I'(DY). Thus, D? C T(D?). Since
T(D?%) C DY we get T(D?) = DY. By using (3.3)(ii) we obtain that D' is anti-invariant
with respect to J and T'(D+) = 0. O

Theorem 3.6. Let M be an immersed submanifold in a metallic Riemannian manifold (M, g, J).
Then M is a hemi-slant submanifold in M if and only if there exists a constant X € [0, 1] such that
D ={X e (TM)|T?X = XN(pTX + ¢X)} is a distribution and TY = 0, for any Y orthogonal
to D,Y € T(TM), where p, ¢ € N*.

Proof. If M is a hemi-slant submanifold in a metallic Riemannian manifold (M, g, J), with
D? .= Dand TM = D? @ D" then, from (3.8) and #(X) # 0 we have A = cos? @ € [0, 1].
Conversely, if there exists a real number A € [0, 1] such that 72X = A\(pT X + ¢X), for any
X € T(D), it follows that cos® §(X) = X\ which implies that §(X) = arccos(v/\) does not
depend on X. If we consider the orthogonal direct sum TM = D @ D+, since T(D) C D
and TY = 0, for any Y orthogonal to D, Y € I'(T'M), we obtain that M is a hemi-slant
submanifold in M with D? := D. O

Example 3.1. Let R* be the Euclidean space endowed with the usual Euclidean metric
< - >. Let f : M — R* be the immersion given by: f(u,v) = (ucost,usint,v, %v)7

where M := {(u,v) |u>0,t € (0,5)}and 0 := 0p 4 = prypHld ”’2’2+4q is the metallic number
T =p—o0(p,qg € N*). We can find a local orthonormal frame on T'M given by: Z; =
costa%1 + sin ta%z, and Zy = 8—23 + %6—24. We define the metallic structure J : R* — R*
by:

J(X1, X2, X5,X4) = (6X1,6X2,0X3,5X4), and we can easily verify that J2X = pJ + ¢l
and < JX,Y >=< X,JY >, forany X = (X1, Xo, X3, X4), Y := (Y1,Ys,Y3,Yy) € RL

2, — . 2
We remark that JZ, | span{Z;,Z,} and cos ) = <ZJZ1 JZ§> = —gcos thogsimt
1Z1]]-| 1l \/0'2 cos? t+o2sin?t

We define the distributions D+ = span{Z,} (J(D+) c T(T+M)) and D’ = span{Z,}
is a slant distribution with the slant angle §. The Riemannian metric tensor of D? & D+
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is given by g = du? + %dv? Thus, M is a hemi-slant submanifold in the metallic
Riemannian manifold (R*, < -,- >, J), with TM = D? ® D*.

Example 3.2. If we consider p = ¢ = 1 in the example 3.1 and ¢ := 07 is the Golden
number (¢ := 1 — ¢), for M given in the example 3.1 we define the immersion f : M —
R* by f(u,v) = (ucost,usint,v,¢v). The Golden structure J : R* — R* is defined by
J(X1, X0, X3, X4) = (6 X1, 0 X2, X3, 0X4). The distribution D? = span{Z;} has the slant
) cos? t+$sin2 t
\/(d) cos? t+¢ sin? t)+1
of DY & D is given by g = du® + (¢ + 2)dv®. Thus, M is a hemi-slant submanifold in the
Golden Riemannian manifold (R*, < -, >, .J).

angle 6 = arccos and D+ = span{Z,}. The Riemannian metric tensor

Example 3.3. If M and f are the same as in the example 3.1, we define the metallic
structure J : R* — R* given by J(X1, X2, X3, X4) = (0X1,0X2,0X3,5X,). We obtain:
JZy = o0Z,, the distributions D+ = span{Z,} and D? = span{Z,} has the slant angle
0 = 0. Thus, TM = D? ® D+ and M is a semi-invariant submanifold in the metallic
Riemannian manifold (R* < -,- >,J). Similarly, for p = ¢ = 1 we obtain that M is a
semi-invariant submanifold in the Golden Riemannian manifold (R*, < -, >, .J).

Example 3.4. Let R be the Euclidean space endowed with the usual Euclidean metric
< -~ >.Let f: M — R” be the immersion given by:
1 . o \a V2
—ucost, —=usint, v, —v, —w,w, —u | ,
(JE V3 NANE
where M := {(u,v,w) |u>0,t € (0,%)}and 0 := 0, 4 is the metalhc number (p,q € N*).
We can find a local orthonormal frame onTM g1ven by: Z, = \/5 cos t2- -+ f sint 52— S+

\‘;617 Zy = 613 + f am and Z3 = ‘Uf 70; T aa; . We define the metalhc structure

J R7 ]R7 by J(Xl,X27X3,X47X5,X6,X7) = (O'Xl,EXQ,O’X37EX4,(7X5,§X670'X7)
and we can easily verify that J°X = pJ + ¢l and < JX,Y >=< X,JY >, forany X :=
(‘le7 XQ, )(3,7 X4, X5, XG, X7), Y = (Yl, Y27 Y37 }/4, Ytg,, 1/6, Y7) S R7. We find that JZ2 1
span{Zy, Zy, Zs} and JZs L span{Zy, Zs, Z3}. Thus, we get cos § = \/3([7;;:?:2:;?;;1;;2;2 5
We define the distributions D = span{Zs, Z3} (J(D+) c T(T+M))and DY = span{Z,}
is a slant distribution, with the slant angle . The Riemannian metric tensor of DY @ D+

is given by g = du? + EZE24dy? 4 EZX24yy?. Thus, TM = D’ © D+ and M is a hemi-slant

submanifold in the metallic Riemannian manifold (R7, < -,- >, J).

flu,v,w) =

Example 3.5. We consider p = ¢ = 1 in the example 3.4 and ¢ := o3 is the Golden
number (¢ := 1—¢). We define, for M given in the example 3.1, the immersion f : M — R”

by
1 . —
flu,v,w) = (%ucos t, %usmt,v, oV, pw, w,
and the Golden structure J : R” — R by

J(X1, X2, X3, X4, X5, X6, X7) = (0X1, 0 X2, X3, 0 X4, 0X5, 0 X6, 9 X7).

The distributions D+ = span{Z,, Z3} verifies J(D*) C T'(T+M) and the slant distribu-
¢(cos? t+2)+¢sin? t
\/3 [¢? (cos? t+2)+¢‘ sin?]

metric tensor of DY@ D1 is given by g = du®+(¢+2)dv?+ 21? dw?. Thus, M is a hemi-slant

submanifold in the Golden Riemannian manifold (R7, < -,- >, .J).

%U),

tion D? = span{Z;} has the slant angle 6 = arccos . The Riemannian
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Example 3.6. If M and f are the same as in the example 3.4 and the metallic structure .J :
R7—>R7 is deflnedby j(Xl, XQ, X3, X4, X5, X6, X7) = (O‘Xl, O‘XQ, 0’X375X4, 0‘)(57 EX& O‘X7).
then we get: JZ; = 0Z;. We obtain the distributions D+ = span{Z, Z3} and D? =
span{Z,} with the slant angle § = 0. Thus, TM = D? & D+ and M is a semi-invariant
submanifold in the metallic Riemannian manifold (R”, < -,- >, J). Similarly, forp = ¢ = 1
we obtain that M is a semi-invariant submanifold in the Golden Riemannian manifold
(R7, < -,- >, J).

4. ON THE INTEGRABILITY OF THE DISTRIBUTIONS OF A HEMI-SLANT SUBMANIFOLD

In this section we investigate the conditions for the integrability of the distributions of
a hemi-slant submanifold in a metallic (or Golden) Riemannian manifold.

Theorem 4.7. If M is a hemi-slant submanifold in a locally metallic (or locally Golden) Riemann-
ian manifold (M,g, J), then

4.1) VxTY —VyTX — Ayy X + AyxY € T(D?),
forany X,Y € T(D?).

Proof. By using (2.3)(i), we obtain: g(T([X,Y]),Z) = g([X,Y],T7Z) = 0, for any X,Y €
(D% and Z € T(D*) (ie. TZ = 0). Thus, T([X,Y]) € I'(D?) and from (2.20) we get
@.1). 0

Theorem 4.8. If M is a hemi-slant submanifold in a locally metallic (or locally Golden) Riemann-
ian manifold (M,g, J), then the distribution DY is integrable.

Proof. By using (1.3), we have g(VxY,Z) = ([g(JVxY,JZ) — pg(VxY,JZ)], for any
X,Y e (D%, Z € T(Dt). From VJ = 0 we get JVxY = VxJY and using JZ = NZ,
for any Z € I'(D+), we obtain qg(VxY, Z) = §(VxJY,NZ) — pg(VxY, NZ). From (2.9)
and (2.10) we get qg(VxY,Z) = g(h(X,TY),NZ) + g(V¥NY,NZ) — pg(h(X,Y),NZ).
From (2.11)(ii) and (2.15)(ii) we obtain VxNY = nh(X,Y) — h(X,TY) + NVxY, for any
X,Y € T(D?). From q3(VxY, Z) = G(nh(X,Y), NZ)+G(NVxY,NZ)—pg(h(X,Y),NZ),
wegetqg([X,Y],Z2) =9(NVxY,NZ)-g(NVyX,NZ) =g(N[X,Y],NZ),forany X,Y €
I'(D%) and Z € T'(D4). Thus, from (3.7) and (2.3)(i) we have

q?([X,Y],Z) = smze[pg(Pl[X, Y],TP1Z) + qg(Pl[Xv Y]a-PlZ)]

By using P1Z = 0 for any Z € I'(D) (where P, Z is the projection of Z on I'(D?)), we
obtain g([X,Y],Z) = 0, for any X,Y € I'(D%), Z € I'(D+) which implies that [X,Y] €
r(D%. O
Theorem 4.9. Let M be a hemi-slant submanifold in a locally metallic (or locally Golden) Rie-

mannian manifold (M,g,J). Then the distribution DL is integrable if and only if, for any
Z,W € T'(D+) we have

4.2) AnzW = 0.

Proof. If M is a hemi-slant submanifold in a locally metallic (or locally Golden) Riemann-
ian manifold (M, g, J) then, for any Z,W € I'(D+) we have TZ = TW = 0 which im-
plies VzTW = VywTZ = 0. By using (3.3)(ii) and (2.20) we get T([Z, W]) = 0 if and
only if AxzW = AnwZ holds, for any Z,W € I'(D1). From (2.15)(3i), for any X €
[(TM) and Z,W € T'(D+), we get g(AnzX, W) + g(th(X,Z),W) = g(VxT)Z,W) =
—g(VxZ,TW) = 0, which implies g(Ayz X, W) = —g(th(X, Z), W). From

?(ANZXa W) :g(ANZVVyX) = g(ANWZaX) :g(h(X7 Z)7NW) = g(th(X, Z),W)7
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we obtain g(AyzW, X) = 0 forany X € I'(TM) and Z,W € T'(D+). Thus, (4.2) holds.
Conversely, if AyzW = 0, forany Z, W € T'(D1) then g(th(X, Z),W) = g(Anw Z, X) = 0
and from (2.15)(i) we get 0 = g((VzT)W,X) = g(TVzW,X) = g(VzW,TX), for any
Z,W e I'(D1), X € T(D?Y). From T(DY) = D?, we obtain VW € T'(D+) which implies
[Z,W] € T(D1). O

Theorem 4.10. Let M be a hemi-slant submanifold in a locally metallic (or locally Golden) Rie-
mannian manifold (M, g, J). Then, the anti-invariant distribution D+ is integrable if and only if,
forany Z,W € I'(D*) we have

(4.3) (VD)W = (VwT)Z.
Proof. By using (2.13) we get (VzT)W — (VwT)Z = AnwZ — AnzW, for any Z, W €
I'(D+) and using (4.2) we obtain the conclusion. O

Remark 4.10. Let M be a hemi-slant submanifold in a locally metallic (or locally Golden)
Riemannian manifold (M,g,J). If (VzT)W = 0, for any Z,W € I'(D%), then D+ is
integrable.

Theorem 4.11. Let M be a hemi-slant submanifold in a locally metallic (or locally Golden) Rie-
mannian manifold (M, g, J). If (VxN)Y = 0, for any X,Y € T'(D?) then, either M is a DY
geodesic submanifold (i.e h(X,Y) = 0) or h(X,Y') is an eigenvector of n, with eigenvalues

(4.4) N pcos? O + cos §+/p? cos? O + 4q Ny — pcos? O — cosf+/p? cos? O + 4q
: 1= ) 2 — .
2 2

Proof. By using (VxN)Y = 0 for any X,Y € I'(DY) and (2.15)(ii) we obtain nh(X,Y) =
h(X,TY). From (3.8) we get n2h(X,Y) = h(X,T?Y) = pcos? Onh(X,Y)+qcos? Oh(X,Y),
for any X,Y € I'(D?). Thus, we obtain either M is a DY geodesic submanifold or h(X,Y")
is an eigenvector of n with eigenvalue )\, which verifies A2 — pcos? A — gcos? § = 0 and
(4.1) holds. O

5. MIXED TOTALLY GEODESIC HEMI-SLANT SUBMANIFOLDS

We consider hemi-slant submanifolds in a locally metallic (or locally Golden) Riemann-
ian manifold and we find some conditions for these submanifolds to be DY — D+ mixed
totally geodesic (i.e. h(X,Y) =0, forany X € I'(D?) and Y € T'\(D1)).

Theorem 5.12. If M is a hemi-slant submanifold in a locally metallic (or locally Golden) Rie-
mannian manifold (M, g, J), then M is a D® — D+ mixed totally geodesic submanifold if and only
if Ay X € T(D%) and AyY € T(D1), forany X e T'(D?), Y e T(DY) and V € T(T+M).

Proof. From g(AvX,Y) = g(AvY,X) = g(h(X,Y),V), forany X € I'(D?),Y € I'(D*})
and V € I'(T+ M) we obtain that M is a D? — D+ mixed totally geodesic submanifold in
the locally metallic (or locally Golden) Riemannian manifold if and only if Ay X € I'(D?)
and AyY € I'(D4), forany X € I'(D%),Y € T(D+) and V € I(T+ M). O

Theorem 5.13. Let M be a proper hemi-slant submanifold in a locally metallic (or locally Golden)
Riemannian manifold (Mg, J). If (VxN)Z = 0, forany X € T(TM) and Z € T'(D"), then
M isa DY — D+ mixed totally geodesic submanifold in M .

Proof. If X € T'(DY) and Z € I'(D%) then, from (VxN)Z = 0, (2.15)(ii) and TZ = 0 we
geth(Z,TX)=nh(X,Z) =X, TZ)=0.Fromn?h(Z,X) = h(Z,T?°X) = 0 and (3.8) we
get pcos? Onh(Z,TX) + qcos? h(Z,X) = 0. From nh(Z,TX) = 0and § # % and g # 0,
we obtain h(X, Z) = 0, forany X € I'(D?) and Z € T'(D%). O
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