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Coincidence point theorems for cyclic multi-valued and
hybrid contractive mappings

WARUT SAKSIRIKUN!, VASILE BERINDE?® and NARIN PETROT!*

ABSTRACT. In this paper, we consider the existence theorem of coincidence point for a pair of single-valued
and multi-valued mapping that are concerned with the concepts of cyclic contraction type mapping. Some
illustrative examples and remarks are also discussed.

1. INTRODUCTION

It is well known that, in the case of single-valued mappings, the Banach contraction
principle (see [4]) is one of the most powerful tools in nonlinear analysis. It has been ex-
tended and generalized in many directions. One of the most significant extensions is due
to Kannan [18], who considered a contraction condition that does not force the mapping
to be continuous, as in the case of Banach contraction principle. Another important gen-
eralization has been established by Kirk et al. [25] who introduced the notion of cyclic
operators, which is a natural generalization of the Banach contraction principle. They
proved the following fixed point result.

Theorem 1.1. Let A and B be two nonempty closed subsets of a complete metric space. Suppose
T : AU B — AU B satisfies the following conditions:

i) T(A) C B and T(B)C A,

ii) thereisr € (0,1) such that

d(Tz,Ty) < rd(z,y), forall xe€ Aye B.
Then T has a unique fixed point in AN B.

This theorem represents one of the important acquirements of fixed point theory for
cyclic mappings. In the same paper [25], Theorem 1.1 has been extended to the case of
arbitrary finite non-empty subsets of the metric space. For the other generalizations of
Banach contraction principle towards the cyclic type direction, one may see [10, 20, 21, 22,
31, 32, 35, 34, 38, 40, 43].

By considering the Pompeiu-Hausdorff metric H(-,-) on the class of closed bounded
subsets CB(X) of a complete metric space (X, d), Nadler [30] obtained the following fixed
point theorem for multi-valued contractive type mappings.

Theorem 1.2. [30] Let (X, d) be a complete metric space and T : X — CB(X). Assume that
there exists r € [0, 1) such that

(1.1) H(Tz,Ty) <rd(z,y) forall z,y € X.
Then there exists z € X such that z € Tz.
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Following Nadler’s theorem, the fixed point theory for multi-valued mapping has de-
veloped in many directions, see, for instance [2, 7, 13, 14, 15, 16, 17, 19, 26, 27, 29, 36, 42]
and the papers cited there, and has important applications in many branches in non-
linear analysis, for instance, control theory, differential equations, economics etc., see
[23, 28, 39, 41].

In 2008, Kikkawa and Suzuki [26] provided the significant improvement of Nadler’s
result by considering the following condition, now the so-called Suzuki type contractive
condition.

Theorem 1.3. [26] Let (X, d) be a complete metric space and T : X — CB(X). Define a strictly
decreasing function n : [0,1) — (,1] by

1
T’(T) - 1 + 7”
and assume that there exists r € [0,1) such that
(1.2) n(r)D(x,Tz) < d(z,y) implies H(Tz,Ty) < rd(x,y)

forall x,y € X. Then there exists z € X such that z € T'z.

On the other hand, Damjanovi¢ and Dori¢ [14] obtained the fixed point theorem for
multi-valued generalization of the well-known Kannan'’s fixed point theorem from the
case of single-valued mappings.

Theorem 1.4. [14] Let (X, d) be a complete metric space and T : X — CB(X). Define a non-
increasing function ¢ : [0,1) — (0, 1] by

1, ifo<r< 5L

olr) = {1—7", zf@ <r<L
Assume that
(1.3) ¢(r)D(x,Tx) < d(x,y) implies H(Tx,Ty) < r max{D(z,Tz), D(y,Ty)},
forall x,y € X. Then, there exists z € X such that z € Tz.

Later, in 2011, by focusing on the contractive condition part of above theorems, Dori¢
and Lazovi¢ [16] presented another generalization of both Nadler’s result and Kannan'’s
result by considering a Ciri¢ type strong quasi-contractive condition [12], see also [5].

Theorem 1.5. [16] Let (X, d) be a complete metric space and T' : X — CB(X). Assume that
there exists r € [0,1) such that the function ¢ : [0,1) — (0, 1] which is defined by

1, ifo<r<i
o= FOET<3
—rif5 <r<l,
satisfies the following condition: if ¢(r)d(z, Tx) < d(z,y) then

D(z,Ty)+ D(y,Tx) }
2 b

H(Tz,Ty)<r max{d(x, y), D(z,Tx), D(y, Ty),

forall x,y € X. Then, there exists = € X such that z € Tz.

In this work, motivated by Dori¢ and Lazovi¢ [16] results, we introduce a new class of
hybrid pair of single-valued and multi-valued mappings and establish some hybrid co-
incidence and common fixed point theorems in complete metric spaces. Moreover, some
illustrative examples and remarks are also discussed.
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2. MAIN RESULTS

Let (X, d) be a metric space. We denote by CB(X) for the family of nonempty closed
bounded subsets of X. The Pompeiu-Hausdorff metric induced by the metric d, H(-, -), is
defined by

H(A,B) = max{sup D(a, B),sup D(A, b)}7 for A, B € CB(X),
acA beB

where D(a, B) = biélgd(a, b) is the distance from a point a to a set B € CB(X). It is well

known that (CB(X), H) is a metric space. Moreover, (CB(X), H) is a complete metric
space if it is induced by a complete metric space (X, d).
The following lemmas will be needed to prove our main results.

Lemma 2.1. [30] For A,B € CB(X) and for a € Aand q > 1, there exists an element b € B
such that d(a,b) < ¢H(A, B).

Lemma 2.2. [1] Let A be a nonempty subset of metric space (X, d). Then D(z, A) < d(z,y) +
D(y, A) forany x,y € X.

We now recall the concepts of fixed point, coincidence point and common fixed point.
Let (X, d) be a metric space, f : X — X be a single-valued mapping and 7" : X — CB(X)
be a multi-valued mapping. An element x € X is called

i) afixed point of T'if v € T'x.
ii) a coincidence point of f and T if fz € Tx.
iii) a common fixed point of f and T if x = fz € Tx.

For the mappings f : X — X and T : X — CB(X), we will denote by F(T'), C(f,T)
and F(f,T) the set of all fixed points, coincidence points and commom fixed points, re-
spectively. Let T : X — CB(X) be a multi-valued mapping. For each A C X, we put

(2.4) T(A) = | Ta.

acA

Now, we present a coincidence point theorem by considering the following non-increasing
function ¢ : [0,1) — (0, 1] defined by Dori¢ and Lazovi¢ [16], that is,

1 if0<r<i;
2.5 =< - z
@) #lr) {1—r, if § <r<1L

Theorem 2.6. Let (X, d) be a complete metric space, f : X — X be a single-valued mapping
and T : X — CB(X) be a multi-valued mapping. Let Ay, A, ..., Ay, be nonempty subsets of X
such that T(A;) C f(Aj41), foreachi =1,....,m — 1land T(A,,) C f(A1). Assume that the
following conditions are satisfied:

i) Thereis j € {1,...,m} such that f(A;) is a closed set.
ii) There exists r € [0, 1) such that p(r)D(fz,Tx) < d(fz, fy) implies

fx,Ty) + D(fy’Tx)}
2 b

(2.6) H(Txz,Ty) < rmax{d(f:c,fy),D(fa:,Tx),D(fy,Ty), D(

forx € A,y € Ay, wherei € {1,...,m} and A, 11 = As.

Then there is z € Aj; such that z € C(f,T). In addition, if ffz = fz and either f(A;,,) or
f(A;_4) isaclosed set then fz € F(f,T).
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Proof. Let r1 be a real number with 0 < r < r; < 1. Consider z; € A;. By assumption
(i), we have T'(z1) C f(Az). So there exists a point x5 in Ag such that fzy € Tz C f(Asz).
Since ¢(r) < 1, we have

o(r)D(fx1, Tx1) < D(far, Tey) < d(fry, fo).

By using the contractive condition (2.6), we obtain that

H(TthxZ) S T max {d(fmla fx2>7 D(fmlaTxl)’ D(f:EQa T$2)7 2

D(fxy,Txs) }

D(fay, Txs) + D(fs, Tar) }

2

d(fx1, fra) + D(fra, Tao) }
2

= rmax{d(fxl, fr2), D(fxo, Txs),

< rmax{d(le, fx2), D(fxo, Txs),

= rmax{d(f:z:l, fxa), D(farg,Txg)}.
Using this one, together with the fact that D(fze, Tz2) < H(Tx1,Tz2), we have
D(fwxo, Txs) < rmax{d(fxl,fxg),D(fo,Txg)}.
If max{d(fz1, fx2), D(fx2,Tx2)} = D(fxs, Txs), then we have
D(fxa,Tas) < rD(fxe,Txs) < D(fxs, Txs),

which is a contradiction. Thus, max{d(fz1, fz2), D(fz2,Tx2)} = d(fz1, fz2) and it fol-
lows that

27) D(fxz,Txs) < H(Twy, Taz) < rd(far, fz2).
Since fry € T'z; and “* > 1, by using Lemma2.1 together with (2.7), there exists 3 € A3
with fxs € Tz such that
d(fz2, frs) < md(fzy, fza).
By continuing this process, we construct a sequence { fz,,} in X such that
28) frny1 € Txn and  d(fny1, fEni2) < Td(fn, foat1),

where (z,,, z, 1) € (An, Ant1). Next, from (2.8), we have
Z d(fan, frn41) < Z d(fxy, fas) <

since r; € (0, 1), this implies that { fx,,} is a Cauchy sequence in the complete metric space
(X, d). Subsequently, let v € X such that lim, o fz, = u. Moreover, by constructing
method of { fz,,}, wehaveu € f(4;)foralli € {1,...,m}. Thus, since f(4;) isa closed set
and N2, f(A;) € f(A 5) = f(4;), there exists z € Aj such that fz = u. Moreover, we can
find a subsequence {fxn(k)} of {fr,} such that {fz,)} C f(A;) and lim 00 frpk) =
fz. By considering, such an index j, we now show that

(2.9) D(fz,Txz) < rmax{d(fz, fz), D(fz,Tx)},

forallz € A;_UA;,; suchthat fx € X\ {fz}. Assumethatz € A;_; and fo € X \{fz}.
Note that, there is a natural number n; € N such that d(fz, fo,)) < 3d(fz, fz) for all
k > n1. Now, for each & > n; we consider

o(r)D(frnmys TTnmy) < D(fonmys TTnpy) < d(fTniys fTnk)+1)
< d(frpwy, f2) Fd(fz, frams1) < d(fx, f2) = d(fenmy, f2) < d(frng, fz).
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Thus, we have o(r) D(f k), TTnk)) < d(f2nk), fr) forall k > ny. Then, in view of (2.6),
we get

(2.10) H(Tz,m), Tr) <7 maX{d(fxn(k), fx), D(frnpy, Tonwy), D(fr, Tx),
5 .

Since [y, (k)41 € TTr k), we have D(fa,, )41, Tx) < H(Ty ), Tr) and
D(fxpny, TTnr)) < d(fTn), fTnk)+1)- Using this fact, from (2.10), we obtain

Dy s1, Tr) < rmax{d(fxn<k>, F2). d(Fng, Foniersr)s D(fa, T),

D(fxnmy, Tx) +d(fz, fTn@)11) }
2 )

for all £ > n;. Now, letting £ — oo, we have

D(fz,Tx) < rmax{d(fz, fo), D(fx,Tx), D(fz,Tx) +d(fx, fz) },

2
forall z € A;_;, such that fx € X \ {fz}, which is equivalent to
D(fz,Tz) < rmax{d(fz, fz), D(fz,Tx)}.
Similarly, for the case x € A;.;, we can show that (2.9) holds. This proves the claim.
Finally, we will show that z € C(f,T). We divide the proof into the following two
cases.
CaselL0<r< 1.
Suppose on the contrary, that fz ¢ Tz. Let a € A;_; such that fa € Tz be such that

2rd(fz, fa) < D(fz,Tz). Note that we also have fa # fz Now, we consider in the case
that fa # fz. Thus, in view of (2.9), we have

(2.11) D(fz,Ta) < rmax{d(fz, fa),D(fa,Ta)}.
On the other hand, since ¢(r)D(fz,Tz) < D(fz,Tz) < d(fz, fa), we have

fz,Ta)+ D(fa,T=z) }
2

H(Tz,Ta) < rmax{d(fz,fa),D(fz,Tz),D(fa,Ta), D(

(2.12) < rmax{d(fz,fa),D(fa,Ta)}.

So,
D(fa,Ta) < H(Tz Ta) < rmax{d(fz, fa), D(fa,Ta)}.

Observe that, if max{d(fz, fa), D(fa,Ta)} = D(fa,Ta), we would have
D(fa,Ta) <rD(fa,Ta) < D(fa,Ta)
which is a contradiction. Thus, by this observation and by (2.11) and (2.12), we have
D(fz,Ta) <rd(fz, fa)and H(Tz,Ta) < rd(fz, fa).
This implies
D(fz,Tz) < D(fz,Ta)+H(Ta,Tz) <rd(fz, fa)+rd(fz, fa) = 2rd(fz, fa) < D(fz,Tz),

which is a contradiction. Thus we must have fz € Tz, as required.
Casell § <r < 1.
First, we will show that for all 2 € A;_;, such that fz € X \ {fz}, one has

(2.13) p(r)D(fe,Tx) < d(fz, f=).
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Letz € A;_,, such that fo € X/{fz} be given. Observe that,

D(fx,Tx) <d(fx, fz)+ D(fz,Tx).
Thus, by (2.9), it follows that
(2.14) D(fx,Tx) <d(fx, fz)+ rmax{d(fz,fo:),D(fx,To:)}.
If max{d(fz, fz), D(fz,Tz)} = d(fz, fz), from (2.14) we get

D(fe,Ta) < d(fa, f2) +rd(fe, fz) = (1+r)d(fz, f2).
So,
Pr)D(f2,T2) = (1= )D(f,T2) < 1 D[, T) < d(fz, [2),
and we conclude that (2.13) holds. Now, if
max{d(fz,fx),D(fx,Tx)} = D(fz,Tx),

from (2.14) and we get

D(fx,Tz) <d(fz, fz)+rD(fz,Tx),
which implies that

e(r)D(fz,Tz) = (1 —r)D(fz, Tx) < d(fz, f2),

we have that (2.13) holds, too. By using the assumption (2.6), we obtain that

fx,Tz)+ D(fz,Tx) }
2 b

(2.15) H(Tz,Tz) < rmax{d(fx,fz),D(fx,Tz),D(fz,Tz), D(

forallz € A;_;, such that fo € X\ {fz}.
If {fenm }t C f(A;_;) satisfies lim,, o fZn k) = fz, then by (2.15) we obtain

D(fZ, TZ) = klin;o D(fxn(k)-l-lv TZ) < klinolo H(Txn(k:)a TZ) < kli{l;o riax {d(fxn(k)a fZ),

D(fxn(k)vTxn(k))aD(fZaTZ)a ®) 9 ®)

< k:lglrolo T max {d(fxn(k)» fZ), D(fxn(k)a f‘rn(k’)—&-l)v D(fZ, TZ);

D(fyy, Tz) +2D(fz, o)1) } — +D(f2,T%).
Since r < 1, we can conclude that D(fz,Tz) = 0. This means that z € C(f,T).
Now, assume that ffz = fz and either f(A;,,) or f(A;_,) is a closed set. We will
show that fz € F(f,T).
Note that, since z € C(f,T) and ffz = fz,wehave ffz = fz € Tz. Let us consider for
the case fz € f(Aj;1). We see that

@(r)D(fz,Tz) < D(fz,Tz) < d(fz, [ [2).
Thus, we using (2.6), we obtain

H(T=T12) < pwa{dl 2, £2), DU 2. 79, DUy 2,70, P L DU T
=rD(ffz,Tfz).
By using the above result together with the fact that ffz € Tz, we get D(ffz,Tfz) <
rD(ffz,Tfz). Since r € [0,1), this implies D(ffz,Tfz) = 0. Thus, by the hypothesis
fz = ffz, we conclude that fz € T'fz. This means fz € F(f,T), as required.
The proof for the case of fz € f(A;_;) is similar to the above case, so it is omitted. [
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In the following, we give an example of a pair of a single-valued and a multi-valued
mapping that satisfies all the hypotheses of Theorem 2.6.

Example 2.1. Consider the set of real numbers, R, with the usual metricand let 7 : R —
CB(R) and f : R — R be defined by

9 —22425 . 7
[107 10 ]’ ifz <3,
Tx =

20425 19 . 7
[ 10 710]7 ifz> g,

2
and fx = %, forall z € X, respectively. Let us choose 4; = [0,3], 4> = (1,%) and
Az = [3,4] . We have

=[5 3] -3 2) - 3]

0= o= (34) w0 =1

Therefore, (A1) C f(A2),T(Az) C f(As) and T'(A3) C f(A;1) and it is clear that f(A4;)
and f(Aj3) are closed set.

NS

We will show that the mappings f and T satisfy condition ii) of Theorem 2.6 withr = 1.
For each z € A; and y € A,, such that o(r)D(fz,Tz) < d(fz, fy), we have

19 -2 2 19 -2 2 -2 2 -2 2
H(Tx,Ty)—H([ 9 x+5} [9 Y+ 5]>§‘ x4+ 25 Y+ 5‘

0 10 170 10 0 10
1 1 1|z+4+2 y+2 1
= — — < - - =35
1 D(fz,Ty) + D(fy,Tx
< 2max{d(f:z:,fy),D(fx,Tz),D(fy,Ty)7 ( ) : ( ) )

Similarly, one proves that the contraction condition holds if 2 € 4, and y € As.

Hence, all requirements of the Theorem 2.6 are satisfied. In fact, we have C(f,T) =

[2,15]. Moreover, there is z = 2 € [2, 3] such that f fz = fz and thus fz =2 € F(f,T).

The next example shows that, under the hypotheses of Theorem 2.6, the assumption
ffz = fz1is essential for guaranteeing the existence of a common fixed point of f and 7"

Example 2.2. Consider the set of real numbers, R, with the usual metricand let 7 : R —
CB(R) and f : R — R be defined by

—5x 2
T — [0, =255, ifr <3,
=50, ifx>g,
and 6o
fx= 0 forall =€ X.

One can check that F(f,T) = (). Let us consider A; = (-2, 2), 4, = [0,2]. So, f(A2)isa

closed set and
1 11 1 11
= = _— — Cl—— — | =
T(Al) UaeATa < 10, 10) - |: 10, 10:| f(AQ),

9 1 13 7
— = |- — | C _—— — — .
T(Az) = UpepTh { 0’ 10] - < 0’ 50) f(A1)

and
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Next, we show that the mappings T" and f satisfy condition ii) of Theorem 2.6 with
r= %. Indeed, for each « € A; and y € A,, such that o(r)D(fz,Tz) < d(fz, fy), we have

-5 1 -5 1 -5 1 =5 1 1
a(rs.ry) = (0. 25| y+,ﬂ><’ = EE TRy

10 10 =1 10 10
. 56z —1 6y — 1 B 5
o 6 10 - 10 ‘ - gd(fx,fy)

< gmax{d(fx, fy)’ D(f5C7Tx), D(fy,Ty), D(f$7Ty) ;‘ D(fy,Tx) }

This proves the claim. Thus, all requirements of Theorem 2.6 are satisfied and we have
C(f,T)=[%,&]but ffz+# fz forall z € [}, &].

The following special case of our main result given by Theorem 2.6 is important by
itself.

Theorem 2.7. Let (X, d) be a complete metric space and T : X — CB(X) be a multi-valued
mapping. Let Ay, Aa, ..., Ay be nonempty subsets of X such that T(A;) C A1, for each
i=1,...,m—1and T(A.,) C A;. If the following conditions are satisfied :

i) Thereis j € {1,...,m} such that A; is a closed set.
ii) There exists v € [0, 1) such that p(r)D(z,Tx) < d(x,y) implies

D(z,Ty) + D(y, Tx) }

(2.16) H(Tz,Ty) <r max{d(x, y), D(z,Tx), D(y, Ty), 5

when x € A;,y € Ajp1, wherei € {1,...,m}, Ap41 = Ay and the function o is defined as
in (2.5).

Then, F(T) # (.
Remark 2.1. Taking 41 = Ay = ... = A, = X in Theorem 2.7, we get Theorem 1.5.
However, if each A; is a proper subset of X, it is worth to point out that Theorem 2.7

is a genuine generalization of Theorem 1.5. Moreover, Theorem 2.7 also improves the
important results with were presented by Ciric in [13].

The following example shows the generality of Theorem 2.7, by comparing with Theo-
rem 1.3.

Example 2.3. Consider X = (—o00, 4] equipped with the absolute valued metric distance.
Define T : X — CB(X) by

(55050, ifr<d,
T:
! {gﬁﬁ, if o = 4.

For A; = [0, 2] and A, = [1,4], we observe that

T(Ay) = [23} C[1,4] = 4y

g~ (2o [22] - (2] <o 2] o
3

Moveover, we can show that the condition (2.16) is satasified with r = £ . Therefore,

5
all assumptions of Theorem 2.7 are satisfied and F(T) = [2,2].

and
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However, T does not satisfy Kikkawa and Suzuki’s condition (Theorem 1.3). Indeed,
for x = 3 and y = 4, we have

1 3 1
T PB.T3) = 7 DB, [2,2]) T LS 1=dB.4),
but H(T3,T4) = H ([3.2],[3,2]) =1>r(1) = rd(3,4).

3. CONCLUSIONS

In this work, which basically rely on the results of Dori¢ and Lazovi¢ [16], we introduce
and study a new class of multi-valued mappings induced by the cyclic concept. Some
coincidence and fixed point theorems, examples and remarks are discussed.

It is important to point out that Theorem 2.6 is obtained by requiring only the assump-
tion that f(Aj;) is a closed set, which is a weaker condition than those appearing in the
existing literature.
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