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Better approximation of functions by genuine
Bernstein-Durrmeyer type operators

ANA MARIA ACU and P. N. AGRAWAL

ABSTRACT. The main object of this paper is to construct a new genuine Bernstein-Durrmeyer type operators
which have better features than the classical one. Some direct estimates for the modified genuine Bernstein-
Durrmeyer operator by means of the first and second modulus of continuity are given. An asymptotic formula
for the new operator is proved. Finally, some numerical examples with illustrative graphics have been added to
validate the theoretical results and also compare the rate of convergence.

1. INTRODUCTION

Bernstein operators are one of the most important sequences of positive linear opera-
tors. These operators were introduced by Bernstein [4] and were intensively studied. For
more details on this topic we can refer the readers to excellent monographs [12] and [13].
The Bernstein operators are given by

(1.1) B, :C[0,1] = C[0,1], Bn(fiz)=)» f <S) Pk (@),
k=0

where
k() = (Z) 2F(1—2)"F xe0,1].
It is well known that the fundamental polynomials verify
(1.2) Prg(x) = (1 =) pno1k(2) + 2 pp_1k-1(2), 0 <k <n.

In a recent paper, Khosravian-Arab et al. [14] have introduced a sequence of modified
Bernstein operators as follows:

, “ k
(13) B ) = Yottt () we o)
k=0 K
(1.4) Pt (x) = a(@,n) pu_1k(z) + a(l — z,1) pp_1k-1(2),1 <k <n—1,
o (2) = alz,n)(1 —2)" ", plil@) = a(l —zn)z" ",
and
a(z,n) =a1(n) x + ag(n), n=0,1,...,
where ag(n) and «a;(n) are unknown sequences. For a(n) = —1, ap(n) = 1, obviously,

(1.4) reduces to (1.2).
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A Kantorovich variant of the modified Bernstein operators (1.3) was introduced and
studied in [11].

2. THE MODIFIED GENUINE BERNSTEIN-DURRMEYER OPERATORS

The genuine Bernstein-Durrmeyer operators were introduced by Chen [6] and Good-
man and Sharma [10] and were studied by a numbers of authors (see [1], [5], [8], [9], [15],
[16]). These operators are defined as follows:

n—1 1
Un(fi2)=(1— )" F(0) + 2" F(1)+(n—1) 3 ( / f<t>pn2,k1<t>dt) puil@). [ € Cl0, 1.
k=1 O

The genuine Bernstein-Durrmeyer operators are limits of the Bernstein-Durrmeyer oper-
ators with Jacobi weights (see [2], [3], [17]), namely

Udf= lim  MI%>f where

a——1,0—-1

MyoP> 2 C0,1] = I, My*P>(f2)

b

Zp &l w(@B) (t)p,, 1 (t) f(t)dt

Jo we B ()py i (t)dt
w @A (t) = 2P (1 —2)*, z € (0,1), a,f > —1.

In this section, we introduce a new variant of the genuine Bernstein-Durrmeyer opera-
tors as follows:

25) UL(f:z) = alz,n)(1 — )"~ £(0) + a(1 — z,n)a" L £(1)
+ =13 e W1 k(@) + ol = 2,m)pa_1 41 (2)} / Pz (O£ ().
k=1 0

Throughout this section, we assume U} (e9) = 1, namely

(2.6) 200(n) + a1 (n) = 1.

In the following, we will consider these two cases:

2.7) ap(n) > 0,a0(n) + ax(n) >0,
(2.8) ap(n) < 0or ag(n) + ap(n) < 0.

Remark 2.1. If the unknown sequences «;(n),i = 1,2 verify conditions (2.6) and (2.7), it
follows that
0<ap(n)<land —1<a;(n) <1

Thus the sequences «;(n),i = 1,2 are bounded and the operator (2.5) is positive. If the
sequences «;(n),i = 1, 2 verify conditions (2.6) and (2.8), we obtain

(ao(n) <0, ai(n) + ag(n) > 1) or (a1 (n) + ap(n) <0, ag(n) > 1),
hence the operator (2.5) is not positive.
Denote m;, ;. () := U} (ex; ), py, () := U} ((t — 2)%; ), where ey, (t) = t*,k = 0,1,....
Lemma 2.1. The modified genuine Bernstein-Durrmeyer operators (2.5) verify:
i) my, 0( ) =1
ii) mn_’ (z) = l {:cn +(1—2z)(1 —ap(n)};
iii) m,, o (x)= {x +(dag(n)z—2ap(n)—bz+4)an £2(1—z)(1—2x)(1—ag(n))}.
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Lemma 2.2. The following statements hold:

D) ha() = = (1= 20)(1 ~ ao(n);
1) pha(e) = s {;(1 — on+ (20— 13(1 - ag(n)};
iii) o) 4(z) = Y PO o ey {2*(1 - 2)°n®
[dan(n)(1 — 22)* + 23z(1 — z) — 6] +2(1 — 22)* [1 — ap(n)]} .

—z(l—x)n

In the following, we will give a direct estimate for the modified genuine Bernstein-
Durrmeyer operator U, by means of the first modulus of continuity w(f, §).

Theorem 2.1. Let f be a bounded function for x € [0,1]. If a1 (n) is a bounded sequence, then

1
Lr_fll<2 1 L
”Un.f f” = (3|Oél(’fl)| + )w <f7 \/’ﬁ> )
where || - || is the uniform norm on the interval [0, 1].

Proof. It is known that the modulus of continuity w(f; d) verifies

02
29 1) - s <w(r0) (L5 +1).
It follows from (2.6) that

a(z,n)| = |ai(n)z + ao(n)] < e (n)| + |ao(n)]
2.10) ~ o))+ | =5 < Sl + 5

We get

DN =

a1 = 2m)| < Slas ()] +
Therefore, using Lemma 2.1, condition (2.6) and ¢ = %, we get
\Un (f32) = f(=)]
< la(a,n)|(1 —2)" [ f(0) = f(2)] + a(l = z,n)[" [ f(1) — f(z)|

n—1 1
+ (=1 |a(z, n)lpn—l,k(x)/ P—2k—1(O|f () — f(z)|dt
k=1 0

+(n—1) z_: la(1 — x,n)lpn—1,k—1($)/ Pn—2k—1()|f(t) — f(z)|dt
k=1 0

< (Bl + 2 ) w (=) {01 = 2" (2 + 1) + 27 (01— 2)% + 1)
(Sl + ) (57)

n—1 1
=) paiale) / P (t) (n(t —2)2 + 1) dt
k=1 0

+ (n—1) ipn,l’k,l(as) / Pr—2k-1() (n(t —2)* +1) dt}
k=1 0
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= o Gl + Do (5= ) (26 420+ Dt 4a? — a0 4]

< 2@l ()] + Dw (f; \/15) |
]
1
Remark 2.2. If f € C[0,1], then ILm wl f, \/ﬁ) = 0. Therefore, (U}),, converges uni-
formly on [0, 1] for a; (n) a bounded sequence and f € C0, 1].
Theorem 2.2. Let a;(n),i = 0,1 be convergent sequences that satisfy the conditions (2.7) and
lo = lim ag(n). If " € C[0,1], then
n—oo
T n (UA(f:2) = £(@)) = (1= 22)(1 o) f'(x) + (1 — )" (@),
uniformly on [0, 1].

Proof. Applying the modified genuine Bernstein-Durrmeyer operators U} to the Taylor’s
formula, we obtain

Up(fi2) = f(@) = Uy(t — z32)f'(2) +
+ U, (§t2) (= )%
where ¢ € C[0,1] and tlgn &(t,x) =0.
Using the Cauchy-Schwarz inequality, we get

AU (€t 2)(t - 25 2) < VOEE( 22U, (- o))
From Lemma 22 we have lim n’U} ((t—2)%z) = 122*(1 — z)®.  Since
n—oo
& (x,z) = 0and &€2(-,z) € C[0,1], by Remark 2.2, we obtain
: 1(¢2 ) —
nILH;O Uy (&(t,x);2) =0

Uy ((t=2)%2) f(2)

~ N —

)

uniformly with respect to « € [0, 1]. Therefore,
: 1 20 —
nh—>Holo nU, (&(t, z)(t — )% x) = 0.
Applying Lemma 2.2, the theorem is proved. O

Now, we extend the results from Theorem 2.2 when the sequences «;(n), i = 0, 1, satisfy
the conditions (2.8), namely the operator U, is nonpositive.

Theorem 2.3. Let a;(n),i = 0,1 be bounded convergent sequences which satisfy (2.8) and
lo = li_>m ap(n). If f € C[0,1]) and f" exists at a certain point x € [0, 1], then we have

Q1) Jim o (UNfi2) — f@) = (1 20)(1— ) f' (@) + 2(1 - 2)f"(2),
Moreover the relation (2.11) holds uniformly on [0,1] if f"" € CI0, 1].

Proof. Applying the modified genuine Bernstein-Durrmeyer operators U} to the Taylor’s
formula, we get

Upn(fs2) = f(2) = Up(t = 252)f'(2) + %Ui ((t = 2)%2) f"(2) + Uy (§(t,2)(t = 2)% 2)
where ¢ € C[0,1] and }E& &(t,x) = 0. It is sufficient to show that

(2.12) lim nUL(&(t, 2)(t — x)%;2) = 0.

n—oo
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Since the operators U, are not positive linear operators we can not use Cauchy-Schwarz
inequality and we will introduce new techniques in order to prove the theorem.
Let ¢ > 0 be given. There exist a § > 0 such that if |t — z| < ¢ then [£(¢, )| < e. We

denote
<8,i=0,1,2, n} ng{i

Klz{i:’l—x
n

The boundedness of the sequences «;(n), i = 0,1 implies that these is a constant C' > 0
such that |a(z,n)| < C.

Let k € K;. Hence |£(t, )| < €. Therefore we get

i
e
n

>6,1=0,1,2,--- ,n}.

(2.13) [Un(&(t,2)(t — 2)%2)| < C(1—2)"HE(0,2)[2? + Ca™He(L, 2)[(1 — )
n—1
+C(n—-1) Z{pn 1.56(2) + Pr—1,5-1( }/ Pr—2 k-1 (t)|E(t, 2)|(t — )*dt
k=1
<Ce {(n —-1) i [Pn—1,1(z) +pn—1,k—1(x)]/ Pr—ak—1(t)(t —z)2dt
k=1 0
n—1,2 n—1 21 2 2
+(1—z)" t?+ 2" (1 -12)*} = W{Qnm x)+ (1—2x)°}.
Let k € K,. We denote M = sup [£(t,z)|(t — 2)?. Then

0<t<1

£t z)|(t — z)? < QZ (k x)4

Moreover, the below upper bound is obtained
214) UL (E(t,2)(t - @)% )]

n—1 4
MC {Z [Pr—1.k(2)+Pn-1k-1(2)] (:—:y) +(1—x)"_1x4+x"_1(1—x)4}
k=1

M
= —i51 {622(1—2)*n*+4a(1—2) (132> — 13z +3)n+(1—22)* (122 —122+1) } .

Using (2.13) and (2.14), it follows
2eC
n(n+1

|Un(&(t,2)(t = 2)*2)] <

CM
50 {62%(1— 2)*n®+ 4z(1— 2) (132 — 13z + 3)n+ (1— 22)*(122° — 122+ 1)} .

{Qn:c 1—z)+ (1 -22)%}

Therefore, the last inequality leads to (2.12) and the theorem is proved. O

3. BETTER RATE OF CONVERGENCE

In the following, we will improve the previous results considering a new genuine
Bernstein-Durrmeyer operators that have order of approximation O (n~?) defined as

(3.15) VA(fia) = (n—1) 3 52 () | reasa s
k=1 0
+ B(z,n)(1 — x)"_Qf(O) + 81—, n)x"_gf(l).

where

(3.16) Pi,k(x) = 5(337 n)pn72,k($) + 7(357 n)Pn—2,k71(9C) + 5(1 -z, n)pn72,k72(1’)
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and
6(337 Tl) = ﬁg(?’l)m2 + /61 (n)x + ﬂo(ﬂ), ’Y(JJ, ’I’L) = ’)/0(71)32‘(1 - I),
where 5;(n),i = 0, 1,2 and 7y(n) are unknown sequences. For 53(n) = fo(n) =1, f1(n) =
—2, 70(n) = 2 we obtained the classical genuine-Bernstein-Durrmeyer operators.
In the following, we suppose UZ2(eg; x) = 1, namely

(262(n) = y0(n)) 2* = (2B2(n) = 70(n)) & + 260 (n) + Br(n) + Ba(n) = 1.
This yields
2f(n) —yo(n) =0, 260(n) + f1(n) + B2(n) = 1.
The above relations lead to

Un(ex; )—ﬂ?+ - [2(Po(n) = 1)z — fo(n) + 1]

U2(en; ) = o2 + ﬁ [4Bo(m)na® — 280(n)nz — 8fo(n)a? + a(n)e?

— 5nz® 4+ 108y (n)z — Ba(n)z + 3na + 7z° — 3By(n) — 9z + 3] .
In order to have hm UZ(e;;z) = a*,i = 0,1, 2 we suppose the sequences y(n) and B2(n)
to verify the condltlons

lim BO( ) =0and lim Ba(n)

n—o00 n n—o0 ’I’L2

We consider the case Sy(n) = 1 and S2(n) = n. Thus 81(n) = —n — 1 and yo(n) = 2n. For
this particular case the modified genuine Bernstein-Durrmeyer operator becomes

=0.

n—1 i
(G17) ()= (-1 Fule) / Doz (8)F (D)t
k=1

+ [nx2 —(n+1z+ 1] (1—x)"" 2f( )+ [n;l: —(n— l)x] x"72f(1),
where
2 40(@) = [n2% — (04 D+ 1] pu_si(@) + 202(1 — 2)py_s 51 (2)
+ [na® — (n — 1)z] pn—2k—2().

Denote n? , (x) 1= U2(ex; z), fi2 ,(z) := U2 ((t — x)*;2),k = 0,1, ... . the moments and
central moments, respectively for the modified genuine Bernsteln—Durrmeyer operator
U2.

Lemma 3.3. The following statements hold:
i) mi,o(m) =1
i) m2 | (x) = 2

2z(1 — x)
— ;2
iii) m2 () = 2 + nn+1)
Lemma 3.4. The following statements hold:
- 2z(1 — x)
2 —
1) /’Ln,Q(x) - n(n+ 1) s

6x(l —z)(1 —2z)(n —2)
n(n+1)(n+2) ’
122%(1 — x)%n _

T Dmiomiy O

i) i3 (x) = —

i) i3 4(x) = —
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2402%(1 — z)?(2z — 1)n 4
T Dmrmenmen O
24023(1 — 2)3n?
n+1)(n+2)(n+3)(n+4)(n+5)

iV) ﬂrZL,S(‘r) = (

V) Jing(x) = — +0(n™).
Theorem 3.4. If f € C°[0,1] and = € [0, 1], then
Un(fi2) = f(z) =0 (n77).

Proof. Applying the modified genuine Bernstein-Durrmeyer operators U2 to the Taylor’s
formula, we obtain

6
U2(f; ) => W@ ((t—2)¥2) + 07 (&t 2)(t — )% )
k=1

where tlim &(t,z) = 0. We have
—z
n—2

(3.18)  U2(f;2)=(n—1) (ne® — (n+ Dz +1) Y pu_au(@) /0 Pr_ok_1(t) f(t)dt

k=1

1
+ 27’L(Tl — 1 1 — T an 2,k— 1 / pn—2,k—1(t)f(t)dt

+(n—1)(na® — (n— 1)z an 2,k—2( /o Pr—2,k—1(t) f()dt

—|—(nx2—(n—|—1)x—|—1)( — )” 2f£(0) + (an—(n—l)x)x”df(l).

Let ¢ > 0 be given. There exist 6 > 0 such that if |t — z| < J, then [£(¢, z)| < e. We denote

K= {i

Let k € K;. Since |£(t, x)| < ¢, from (3.18) we obtain

1
=
n

1
e
n

<6,i_0,1,2,...,n}7K2_{i 25,1_0’1,2,...,71}_

(3.19)

n—2 1
2 (et z)(t—2)% )| < % {(n -1) an—z,k(x)/o Pn—2k—1(t)(t — x)°dt
2(n—1) ;pn—Q,k—l(z)/o Pn—2k—1(t)(t —x)°dt
n—1 1
)Y pnas0) [ pasa a2l (a2 1)
k=2 0

1205;3(1 —z)*(1+x—2*)n3
“(n+1l)(n+2)(n+3)(n+4)(n+5)

+0 (n*‘o’) .

Let k € K,. We denote M = sup [£(t,z)|(t — 2)°. Then
0<t<1
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Moreover, the below upper bound is obtained

I 6
620) |02 (et )t - 2% 0)| = 4 {an 210 (- 2)
k 6
+22pn 2,6—1( <—9€) +an 26—2( ( )
3
+ (1 —2)" 225 4 2"~ fx)G}:WJrO(n%):O(n*z).
From (3.19) and (3.20) the proof of the theorem is completed. |

In the following, we will improve the previous results considering a new
genuine Bernstein-Durrmeyer operators that have order of approximation O (n™?) de-
fined as

621 U ) = (0= ) 3 @) | pana (0 0
k=1 0
+ B(z,n)(1 — )" f(0) + (1 — 2, n)z" 1 £(1),
where
p?z,k(x) = 6(33’ n)pn—47k($) + ’7(3:’ n)pn—47k—1(x) + 5(56’ n)pn—47k—2(l‘)
+ 7(1 -, n)pn—47k—3($) + 5(1 -, n)pn_47k_4(x)
and
B(z,n) = Ba(n)z’ + B3(n)z® + Ba(n)z® + B1(n)z + Bo(n),
Y, n) = ya(n)a' +73(n)z° + y2(n)a® +vi(n)z + vo(n),

§(z,n) = do(n)(x(1 - 2))*.
Note that 8;(n), yi(n),i = 0,1,...,4 and dy(n) are some unknown sequences. Denote U3

the operator (3. 21) with

Bo(n) =1,51(n) = —4— %n, Ba(n) =5+ ?n + %nQ,ﬂg(n) =-n?—2n-2,

1 7 19

Ba(n) = 5712’70(”) =0,7(n) =4+ 3™ Y2(n) = 3o 2n® -8,
v3(n) = 4n® + 4n + 4, v4(n) = —2n?, §o(n) = 3n?.

Let fi% () := U2 ((t — 2)%;2), k = 0,1,... the central moments of U_.

Lemma 3.5. The modified genuine Bernstein-Durrmeyer operator U3 verify:

i) ﬂi 1(7) = ﬂ?ﬂ( )= ﬂi,?,(x) =0
4z(1 — x)(3922 — 39z + 10)

11) /J“n 4( ) Hk (’I’L-'—k) (TL74),’
=1
i 3 120(1 — 22)22(1 — 2)n -
iii) fi, 5(7) = i} 31—[1i:1(713+2k) O (n™4);
iv) 8 g(z) = m (n™");
k 1
V) fipa(x) = fins(2) = O (")
vi) /129(95) Mn 10(33) O( 5)
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The asymptotic order of approximation of U2 to f when n goes to infinity is given in
the following result:

Theorem 3.5. If f € C'°[0,1] and x € [0,1], then U2 (f;x) — f(z) = O (n™?).
4. NUMERICAL EXAMPLE

Some numerical examples with illustrative graphics have been added to validate the
theoretical results and also compare the rate of convergence by using Maple algorithms.

1 -1 1
Example 4.1. Let g(z) = sin(4nz) 4 4sin (47m:>, n =10, ap(n) = n2 and a;(n) = —.
n n
The convergence of the modified genuine Bernstein-Durrmeyer operators is illustrated
in Figure 1. Let e, (f;2) = |g(z) — Un(g; )| and & (g;2) = ‘g(x) — Ti(g; x)', i=1,2,3
be the error of approximation for genuine Bernstein-Durrmeyer operators and the mod-
ified genuine Bernstein-Durrmeyer operators, respectively. The error of approximation
is illustrated in Figure 2 and for this particular case the approximation by the modified

genuine Bernstein-Durrmeyer operators U}, i = 1,2,3 is better using classical genuine
Bernstein-Durrmever operator U,,.

2.5 1
) —A 7
// 0.8
1.5 -
~/ 0.6
1 =
/ 0.4
05 .-
0.2
0
0 0.2 0.4 0.6 0.8 1
x 0
glx) e Un(g; x) Un'(g; x) 1
— - Ul(g: %) Un’(g; x) al

[— ez en' (gix) — — end(gix) — - en(gin) |
FIGURE 2. Error of approxi-
mation by the modified gen-
uine Bernstein-Durrmeyer op-
erators

FIGURE 1. Convergence
of the modified genuine
Bernstein-Durrmeyer oper-
ators

—1 1
Example 4.2. Let g(x) = |z — | cos(4nz). For n = 10, ag(n) = n2 and a;(n) = —, the
n n

convergence of the modified genuine Bernstein-Durrmeyer operators to g(z) is shown in
Figure 3. The errors of approximation ¢,, and €!,, ¢ = 1, 2, 3 are illustrated in Figure 4.

Example 4.3. Let g(z) = (x — 1) sin(2nz). The behaviours of the approximations U, (g; x),
- . -1
Ul (g;x), i =1,2,3 and their errors €, (g; x), €}, (g; ) forn = 5,7,10, ap(n) = n-2

2n ' ar(n) =

1 are illustrated in the Figures 5-12.
n
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— s - Tn (5 %)
— - Ul

Un' (g: x) |
Un’(g: x)

-0.1

-0.2

-0.3

-0.4

-0.5

FIGURE 3. Convergence
of the modified genuine
Bernstein-Durrmeyer oper-
ators

g(x) - Us(gix) = = Ur(gix) —— - Ulo(z:x) ]

o

-0.1

-0.2

-0.3

-0.4

-0.5

FIGURE 5. Convergence
of the genuine Bernstein-
Durrmeyer operators U,

g(x) - Us'(gx) —-— Ur'(gix) —— - Uto' (& x) |

FIGURE 7. Convergence
of the modified genuine
Bernstein-Durrmeyer oper-
ators U}

en(a x) en' (g x) — — en?(g: x)

FIGURE 4. Error of approx-
imation ¢, and ¢, i =

e (g x) |

1,2,3
0.2 N // \
f1
[/
[l
[—es(iv) ----- 57(; x) - e10(£x) |

FIGURE 6. Error of approx-
imation ¢,

- e10' (g ) |

esl(gx) ~---- 7' (g x)

FIGURE 8. Error of approx-
imation €}
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0.15
0.10 A ’ /P AN ) N\
NN \:
0.05 A ;: / ::
N AV \3
/ \
° o 0.2. 0.4 0.6 0.8 1
[—el@x - £72(gix) —— - e10%(g: x) |
FIGURE 9. Convergence
of the modified genuine FIGURE 10. Error of ap-
Bernstein-Durrmeyer oper- proximation £2
ators U?
0.1
o 0.20
-0.1 R
0.15
-0.2
o5 o VRN N
N SN N\
-0.4 0.05 A ;:/ \ 4':
X N\ \3
-0.5 / \
2(x) US* (gix) —— UP(gix) — - U10°(g: x) | %o o2 0.4 0.6 0.8 1
I es?(gyx) "~ €77 (g3 x) - £10%(g: x) I
FIGURE 11. Convergence
of the modified genuine FIGURE 12. Error of ap-
Bernstein-Durrmeyer oper- proximation £3

ators U}
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