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A new forward-backward penalty scheme and its
convergence for solving monotone inclusion problems

NATTHAPHON ARTSAWANG! and KASAMSUK UNGCHITTRAKOOL!2

ABSTRACT. The purposes of this paper are to establish an alternative forward-backward method with penal-
ization terms called new forward-backward penalty method (NFBP) and to investigate the convergence behav-
ior of the new method via numerical experiment. It was proved that the proposed method (NFBP) converges in
norm to a zero point of the monotone inclusion problem involving the sum of a maximally monotone operator
and the normal cone of the set of zeros of another maximally monotone operator. Under the observation of some
appropriate choices for the available properties of the considered functions and scalars, we can generate a suit-
able method that weakly ergodic converges to a solution of the monotone inclusion problem. Further, we also
provide a numerical example to compare the new forward-backward penalty method with the algorithm intro-
duced by Attouch [Attouch, H., Czarnecki, M.-O. and Peypouquet, J., Coupling forward-backward with penalty
schemes and parallel splitting for constrained variational inequalities, SIAM J. Optim., 21 (2011), 1251—1274].

1. INTRODUCTION

Let H be a real Hilbert space with inner product and the corresponding norm be,
respectively, denoted by the notations (-,-) and || - || = /(-,). Let f : H — R =
R U {—00, 400} be proper convex lower semicontinuous. The following classical convex
optimization problem is as follows:

(L) miy f(z),
where C is a nonempty closed convex subset of H.

Many problems in the real world, such as optimal control problems, economic model-
ings, computational chemistry and biology, data analysis, etc. can be formulated as the
problem (1.1) (see [8]).

Most well known algorithms to approximate the solution of (1.1) use the metric projec-
tion onto the constrained set C. However, in some situations such as set C is not simple
form, the projection cannot be easily implemented.

For instance, if we take H = R" and C = {z € R™ : Ax = b} where A is an m x n matrix
withm < nand b € R™, then it is not hard to verify that proj,(2) = # — AT(AAT) " (A% —
b) where proj. : R™ — C is the metric projection. However, the disadvantage of this way
is the complication in computing the term of inverse of matrix. On the other hand, if
g : R" — R is defined by g(z) = 1|4z — b||? for all z € R™, then it is not hard to verify
thatC = argming = {z € R" : 0 = Vg(z) = AT (Az — b) } , where the calculations are less
complicated than the calculations using the metric projection.
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As a results, Attouch et al. [5] proposed an algorithm concerning the gradient method
and exterior penalization scheme for constrained minimization of convex functions in-
stead of computing the metric projection onto constrained sets directly. However, if the
set C is a simple form then the metric projection has a closed form expression, it may
happen that the computation can be high-price.

It is worth mentioning that the consideration of convex optimization with the con-
strained function has been applied in several problems such as partial differential equa-
tion, signal and image processing, see [4, 5, 6, 9, 16, 19, 20, 30, 32] for more informaton
details. These advantages naturally motivate us to consider the particular structure of
the constrained set C = argmin g, which leads us to consider the following constrained
convex optimization problem:

(1.2) min  f(z),

xrearg min g
where f : H — R is proper convex lower semicontinuous and g : H — R is (Fréchet) dif-
ferentiable on the space 7. Assume that the solution set of the problem (1.2) is nonempty
and some qualifications in [10, Proposition 27.8] hold. Then, problem (1.2) is equivalent
to the following problem: find = € # such that

(1.3) 0 € 9f(z) + Narg min g(2)-
Problem (Monotone Inclusion Problem (MIP)) Find = € H such that
(14) 0e A({,C) + N(zer(B))(x)a

where, A : H = H is a maximally monotone operator and B : H — H is a cocoercive
operator with parameter w > 0.

We let the set of all zeros of the operator B be denoted by zer(B) := {z € H : 0 = B(z)}.

Note that if A = df and B = Vg, then the problem (1.3) is a special case of MIP (1.4).

The aim of this work is to employ the forward-backward penalty method to solve (1.4)
from [6] with a new inertial effect. We refer the reader to [1, 2, 3, 7, 11, 12, 13, 14, 15, 17,
18, 19, 20, 21, 22, 23, 24, 26, 27, 28, 29, 31] for more intensive research efforts dedicated
to algorithms of inertial type. Inspired by the research works mentioned above, we wish
to develop the algorithm called a new forward-backward penalty algorithm (NFBP) for
solving (1.4) as follows:

X S H,
Tl = Yn + W (Yn — Tn) foralln > 1,

where {\,}°2,, {8,.}7%, and {a, }7%, are sequences of positive parameters.
The proposed numerical scheme can be reduced to the algorithm investigated in [5]
which is called forward-backward method (FB) when «,, = 0, Vn > 1.

2. NOTATIONS AND PRELIMINALIES

In this section, we recall some elements of convex analysis which are needed in the
sequel. Let A : H = H be a set-value operator. We denote domain of A by Dom(A4) :=
{z € H : Az # @}, therange of Aby Ran(A) := {u € H : 3z € H,u € Az}, and the graph
of Aby gra(A) := {(z,u) € HxH : v € Az}. The operator A is monotone if (x—y,u—v) > 0
for all (z,u), (y,v) € gra(A) and it is called maximally monotone if there exists no proper
monotone extension of the graph of A. The operator A is said to be p-strongly monotone
with modulus p > 0if (z — y,u — v) > pllz — y||? for all (z,u), (y,v) € gra(A). Moreover,
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if A is maximally monotone, then zer(A) is a nonempty closed convex set [10]. We refer
to [10] for characterization of its zeros, for a maximally monotone operator A, we have

x € zer(A) & (y —z,v) > 0V(y,v) € gra(4).

Furthermore, if A is maximally monotone and strongly monotone, then zer(A) is a single-
ton.

The resolvent of A, Ja : H = H is defined by J4 := (I + A)~!, where I is the identity
operator from H to H. If A is maximally monotone, the resolvent of A is a single-valued.
Let T : H — H be operator and let w > 0. The operator T is said to be cocoercive (or inverse
strongly monotone) with parameter w if (x — y, Tz — Ty) > w||Tx — Ty||* for all z,y € H.

Let A : H = H be monotone, the Fitzpatrick function of A, Fa : H x H — R, is defined
by Fa(z,u) == sup  {{y,u)+{x,v)—(y,v)} forall (x,u) € gra(A) and F, is a convex

(y,v)egra(A)
lower semicontinuous function. Notice that, if A is maximally monotone then proper and
Fa(z,u) > (z,u) forall (x,u) € H x H.

For a function i : H — R we denote its effective domain by Dom(h) = {z € H : h(x) <
+o00} and say that h is proper, if Dom(h) # () and h(x) # —oo for all © € H. The Fenchel
conjugate of h is h* : H — R, which is defined by

h*(z) = 51612{@, x) —h(z)} forall z € H.

The subdifferential of h at x € H, with h(x) € R, is the set
Oh(z) :={veH:h(y) —h(z) > (v,y—x)Vy € H}.

Notice that Oh(z) := 0, if h(z) € {xoo}. We know that the subdifferential of a proper
convex lower semicontinuous function is a maximally monotone operator and hence

Fon(z,u) < h(z) + h*(u) forall (z,u) € H x H.

For v > 0 and = € #, we denote the proximal point of parameter v of a proper convex
lower semicontinuous function f at x by prox, ;(z), which is the unique optimal solution
of the optimization problem

. 1 2
mip f(u) + 5 o — ]

Note that prox., ; = J,97 and it is a single-valued operator.

We will call the convex and differentiable function 7' : H — R has a Lipschitz contin-
uous gradient with Lipschitz constant Ly > 0, if |VT'(z) — VT'(y)|| < Lp||z — y|| for all
z,y € H.

Let C C H be a nonempty closed convex set. The indicator function is defined as:

oc(z) =
c(@) 400 otherwise.

{0 ifzecC

The support function of C is defined as: o¢(z) := sup.c¢(x, ¢) for all x € H. The normal cone
C ata point z is

Ne(z) = FEH T e—a) <0 forallee ), ifreC
e (), otherwise.

We denote the range of N¢ by Ran(N¢). Notice that 65 = o¢. Moreover, it holds that
T € Ne(z) if and only if o¢(T) = (T, x). Let {z,}72, be a sequence generated by (NFBP)
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(1.5) and {2, }52; be the sequence of weighted averages

n

(2.6) Zn = % Z A\uZTp, Where 71, = Z Ao-
k=1 k=1

3. TECHNICAL LEMMAS

In this section, we will carry out the convergence analysis for new gradient penalty
algoritm (NFBP) (1.5) which is settled by the following hypotheses.

Assumption 3.1.  (I) The qualification condition zer(B) N int Dom(A) # § holds.
(I {A.} €?\1}, lim o, =0and 0 < liminf \,,3, < limsup A\, 3, < w.
n—00 n— oo

n—oo

(Il) For each p € Ran(Nger(p)), we have

“+o0
ZAan [ sup FB (5%3‘%*) — Ogzer(B) (ﬁ%)
n=1

x*€zer(B)

< Ho0.

We present some situations that satisfy the Assumption 3.1 as the following remark.

Remark 3.1. (i) Since A and N,c,(p) are maximal monotone and Assumption 3.1 (I),
we obtain that A + N,cy(p) is maximal monotone operator (see [10, Example 20.26
and Corollary 25.5]).
(ii) There are some examples satisfying Assumption 3.1 (II) e.g. sequences A, ~ +, 3, ~
nand o, ~ L foralln € N.
(iii) Assumption 3.1 (II) has already been used in [11] in order to show the convergence
of the proposed algorithm (see [11, Assumption (H¢i:,)]). They also pointed out

that for each p € Ran(Nyer(p)) and any n € N one has sup,-c,er(5) 5 ({%7 x*) _

O zer(B) (%ﬂ) > 0. Some examples of the operator B satisfying Assumption 3.1 (III)
can be found in [9, Section 5].

Lemma 3.1 ([10], Lemma 2.12 and Corollary 2.15). Let = and y be in Hilbert space H and
a € R. Then

() 2z, ) = 2] + 19l = 1 — v
(i) flow + (1= @)yl +a(l = @)z — yl* = alle|” + (1~ o) ]

Let us denote an arbitrary sequence verifying (NFBP) (1.5) by {z,,}22; and provide
some estimations.

Lemma 3.2. Let 2* € zer(B) N Dom(A) and v € A(x*). Then the following inequality holds
foreachn e Nande > 0

s = a2 = llew = 2| + (1 -+ aw) (£5) MBu(Bl@a), @0 — %)
+ (14 an) (52 = an) v —
(3.7) < (L4 )b (14D = 22 ) IBn)]? + 201 + an)An(v,2" = yn)-

Proof. 1tis not hard to verify from (1.5) that for eachn € N, #2== — 8, B(z,,) € A(y,). By
the monotonicity of A and v € A(x*),

<wn)\7y" - BnB(xn) — Uy Yn — $*> > 0.

n
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It follows that

(X = Yn, " — Yn) < A (BnB(xy) +v,2% — yp), foralln € N.
From Lemma 3.1 (i), we obtain that for eachn € N
(3.8) l2n = yall® +ll2* = yal® = llzn — 2| < 22 (BnB(20) + v, 2" = yn),
which mean that

lyn = @17 = llzn = 21 + l2n = ull* < 200 (v, 2" = yn) + 200 B0 (B(zn), 2" = 20)

Note that B is w-cocoercive and B(z*) = 0, we have
(3.10) 22 Bn (B(2y), 2" — p) < —2wAnBn || B(2y)|?

for all n € N. From (3.10), we observe that
22 Bn{B(xy), " — xy) = 1i82Aan< (n), " — xn) + 1i52)\n6n<B(xn),x* — Zp)
(3.11) < = 2ENBl|B() |* + A Bn(B(wn), 2" — ).
For each n € N, let us consider
0 <tz llyn — 2 + L+ )XaBnBlan)|” = tizlyn — 2all® + L+ )AL B0 B2n) |
+ 22 Bn(B(2n), yn — Tn),

which implies that

(3.12) 2B (B(20), o0 = Yn) < 1z llyn — zall® + (1 + )AL BN Ban)|I*.
Joining (3.11) and (3.12) to (3.9) together with some simple calculations, we have that

lyn — m*”Q <20 (0, 7" —yn) + 125 AnBn(B(xn), v — x5)
(3.13) + Xan (14 )AaB = 22 ) IB@a) |2 + 2 — 22 = 152 lyn — aal®

On the other hand, by using Lemma 3.1 (ii), we have the following equation

lns1 =212 = lyn + an(yn — 20) = "> = |1+ an)(yn — 2*) = an (@0 — 27)|?

(3.14) = (14 an)llyn — x*HQ — ap||Tn — x*”Q +an(1+ ap)||zn — yn||2

Multiplying both sides of (3.13) by (1 + «,,) and then connecting to (3.14), it yields that
nsr =272 < 201+ an)An(,0" = ga) = (L4 an) (£5) Af(Blan),a0 —27)
(14 B (L Db — 22) B |2 + (1 + an) e — 7]
— (4 an) (152) lyn = @all® = anlln = 2* 2 + an(L+ an)llzn =yl
for all n € N. This completes the proof. O
Lemma 3.3. Let (2*,w) € gra(A + Nyer(py), v € A(z*) and p € Nyer(p)(2*) be such that
w = v+ p. Suppose that lim sup A\, B, < w. Then there existm € N, eg > 0 and K > 0 such that

n—oo
foreachn >m,

U2 = llan = 212 + (essy ) lym — @all®

+ (%) (B(xy), Tp — ) + (1-(:750) An Bl B(x)|?

”xn—O—l -z
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(1+K)eoAnfBn 2p(1+eo) 2p(1+eg)
S [x*esiE(B)FB( FoPn z*) _aze‘"(B)( 2B )]

2(1 4 K)afw, @ — ) +2 (20220 ) (14 KX o]

Proof. Since limsup A, 3, < w, there exists Ny € N such that A,,8,, < w forall n > Nj. So,

n— oo

we can find eg € | 0, /m — 1| and hence, (1 + ) A\nfBn < 1+€ for all n > Ng.
n—oo

Note that a,, — 0 as n — +oo, there exists N; € N such that «,, < (1 e ) for all n > Nj.

Choose 7 := max{Ny, N;}. For each n € N, by applying Lemma 3.1 (i), the following
inequality holds:

2(1 4 an)An (v, 2% — yn) = 2(1 + an) A (v, 2" — 20) + 2(1 + @) (Anv, Ty — Yn)
(3.15) < 2(1 + an) A v, 2% — 2,) + 2(1 + ) (y/ (HEO))\ v,/ sty (@7 — @)
< 21+ @) Aav,5" = ) + (1+ ) (527 ) g — 2l

(14 ap) (2E200) 22 o2
Combining (3.15) to (3.7), we obtain that for each n > 7,

@ns1 =12 = llon = 2|2+ (1 + an) (s — an) v — 2l
(B16)  +(1+an) () MeBa(B(n),wn —2*) + (1+ an) (155 ) AnBal Blan) |
< (Lt @) (L+20)Mfn — 125 ) [Ban)|?
+ (14 an) (M) A2J[0)l + 2(1 + an)An (v, 2 — @)

From (3.16), we get that for eachn > 7,

nsr =272 = lan = 22 + (1 + @) (3527 ) lgm — 2all?
(G17)  + (14 an) () MBa(Blan),n —27) + (14 an) (125) Al Blan)

< 2(1+ ) (2L ) 02 o2 + 2(1 + ) An (0,27 — ).

€0

Next, for each n > 7, we focus on the following terms of (3.17)

201+ an) (v, @ — ) = CEL2P (B (), 2 — )

(3.18) =214 ap) p(w —p,x* — z,) — W%(B(mn), Tp —x*)

= 2(1 4 an) An{w, 2" — ) + 2(1 + an) A\ (p, 1)
- M<B($n), Tn — $*> - 2(1 + O‘n)An<pa .13*>

1+Eo
an)eodnfn [/ 214
= Ueeohalls [(20520)p 5, 4 (B(wa), ")

— (B(xn), Tn) — < (Elo—gi(’)p, >} + (14 an)2\p(w,z" — )

< (Fan)eornfn 2(14e0) * 2(14¢0) *
S S, | sup B (Tafpv”” ) - <Tﬁfpaw >]
_:c*Ezer(B)

+2(1 + ap) A {w, " — x,).
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Since p € Nyer(p)(z*), we have 2(1';50)]) € Nyer(p)(z*) for all n € N. It is equivalent to say

that 0,er(B) (Mp) = <M D, T > for all n € N. It follows from (3.18) that

€0fBn €0fn

* 1+oan AnBn *
2(1+ an)An (v, 2" — ap) < %<B($n)7xn — ")

(14-an)e0An fBn
(3.19) + ?2

sup P (250p o)
z*czer(B)

_Uzer(B) (2(510—;380)29)} + 2(1 + an))\n<w7$* — xn)
Combining (3.19) to (3.16), it appears the result that for each n > 7,
lnsn = 112 = llan = 21 + (14 o) (s ) o — 2l
1 n AnBn * w
o kel (B, — @) + (1+ an) (15 ) AnBall Bl@a) |2
2(1+4e0) 2(1+eo)
sSup FB ( € b,z ) — Ozer(B (fp)
z* €zer(B) 0Pn () 0Pn

F2(1 4+ an)An(w, & — ) + 2 (M) (1+ an) 22 ]2

(A+an)eoAnBn
S 1+¢eg

Note that the positive sequence {a, }52; is bounded, there exists K > 0 such that o, < K
for all n € N. Since (B(z,,), ¢, — z*) is nonnegative for all n € N, we obtain that

lnss = 12 = llzn = 212 + (grEssy ) llom — @l

+ (2282 (Baa), wn — 2%) + (725 ) Anfal Bl

(I1+K)eoAnBn 2(1+e0) 2(1+¢0)
< 14:20 [ sup Fp ( 50580 b, T ) — Ozer(B) ( aoﬁio p)‘|
z* Ezer(B)

201+ K) M\ (w, 2 — 2) + 2 (M) 1+ K)X2|jv||?, ¥n>T.

€

This completes the proof. O

The next lemma plays an important role in the convergence analysis (see in [6, Lemma
2] or [25, Lemma 3.1]).

Lemma 3.4. Let {v,}°2,, {0,152, and {e,}22 be real sequences. Assume that {,}>2, is
+oo

bounded from below, {0, }52, is non-negative and Z en < 400 such that
n=1

Yo+l — Yo+ 0n <&y forall n> 1.

+oo
Then lim -, exists and Z 0pn < Fo00.
n— oo el

4. CONVERGENCE RESULTS FOR MONOTONE INCLUSION PROBLEM

In this section, some convergence results for (NFBP) (1.5) are demonstrated. Before
going into the main results, it is useful to know the following propositions.

Proposition 4.1 ([10], Opial Lemma). Let # be a real Hilbert space, C C ‘H be nonempty set,
{xn}22, be any arbitrary sequence and {z, }52 , defined as (2.6) such that:

(i) Forevery z € C, lim ||z, — z|| exists;
n—oo
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(ii) Every weak cluster point of the sequence {x, }7% (resp., {zn }oe,) lies in C.

Then the sequence {x,, }22 , (resp., {zn }52,) converges weakly to a point in C.

Proposition 4.2. Let {x, }7, be a sequence generated by (NFBP) (1.5). If all assumptions in
Assumption 3.1 hold, then the following hold:

(i) Foreach z* € zer(A + Nzer(B)) hm |xn — x*|| exists.

(ii) The series Z lyn — znll?, Z M Bnl| Bz, and Z AnBn(B(xy), Ty — x*) are con-
n=1 n=1 n=1

vergent.
. . 2 _ 1 L L
(i) Um |lyn — 2ol = lUm |B(za)ll = lim (B(en) @ —2")=0.

Proof. Let 2* € zer(A 4+ Nyer(p)). Taking w = 0 in Lemma 3.3, we get that

lns1 = 712 = low = "2 + (s ) Ivm = 2l

(222 (Blan),wn — ) + (£25) AnBal| Bl

(1+K)s AnBn 2p(l4eg) . 2p(1+4e9)
< ?50 [ sup Fp (Tﬂoa-’lf ) — Ozer(B) (50,8”0)‘|
z*czer(B)

+2 (M) 1+ K)X2|v|]?, ¥n>T.

By Assumption 3.1, the conclusion in (i) and (ii) follows from Lemma 3.4.
(iii) From (ii), we have lir+n |yn — x,]|* = 0. Since lim Jirnf AnfBrn > 0, we obtain that
n—-—+0o0o n—-+0oo

A Bl =t (B(zn), 20 —o7) = 0. 0

Theorem 4.2. Let {x,,}22, be a sequence generated by (NFBP) (1.5) and {z,}°2, be a sequence
of weighted averages as (2.6). Suppose that all assumptions in Assumption 3.1 hold. Then the
sequence {2, }52, converges weakly to an element in zer(A 4+ Nyer(p))-

Proof. Let z be a weak cluster point of {z,}°2 ;. Then there exists a subsequence {z,, }?° ;
of {z,}32 such that z,,, — z as k — +o00. We will show that z € zer(A + N,er(p)). Since
A + Nyer(B) is @ maximal monotone operator, it suffices to show that (w,z* — z) > 0 for
all (z*,w) € gra(A + Nyer(B))-

Let (2%, w) € gra(A + Nyer(py), v € A(x*) and p € N,er(p)(z*) be such that w = v + p.
Recall from Lemma 3.3 that

lens1 = 112 = llan = 12 + (g2 ) lom — 2al®

(22 (Blan),an — ) + (£25) Al Bl

(14K)e0AnBn 2(+eo) ]
S i L*:ig(B)FB ( o P ) — Teer®) (E(’ﬁ"opﬂ

+ 21+ K)n(w,2" = @) +2 (22920) (14 K)AZ o2, Vi > 7.

Discarding nonnegative terms (B(z,,), z, — z*), | B(x,)||* and ||y, — x,||?, we deduce to
241 — 2% = [l — 2|

14+ K)eoAn Bn 2(1 2(1
< | (25007) o (252)
x*€zer(B)
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1 2(1 4 K)o (w, & — ap) + 2 (M) (1+ K)A2|jo||?, ¥n>T.

Summing up for n = 7,7 + 1, ..., ny, in the above inequality, we have

|Zner1 — 2| = ||lzm — 2¥]|* < 2(1 + K) < Z)\ x” —Z)\nxn>+L1
1+K < ZAnx _Z)\nl‘ _ZAILJ‘TL+Z>\”$7L>+L1

where

ni

= (h;K) Z AnBn

an 1 (A507) o (520)

=T x*€zer(B)
ng
+2 (2(1:050)) 1+K) > Al

n=n

Discarding the nonnegative term ||z,,, +1 — 2*|?> and dividing inequality above by 2(1 +
K)7,,, we obtain

Tk ) L

where Ly := L1 +2(1 + K) { w,— Z Ap* + Z Ay ). Note that L, is a finite real
number. Taking & — +o0 (so that N 11141_17 Tn, = +og) on both sides of (4.20), we get that
— 400

0 < (w,z* —2).
Since (2%, w) € gra(A+N,er(p)) is arbitrary, we have z € zer(A+ N,er(5)). By Proposition
4.1 (ii), we can conclude that the sequence {z,}>2; converges weakly to an element in
zer(A + Nzer(B))- [l
Next, we will prove the strong convergence of the sequence {x,, } 7% ;.

Theorem 4.3. Let {z,,}>2, be a sequence generated by (NFBP) (1.5) and the operator A be a
~-strongly monotone with v > 0. If all assumptions in Assumption 3.1 hold, then the sequence
{xn}52, converges in norm to the unique r* € zer(A + Nyer(B))-

Proof. Let x* be the unique element in zer(A + N,cr(p)). Then there exists v € A(x*) and
P € Nyer(p)(z*) such that 0 = v + p. Since *= = 6n (zn) € A(y,) and v € A(x*), the
strong monotonicity of A implies

for all n € N. It follows that

(4.21) Ao YN Yn — 1'*”2 +{Tn = Yny T = Yn) < A (BnB(xn) + v, 2" — yn)
for all n € N. By applying Lemma 3.1 (i), we have
(4.22)

220 yn — &P + llyn — 2*I° = llzn — 2*[1* < 20 (BuB(zn) + 0,2 = yn) — 2 — yal?
for all n € N. Focusing on the right hand side of (4.22), we see that
2)\n<ﬁnB(-Tn) + v,x* - yn> - ||xn - ynHQ
(423) = 2)\n <BTLB(';UTL) + v, Jf* - xn> + 2ATL</8‘ILB(I7L) + U, Tp — yn> - ||an - ynH2
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<22 (BnB(xn) + v, 2% — 2) + A28 B(z0) + ||
<20 (BnB(xp) + v, 2% — 1) + 202 B2|| B(x,)||* + 2X\2 v, Vn € N.
Next, we consider the first term on right hand side of (4.23),
(4.24) 20, (BnB(zn) + v, 2" — x)
=20 (BB (Tn), 2% — 2p) + 2\ (v, 2" — )
=20 (B B(Tn), 2™ — Tpn) + 200 (p, Tn) — 22 (p, ™)

= 2B [( £, 00 ) + (Bl@a),2") = (Blzn),o0) — (£,2")]

SQAW/BTL sup Fp (,gla'r*> 7<ﬁl7x*>
_z*Ezer(B) " "

=2\ B sup Fp (B%a .73*> — Ozer(B)
_z*Gzer(B)

Combining (4.22), (4.23) and (4.24), we have

(4.25) 221y — &P + llyn — &*[* = [l — 2|2
< 2>\an sSup Fp (3171'*) — Ozer(B) (ﬂivx*>
z* Ezer(B) " "

+ 206011 B(@n) | + 207 [v]?, Vn € N.

By simple calculation using (4.25), we get the result that

2A’VL n
(426)  llyn — 27> < Rui L*esz‘i‘im Fi (£.2") = uox() (gz,x*)]
22 8% 23
+ asgrllen = 17 + e 1 Blan) | + gy o]

Combining (4.26) to (3.14), we have the following inequality

2ns1 —z*]|? < (1 + a”)22>\>:iﬁ:1 [ sup Fp (ﬁ%’x*> — Oger(B) (g;,x*)‘|
) z*€zer(B) )

% 2)\2 2
(427) + (14 an) [t lon — o2 + oo || Blw) 2]

+ (t227) 20l - g2 llzn — 22 + an (1 + an)lon — yall®
It is not hard to verify from (4.27) and it yields that
2@ — 2P+ epen — 2|* = o — 2|

sup  Fp (5%,55*) — Ozer(B) (%@")
z*€zer(B) )

< (1+ )20y, + (1 + an)2A7 B3| B () |12

+ (14 an) 222 0] + an (1 + o) (2Xny + 1)z — gl

Since nonnegative sequences {\,, }>, {3, }7%, and {«, }7%, are bounded, there exists
positive numbers M, ¢ and K such that A\, < M, \,8, <c¢, and a,, < K foralln € N.
Hence,

2AY |2 — @[+ ongs — 2% = llwn — 27|
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< <1+K>2wnl swp P (i0°) = ey (B:r)]
z*€Ezer(B )

(4.28) + (1 + K)2cAnBnl|B(z,)||* + (1 + K) 202 ||v]|? + K(1 + K)2M~y + 1)||2n — yall*

and then
+oo —+oo —+oo
29 Anllzngr — 27|° < flar — 2P+ (1+ K) 26D Al Blan) [P +2) /\ZHWHQ]
n=1 n=1 n=1
+oo
+(1 +K)22Anﬂn [ sup Fp (%,x*) — Oger(B) (511758*)]
n—1 z*€zer(B)
“+o0
+ K1+ K)2My+1)) [lzn — ynl*.
n=1

By all assumptions in Assumption 3.1 and Proposition 4.2, we have
+00
2 Z Mol ng1 — 2*||* < 4o0.
n=1
From (4.28) and Lemma 3.4, we obtain that nll)lfoo ||z, — ¥ exists.
+00
Since Z An = 400, we have ngr}:oo |zr, — 2| = 0. This completes the proof. O

n=1
5. APPLICATIONS TO CONSTRAINED CONVEX MINIMIZATION PROBLEM

In this section, we will apply the results obtained in the previous section to solve con-
strained convex optimization problems. The constrained convex minimization problem:
(5.29) min  f(z),

xrEcargmin g

where f : H — R is proper convex lower semicontinuous and g : # — R is (Fréchet)
differentiable function on the space # and the gradient Vg is Lipschitz continuous oper-
ator with constants L,. We will assume that the set arg min g is nonempty. Throughout
the paper we also assume that the solution set S := argmin{f(z) : © € argming} of
the problem (5.29) is a nonempty set. Furthermore, without loss of generality, we may
assume that min g = 0. Notice that f is proper convex lower semicontinuous, we have
that the subdifferential 0 f is maximally monotone. Moreover, since the function g is con-
vex differentiable, by using the Theorem of Baillon-Haddad (see [10, Corollary 18.16]),
Vgis Lig—cocoercive and arg min g = zer(Vg) can be used to solve the constrained convex
monimization problem (5.29) reduces to solve the monotone inclusion

0e 3f(1‘) + Nargming(x).
By using this and algorithm (NFBP) (1.5), we will consider the following algorithm.

Algorithm 5.4. Let {\,}22,, {8,152, and {a,}52, be sequences of positive real numbers.
Algorithm for solving (5.29) as follows:

xr1 € H;
Yn = prOX)\nf(-Tn - >\nﬁan($n))
Tnt1 = Yn + @ (Yn — Tn) foralln > 1.

In order to obtain the convergence of the sequence generated by Algorithm (5.4), we
have to assume the following assumption.
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Assumption 5.5. (a) The qualification condition arg min g N int Dom( ) # 0 holds.
(b) {\}e?\1, hm o, = 0and 0 < liminf A\, 3, < limsup A\, <

n—oo n—oo
(c) Foreachp e Ran( arg min g ), We have

+o00
Z/\nﬁn {g* (ﬁ) Oargmin g (5 >:| < +o0.
n=1

Note that Fy, (m*, %) < g(z*) + ¢* (l) =g* ( ) for all z* € argmin g, we have

sup Fyq (a:*, ﬁ%) < g ( ) Hence, conditions (a)-(c) in Assumption 5.5 imply
x*€argming )

hypotheses (I)-(III) in Assumption 3.1.

Corollary 5.1. Let {x,}32, be a sequence generated by Algorithm 5.4 and {z,}>2, be a se-
quence of weighted averages as (2.6). Suppose that all assumptions in Assumption 5.5 hold.
Then the sequence {z, }>2, converges weakly to an element in S.

If we assume that the function f is strongly convex, then its subdifferential J f is strongly
monotone.

Corollary 5.2. Let {x,,}22, be a sequence generated by Algorithm 5.4 and the function f be a
~-strongly convex with v > 0. If all assumptions in Assumption 5.5 hold, then the sequence
{xn}22, converges strongly to the unique S.

6. NUMERICAL EXPERIMENTS

In this section, we present an example of numerical set for testing the purposed al-
gorithm. Some comparisons of our algorithm (NFBP) (1.5) with the algorithm (FB) intro-
duced by Attouch [5] are also reported. All the experiments are implemented in MATLAB
R2015b running on a MacBook air 13-inch, Early 2017 with a 1.8 GHz Intel Core i5 proces-
sor and 8 GB 1600 MHz DDR3 memory.

We consider the problem with equality constraints:

minimize ||z||;
(6.30) subject to Ax = b,

where A € R™** b € R, In addition, we assume that k£ > [. The problem (6.30) can be
written in the form of the problem (5.29) as :

minimize f(z) := ||z|1

subject to x € argmin g,

where g(z) := 3||Az — b|?, for all z € R*.

In this setting, we have Vg(z) = AT(Az — b) and notice that Vg is ||A||?>-Lipschitz
continuous. We also get that
prox, ;(z)= (max (O 1-— |w ) 21, max (O 1-— |> X2, ...,MAX (O 1-— Izkl) a:k>

We begin with the problem by random Vectors z1 € R¥, b € R! and matrix A € RI**.
Next, we compare the performance of our algorithm (NFBP) (1.5) with the algorithm (FB).
The used of parameters in two algorithms are chosen as follows:

Bn = W, Ap = %, VYn > 1. We obtain the CPU times (seconds) and the number of
iterations by using the stopping criteria : ||z, — z,—1| < 1076.
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Algorithm CPU times (s) Iterations
(FB) (ap, = 0) 180.44 38352
(NFBP) (o, = 1/v/n+ 1) 140.36 35649
(NFBP) (o, = 1/(n + 1)) 155.79 35589
(NFBP) (o, = 1/(n 4+ 1)2) 136.01 33841
(NFBP) (o, = 1/(mn + 1)%) 150.45 37164
(NFBP) (o, = 1/(n 4+ 1)10) 154.40 38344

TABLE 1. Comparison of number of iterations and CPU computation time between
(NFBP) (1.5) and (FB) with difference of parameter sequences {an } 52 ;.

We compare the performance of our algorithm (NFBP) (1.5) and (FB) algorithm for
case k = 4000, ! = 1000 with difference of parameter sequences {a,}5> ;. The results
are reported in table 1. We observe that (FB) spends more CPU computation time than
our algorithm (NFBP) (1.5). We can see that when o, = m, it leads to the lowest
CPU computation time and number of iterations for (NFBP) (1.5) of 136.01 seconds and
33841 times, respectively. We also observe that our algorithm (NFBP) (1.5) requires less
iterations than (FB) for all choice of parameter sequences {c,, } 72 ;.

(NFBP) (1.5) (FB)

(k) CPU time (s) Iterations CPU time (s) Iterations
(20,1000) 1.99 34160 5.13 83860
(50,1000) 2.32 32986 5.72 77435
(100,1000) 2.92 30352 7.38 79054
(200,1000) 3.94 30546 7.35 56337
(300,1000) 5.17 26191 6.70 33513
(20,2000) 4.14 37505 11.14 98780
(50,2000) 6.14 45289 10.55 78691
(100,2000) 5.00 27642 10.42 58504
(200,2000) 8.33 24207 23.45 67317
(300,2000) 15.71 27088 28.22 48109
(20,5000) 10.17 40463 25.04 96251
(50,5000) 7.09 22812 21.79 68287
(100,5000) 18.70 29416 42.56 66194
(200,5000) 40.66 33008 92.56 77144
(300,5000) 51.59 27193 123.60 58909

TABLE 2. The comparison of two algorithms with different sizes of matrix A.

In table 2, we present a comparison between the numerical results of (NFBP) (1.5) and
(FB) cases for a,, = \/%H,Vn > 1 and different sizes of matrix A. We can see that the
number of iterations of (NFBP) (1.5) are smaller than of (FB) for all different sizes of matrix
A. Furthermore, (NFBP) (1.5) requires less CPU computation time to reach the optimality

tolerance than (FB) for all cases.

- = NFBP
0 —FB 1

r
3 4 5 6 7 8
Number of iterations (n) x10*

FIGURE 1. Illustration of the behavior of ||z, — x,_1]|| for (NFBP) (1.5)

and (FB) methods when a,, = \/%H and (I, k) = (100, 3000).
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Figure 1 shows the behavior of ||z, — z,_1]| for (NFBP) (1.5) and (FB) methods when
oy = \/%H and (I, k) = (100, 3000). We can observe that by using our algorithm (NFBP)
(1.5) the behavior of the red line (NFBP) (1.5) performs better than the blue line (FB).

7. CONCLUSIONS

In this paper, we purposed a new forward-backward method with penalization term
(NFBP) (1.5) for solving monotone inclusion problems (1.4). We provide the sufficient
conditions to guarantee the convegences of (NFBP) (1.5) for the considered problems. We
also provide a numerical example to compare between our algorithm (NFBP) (1.5) and the
(FB) algorithm. As a result, we observe that our algorithm (NFBP) (1.5) performs better
behavior when comparing with algorithm (FB) for all different cases.
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