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An iterative method for solving multiple-set split
feasibility problems in Banach spaces

S. AL-HOMIDAN!, B. AL12 and Y. I. SULEIMAN?®

ABSTRACT. In this paper, we study generalized multiple-set split feasibility problems (in short, GMSSFP)
in the frame work of p-uniformly convex real Banach spaces which are also uniformly smooth. We construct
an iterative algorithm which is free from an operator norm and prove its strong convergence to a solution of
GMSSEFP, that is, a solution of convex problem and a common fixed point of a countable family of Bregman
asymptotically quasi-nonexpansive mappings without requirement for semi-compactness on the mappings. We
illustrate our algorithm and convergence result by a numerical example.

1. INTRODUCTION

During the last two decades, split type problems have been extensively studied in the
literature because of their applications in many real life problems, namely, image pro-
cessing, data compression, magnetic resonance imaging, image reconstruction, intensity-
modulated radiation therapy, neural networks, graph matching, etc., see, for example,
[2,3,4,5,6,7,9,10] and the references therein. One of spilt type problems is the following
generalized multiple-set split feasibility problem (in short, GMSSFP):

(1.1) find 2* € (") Fix(T;) such that f(z*) = 0,

i=1

where K is a nonempty closed and convex subset of a Banach space E, {T; }ien : K — K
is a countable family of Bregman asymptotically quasi-nonexpansive mappings [14] such
that .2, Fix(T}) # 0, Fix(T;) denotes the set of common fixed points of T}, and f : £ —
R is a lower semicontinuous convex function. We denote by (2 the solution set of the
problem (1.1). It is considered and studied by Giang et al. [16] in the setting of Hilbert
spaces. A more general version of this problem is introduced and studied by Al-Homidan
etal. [2].

If £y, E2 and Ej3 are Banach spaces, K1 C Ey, Ko C Ey, E=FE; X Ey,and f : E -+ R
andT; =T : K1 x Ko — E, i € N, are given, respectively, by

1
f(xay) = §||AI - By”2 and T($,y) = (S}I’,S?y) ) V(I,y) € Kl X K27

where A : £y — E3and B : Ey — Es3 are bounded linear operators, St Ky — K
and S? : K; — K are Bregman asymptotically quasi-nonexpansive mappings for each
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2 S. Al-Homidan, B. Ali and Y. I. Suleiman

i=1,2,...,m, then problem (1.1) coincides with the following multiple-set split equality
feasibility problem (MSSEFP) defined as:

{ﬁnd ot € (", Fix(S1) and y* € (", Fix(52)

(1.2)
such that Az* = By*.

Furthermore, if B = I the identity map and E; = Ej, then the problem (1.1) reduces to
the following multiple-set split feasibility problem:

13) find z* € N~ Fix(S})
: such that Az* = y* € (N, Fix(S?),

where S} : By — Ej and S? : E5 — Es are asymptotically quasi-nonexpansive mappings
such that ", Fix(S7) # 0, j = 1,2. It is considered and studied in [11, 20] in the setting
of Hilbert spaces. A particular case of problem (1.3) is studied by Moudafi [18] for quasi-
nonexpansive mappings defined on Hilbert spaces.

Qin et al. [20] constructed an iterative scheme which requires prior knowledge of op-

erator norms and proved strong convergence theorem for approximating the solutions of
problem (1.3) under the assumption of semi-compactness on the asymptotically nonex-
pansive mappings. In practical, most of the operators do not posses this property. There-
fore, the following question can be raised.
Question. Can we obtain an iterative algorithm which converges strongly to a solution of problem
(1.3) for a class of asymptotzcully quasi-nonexpansive and / or more general than usymptotzcally
quasi- nonexpanswe mappings in Banach spaces and without the assumption of semi-compactness
or without prior knowledge of operator norms?

Over the last decade, several attempts were made to provide answers to this question,
see, for example, [12, 23, 27]. Giang et al. [16] proved a strong convergence theorem for
approximating the solutions of problem (1.3) without prior knowledge of operator norms,
but for quasi-nonexpansive mappings in Hilbert spaces.

This fact has motivated us to consider generalized multiple-set split feasibility problem
(GMSSEFP) in Banach spaces, and to provide the affirmative answer to the above question.
We also present a numerical example to demonstrate the validity of our results.

In the next section, we highlight some well-known definitions, notations and results
which will be needed in the proof of main results of this paper. In Section 3, we propose
an iterative algorithm and prove its strong convergence to a solution of the problem (1.1)
in the setting of p-uniformly convex real Banach spaces which are also uniformly smooth,
but without semi-compactness assumption of the mappings and without prior knowledge
of operator norms.

2. PRELIMINARIES

Let E be a smooth, strictly convex and reflexive Banach space with its topological dual
E*, and K be a non-empty, closed and convex subset of E. For the geometry of Banach
spaces, we refer [15, 26]. Let f, : E — R be given by f, := %Hx”l’ where 1 < p < co. The
Bregman distance [8] A, : E x E — [0, c0) with respect to f, is defined by

1 1.
(2:4) Ap(x,9) = l2ll” = (o) + il

where ¢ > 1 satisfying % + % = 1, J, is the generalized duality mapping from F into 27~
defined by

Jp(z) = {a* € E* : (w,a") = |la|l”, [|2" [« = [|=[”~"}, Vze€E.
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Alber [1] defined the V},-mapping V,, : E* x E — [0, c0) associated with f,, as

1 1
(2.5) Vp(z™, x) := 6||x*Hq — (", x) + 5||x||p, Vo € Eand z* € E*.
Clearly,
(2.6) Vp(z™, x) = Ap(szl(x*),a:), Vx € Fand z* € E*,

which implies that
(2.7) Vp(z™, ) + (y*, J;I(x*) —z) <Vp(z*+y",z), Vre Eandz" y" € E".
Moreover, V, is convex in the first variable. So, for all z,z; € E and \; € (0,1) with

Z A; = 1, we have
i=1

(2.8) A, (Jp—l <Z AinxZ-) z) =V, <Z Nidpxi, z> <> N (i, 2).
i=1 i=1 i=1
Bregman [8] defined the generalized projection Ilx : £ — K as

gz =2" ifandonlyif Ap(z*, z):= in}f{Ap(y, x).
ye

In Hilbert spaces, the Bregman projection IIx coincides with the metric projection Px
onto K. Further, for a givenz € F,

(2.9) (Jpx — Jpy(Ilgx),y —Hgz) <0, VyeK.

(2.10) and A, gz, y)+ Ap(z,Hxz) < Ay(z,y), Vye K.

We know that if a Banach space E is g—uniformly smooth then there exist a constant
Cy > 0 and a real number ¢ > 1 such that

(2.11) e —yll* <Nzl = a(Jgz,y) + Collyll?,  Va,y € E;

Lemma 2.1. [19] Let E be a uniformly convex and smooth Banach space, and let {x,}5>, and

{yn o2, be sequences in E. If lim Ay(xy,,yn) = 0and either {x,}52, or {y,}52; is bounded,
n— oo

then lim ||z, — yn|| = 0.
n— oo

A mapping T : K — E is said to be:
(a) Bregman nonexpansive [21]if A, (Tz, Ty) < Ay(z,y), Yo,y € K;
(b) Bregman quasi-nonexpansive [21] if Fix(T') # 0 and A,(Tz,z*) < A, (z,z*), Vr €
K, Va* € Fix(T).
(c) Bregman asymptotically quasi-nonexpansive [14] if there exists a sequence
{kn}32, C [1,00) satisfying Jim K, =1 such that for each n € N, we have

ATz, T"x") < kpyAp(z,2"), Vo e K, z* € Fix(T).

Lemma 2.2. [22] Let E be a reflexive Banach space and K be a nonempty, closed and convex
subset of E. Let T : K — K be a closed Bregman asymptotically quasi-nonexpansive mapping
with the sequence {k, }52; C [1,+00) such that li_>m kn = 1. Then Fix(T) is closed and convex.

Lemma 2.3. [25] Let ¢ > 1 and r > 0O be fixed real numbers. A Banach space E is uniformly
convex if and only if there exists a continuous, strictly increasing convex function g : [0, 00) —
[0, 00) with g(0) = 0 such that for any given sequence {x,}32, C B,(0) and for any given
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sequence {ay, Y52 of positive numbers with Z oy, = 1 and for any positive integers i, j with
n=1

i< j,

q 00

< anllnll? — ciasg(flas — x5).

n=1

0o
E ApTp
n=1

Lemma 2.4. [17] Let {I",,}52, be a sequence of real numbers that does not decrease at infinity,
in the sense that there exists a subsequence {I';,; }5%q of {I'n}52, such that I'y, < T, for all
j > 0. Also consider the sequence of integers {((n)}>%., defined by ((n) := max{r <n:I', <
Tyi1}. Then {¢(n)}o%, is a decreasing sequence verifying 'n,h~>ngo ¢(n) =0, and for all n > ny,

n>ngo

the following two estimates hold;

Loy <Temy+1 and Ty <T@y

Lemma 2.5. [24] Let {,}32, be a sequences in (0,1) and {5, }°2, be in R satisfying Z Vn =

n=1

oo and limsup 6, < 0 or Z [¥n0n| < 00. If {an}22, is a sequence of nonnegative real number

n— o0
n=1

such that ap+1 < (1 — vp)an + Yndn, Vo > 0, then lim a,, = 0.

n—oo

Lemma 2. 6 [13] Let {an}n 1 {0352, and {c, }22, be sequences of non-negative real numbers

suchthath <ooanchn<oo Ifapnt1 < (1+bp)an + cn, Vn > 1, then hm an:()

n=1 n=1

3. MAIN RESULTS

Throughout this section, unless otherwise specified, we assume that E is a p-uniformly
convex real Banach space which is also uniformly smooth for 1 < p < co with its dual £*
and a constant C in (2.11). Assume that the problem (1.1) is consistent and f : £ — R
is a non-negative, weakly lower semicontinuous convex function with search direction ¢,
and step length

Pn f(HwC';)‘Tp_l ) if ¢, # 0;

Tn — .
0, otherwise,

satisfying the following conditions with {p, }52; C <07 (Ciq) ‘”) .

(B1) (Cn,xn — %) > f(xn), Va* € Q;
(B2) 0<a<T,<aforsomea,ac€ RandVn el ={neN:(, #0};

qg—1
(B3) inf (pn (1 -~ ”Cq)) > 0.
nel’ q

Theorem 3.1. Let K be a non-empty, closed and convex subset of E. Let {T;}ien : K — K

be a countable family of closed Bregman asymptotically quasi-nonexpansive mappings with the

sequence {k; n} C [1,00) such that lim k;,, = 1 and (I — T;) is demiclosed at zero for each
n—oo

i € N. For arbitrary v € K and for the initial choice xy € K, define iterative algorithm by

(312) HK D (Jpxn TnCn)
i1 = [Ig Iy (@ndpu+ (1= an) (Buodpun + 3252, BridpTi'un)), 1 >0,
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where &y, Bno, Bni € 6,1 — €], € € (0,1) satisfying Bno + E Brni =1; lim ap, = 0,
’ n—o00
i=0

Zan = 400, ky, = sup{kipn : ¢ > 1}, (1 — Bno)kn < 1. Then the sequence {x,} converges

i=1
strongly to z* =[], u.

Proof. Letz* € Qand z, = Jp’1 <Bn70qun + Z ﬂm-JpTi”un) Using (3.1), we get

i=1

Ap(zm, 7)) =4, (J;l(ﬁn,onun + 3" BuadyTlun), x)

i=1

:Vp (Bn,onun + Z ﬂn,inTinuna (E*>

i=1
q
ﬁnOJ un+26nzt] T Unp
=1
Lo
- <Bn,0qun + Zﬁn,inTinuna (E*> + ]; H:E ||p .
i=1
This implies
1 *
Aplen, ) < o (ﬁnouunnp+Zﬁm||T"un||‘1> = B0 {Jptin, T*)
i=1
> n * 1 *||p
- Zﬁn,z<JpTl Unp, T > + 7”‘,1" ||
i=1 p
]- q * 1 * (| p ]‘ = n q
= —Buolltnll? = BuolTptin, 2*) + = Buoll e 1” + = Y Buill Tt
q p 173
00 1 e
(313) - Z 5n,i<JpTinuna x*> + ]; Z Bn,lllx*np

:ﬁn,OA Unp, T +Zﬂnz T Unp, T )

S ﬂn,()A Up, T + Zﬂn zkn 1A (Un, )

i=1
< ﬁn OA (uru ) (]- - ﬁn O)k A (Un, )
= (ﬁn,o + (1 - 67170) n) Ap(unyx*)
S (Bn,O + 1) Ap(un,m*).
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We also compute
Ap(tn, ") zAp(HKszl(men — 7nCn), ")
<A (I (Jpn — Taln), x¥)
=V, (Jpxn — TnCn, ")
1 1
<, [ Tp2n = Talall” = (JpTn — Tnln, ") + ];le*llp

1 C 7-12, * * 1 *
S;\\Jpwnllq = Tn{Cn, n) + ‘; 1Call = (Tpn, %) + 70 (Cny @ >+5||x I1?

1 1 Cy 1l
s onll® = o, 2% & a7 = 7ndCns @0 — 27) + qq = Call?

. Cq it
SAp(n, &) = o f(2n) + qT\|<n||q~

This implies
% pnf(@n)? qu(mn)Q(pil)Cq U5
A ’U,,,HJT* SA Tn,T ) — + & & n K
Cop?! f(@a)?
(3.14) <A, (Tn, ™) — pn (1— arn )
p(on =) ¢ ) TG
Copl "\ flzn)? *
=) = (1= ) ST < A7),
It follows from (3.13) and (3.14) that
(3.15)

Ap(Tni1, 1) =4, (HKJ_l(O‘nJ u+ (1 _O‘n>Jpzn)’x*)
<Ay (J; iy + (1= @) pzn), )
=Ap(anu+ (1 — an)zn, %)

1 * * 1 *
=5llanu + (L= an)zn|” — an(Jpu, 2") = (1 — an)(Jpzn, 27) + Z;Hx II?

1 q 1 q * * 1 *|P
SganIIUII +(1 —an)gllznll —an(Jpu, z%) — (1 = an)(Jpzn, %) + ];Ilw |

1 . 1, ., 1
=04n6||U||q - an<qu,x ) + O‘n;E”x 17+ (1 - O‘n)gnznuq

— (1= Ay, + (1= )P
=, Ap(u, ) + (1 — apn)Ap(2p, %)
SO&nAp(’U,,JZ*) + (1 - an) (ﬁn o+ 1) p( )
SanAp(u, 2%) + (1 — ap) (Bno + 1) Ap(zn, )

quz ! (xn)p
( : )I@W(l o) (Bro +1).

qg—1
Since lim€ ilpf ( n(l— ql;”)) > 0, from assumption (B3), the inequality (3.15) becomes

Ap(Tny1,2") <anAp(u, 2*) + (1 — ay) (Bno + 1) Ap(wn, %)
< (1 + ﬂn,o) Ap(xny $*) + an M,



An Iterative Method for Solving Multiple-Set Split Feasibility Problems in Banach Spaces 7

where M = sup{A,(u,2*),n € N}. By Lemma 2.6, we conclude that the sequence {x,,}
and so {u, } are bounded in K.

Now, using the boundedness of {z, } and Lemma 2.2, we have that 2 is closed and
convex thanks to the convexity of f. So, we pick arbitrary element 2* = [], v and set
2 = szl (Bn,0dptn + Z;’il Br.iJpT{ uy). Again by using (3.1), we compute

AP(Zruz*) :AP <Jp1(ﬂn,0!]pun + Zﬁnﬂjpﬂnun)yx*>

=1
:Vp <Bn,0‘]pun + Zﬁn,inTinun; l‘*>

i=1
q 00 1
| — <ﬂn70qun + ZBn,inTZ‘nunyx*> + 5”:17*”17

i=1
Since {u,, } is bounded, by Lemma 2.3, we get

ﬂnoJun+ZﬁmJT Un,

=1

(3.16)

Ap(zna ) <ﬂn O*HUn”q + - q Zﬂn z”Tnun”p - *Bn O/Bn 19(”:] Ly — J T Un”)

=1

* - n * 1 *
= Bn,o{Jptn, z") — Zﬁn,i<JpTi Un, %) + 5”37 [

=1

1 . 1, . 1 &
:Bn,Ognun”q - Bn,O<qun7w > + 671,05”1‘ ||p + aZﬂnJ”Tznuan

- Zﬂn,i<JpTiuna Zﬂn 1” *”p - 7Bn Oﬁn 1g(||<] Unp — un”)
:5n,OA Up, T + Zﬁn 4 una ) - gﬁn,oﬁn,ig(H‘]pun - Jprfznun”)

* * 1 M
SBn,OAp(una X ) + Zﬁn,i kn,iAp<un7$ ) - 5ﬁn,06n,1g(”‘]pun - JpTzlun”)

i=1

* * 1 n
SBTL,OAP(UH) € )+(1 7577,,0) (/871,0+1) Ap(uny x )*gﬂn,oﬂn,ig(”qun - JpTi UnH)

1
Sk Bp(un, %) = = B 0Bn g (| Jptin — Jp T unll)-

Substituting relations (3.14) and (3.16) in (3.15), we obtain

Ap(Tpy1, ") :AP(HKJZ,_l(aanu + (1 —an)dpzn), z")
<AL (I Handpu + (1 — ap)Jpzn), v%)
=Vo(anJpu+ (1 — apn)Jdpzn, z*)
=V, (anJpu + ( ) dpzn — anJpu + anJpu — o Jpz”™ + anJJpxt, ")
p( o dpu+ (1 = an)Jpzn — o (Jpu — Jpx™)] + [an (Jpu — Jpa*)], z¥)
Vp(an Jpu+(1 an)Jpzn —an (Jpu —Jpz™), %) o (Jpu — Jpx™, Ty — ).

«
(0%

p
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This implies
Ap(xns1, ") <Vp(andpx™ + (1 — ay)Jpzn, %) + an (Jpu — Jpz™, Tpe1 — ™)
:Ap(Jp_l(aanx* + (1 —an)dpzn), 2") + an(Jpu — Jpz™, 21 — )
<A (2", 2%) + (1 — an)Ap(zn, ) + an(Jpu — Jpx™, pe1 — ™)
<(1 — ap)knAp(tn, ") + an (Jpu — Jpz™, xpy1 — )
1 mn

(3.17) - 5(1 - O‘n)ﬁn,oﬁn,ig(Hqun = JpT; un”)

<(1—ayp) (Bno+ 1) Ap(n, ") + an(Jpu — Jpx*, 2pp1 — ¥)

o Ot fla)?
a O‘”)p"(l p )nw
1

- &(1 - an)ﬁn,Oﬁn,ig(HJPun - JpTinunH)-

To show that {A,(z,,2*)} converges strongly to zero. We consider two possibilities.
CASE 1. Suppose that the sequence {A,(z,,, z*)}>2, is monotonically decreasing. This

n=1
implies that nlbn;o Ay (2, ") exists and nl;ngo Ap(zpgr,2") = nh~>n;o Ap(xy, ") = 0. Since

{z,} is bounded, li_)rn a, =0and B0, Bn,i € 6,1 — €, the inequality (3.17) becomes

(318)  lim g pttn — T unl) < T ((Buo + 1) Ap(n, ) = Aplns1, "))
(1 _ qu$:1> flwa)™!

q ¢ llP

— lim p,
n— oo

Based on condition (B3), we deduce from (3.18) that

(3.19) ILm g(|Jpun — JpT up|) = 0 and
. f(xn)IFl
(3.20) lim ——— f(z,) =0.
A g T

Continuity of g implies

(3.21) nlgr;o | Tptn, — JpT un|| = 0.
Uniform norm to norm continuity of J, ! gives

(3.22) nh_}n;o llun, — T up|| = 0.
From condition (B2) and equation (3.20), we obtain

(3.23) lim f(z,)=0.

n—oo

Hence,

(3.24) lim [|¢,]| = 0.
n—oo
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We compute
Ap(Trt1, 2n)
= Ay (I J, andpu+ (1 — an)Jpzn), 2n)
< Ap(Jp_l(aanu + (1 —an)Jpzn), 2n)
= Vy(anJpu+ (1 — an)Jpzn, 2n)

1 1
= Tyt (1= an) Tyl = (an Tyt (L= an) Ty zn) + P
< Ll = Ty, 20) + S lzll? + 21— an)llza]

1
- (]- - an)<Jpzn; Zn> + 5(1 - an)HZﬂ”p
= anAp(u, zn) + (1 — an)Ap(va Zn,)-
We immediately get ILm Ap(%p41,2n) = 0. By Lemma 2.1, we have
(3.25) Jim [z 41 — 20 = 0.

Note that

Bn,Oqun + Z Bn,inTinun - qun

i=1

Z Br,i(Jp Tt — Jpuy)
=1

||Jpzn - qunH =

o0
< Zﬂn,iHJprun — Jptin]|-

i=1

Using (3.21), we get lim | Jpzn — Jptn || = 0 which implies

(3.26) lim ||z, — u,| = 0.

n—oo
Further, || Jycn — Jpan |l = [ Jp2n — Taln — Jpxall = TullCall, where ¢, = T, (Jpn — TnGn)-
It follows from (3.24) that

7}1_?[)10 [ pen — Jpan| = 0.

This implies that
(3.27) lim |e, — x| = 0.

n—oo

By Lemma 2.1 and relation (2.10), we get
Ap(uvuxn) S Ap(cn; zn) - Ap(cnyun) S Ap(cna zn)

By Lemma 2.1 again, we have

(3.28) lim ||z, — u,| = 0.
n—oo

Consequently,

(3.29) li_)m Znt1 — znl = 0.

Since {z,} is bounded, E is reflexive, we can find a subsequence {z,,} of {z,,} such that
Zpn, — wand

(3.30) limsup({Jpu — Jpx*, x, — ") = lim (Ju — Jpz™, x,, — ™).
n—roo 71— 00



10 S. Al-Homidan, B. Ali and Y. I. Suleiman
Therefore,
(3.31) Up, — Was i — 00.

It follows from the demiclosedness of (I — T;) at zero for each i € N, using (3.31) and
(3.22), that w € ;2 Fix (T;). In addition, using (3.23) and the fact that f is nonnegative
weakly lower semicontinuous, we obtain

0 < f(w) < liminf f(z,,) = 0. Hence u € Q.
1—00

We next demonstrate that ILm Ap(xy,z") = 0, where z* = IIqu.
Applying (3.30) and (3.29), we get
(3.32)
lim sup(Jpu — Jpz*, Tpt1 — z*) < limsup(Ju — Jpa*, z, — ") = (Jou— Jpz*, u —2™) < 0.
n— 00 n— 00

Note that
(3.33) Ap(@nt1,2") <1 = an)(Bno + 1)Ap(zn, %) + an(Jpu — Jpz™, Zpp1 — z*).
We write inequalities (3.33) as

Tt <(1— anfn,0)ln + N(Bno — an) + anyn

(3.34) <(1 = @nBn0)Th + o <N(ﬂnoan) Tn )

4+
anﬁn,o ﬂn,O
S(l - wn)rn + wWnon,

where w,, = o, B0, N = sup{A,(z,,z*) : n > 0}, v, = (Jpu — Jpz*, 2p41 — z*) and §,, =
(N(Bn,o_an)

anBn,o

+ 57"0) satisfying w,, € (0,1), 7}1_>H;own =0, an = oo, and limsupd,, < 0.

n—=1 n—oo

By Lemma 2.5, we conclude that
lim A,(z,,2") =0.

n—oo
CASE 2. Suppose that the sequence {A,(z,,z*)}52; is not monotonically decreasing.
SetI', = Ap(zn,2*),¥n > 1land letI' : N — N be a mapping for all n > ng for some ng
large enough by
v(in) :=max{r e N:r <n, T, <T,1}.
Clearly, I is non-decreasing sequence such that I'(n) — oo as n — oo and

(3.35) 0<Tyn <Toni1, Vn>ne.

Since {xz,,} is bounded, repeating similar steps in Case 1, we deduce that

(3.36) Funt1 < (1= wun)lon + wondun,

where ILm wyn, = 0 and limsup d,, < 0. Substituting (3.35) in (3.36) gives
n—00 n—>00

Fun S (1 - Wun)rvn + Wun5u7z~
This implies I',,, < 6., limsup,, ,  T'vn <0, lim '), =0, limsup 'y (,41) < limsup 'y,
n— 00 n—00 n— 00
and lim T'y(,41) = 0. Therefore
n—oo

0 < Fun < max{rvnv Fu(n—i—l)} < Fu(n+1)~
Applying Lemma 2.4, we conclude that
lim A,(z,,2") =0.

n—oo

Hence, in both cases, the sequence {z,, } converge strongly to 2* = IIou wherez* € Q. O
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If E = H a Hilbert space in Theorem 3.1, then A, (z,y) = ||z — y||?, and so, {T;}I, isa
finite sequence of asymptotically quasi-nonexpansive mappings.

Corollary 3.1. Let K be a non-empty, closed, convex subset of a real Hilbert space H. Let {T;} :

K — K be a finite sequence of asymptotically quasi-nonexpansive mappings with the sequence

{kin} C [1,00) such that lim k;,, = 1 and (I — T;) is demiclosed at zero for each i € N. For
n— oo

arbitrary uw € K and for the initial choice xo € K, define iterative algorithm by

(337) Unp = PK(mn - TnCn) .
Tn+l1 = pU + (1 - an) (ﬁn,Oun + Zizl 6n,iTinun) 5 n Z 0;

where oy, Bno, Bni € 6,1 — €, € € (0,1) satisfying Bno + E Br: = 1; lim a,, = 0,
: n—00
i=0

Zan +00, ky, = sup{kin : i > 1}, (1 — Bpo)kn < 1. Then the sequences {x,,} converge
strongly to x* = Pou.

Finally, we illustrate our algorithm and convergence result by the following example.
Example 3.1. Let K be the unitballin £ = 2. Foreachi € N, let T, : K — K be defined
by

Ti(x) = (0 21x1,a2x27a3x3, .. ) , Vo= (x1,29,23,...) € K,

where {q;} is a sequence in (0, 1) such that H;’;Q a; = 1. Itis clear that

(i) N2, Fix(T;) = {z = (0,0,0,...)},
(i) [|Tiz — Tyl < 2|z —y|, Vo,y € K,
(iii) 7" = (0,0, Za%~ 1x%7a§_1a2x2,a2_1a3x3,...) forn > 2, and

s 91
@) |Trz — Tyl < 2[Tj s ajllz —yll, Yo,y € K, n > 2.

Letkf —2andkﬁ = 2[[j_pa; forn > 2. Then lim k, = lim QHaj =11In

n—oQ n—roo
view of (i), (ii) and (iv), we have
A, (Tiz, T z") < kyAp(z, "), Vre K, z" € Fix(T;).

Therefore each T; is Bregman asymptotically quasi-nonexpansive which is not quasi-
nonexpansive and (I — T;) is demiclosed at 0 for each ¢ € N. Consider a functional
f+ E — Rdefined by

1
f@)=3l=l?, vrekE.
Clearly, f is a non-negative lower semi-continuous convex function. In fact, Vf(z) = «
and
x, x € K;
Pg(z) =
(@) {Ixxl’ otherwise.
Take a; = %, ¢n = Vf(2n), so that 7,, = £+ and we obtain
{un = Pk (xn - %xn) )

_ 1 2n n e e} n+1 1 Il
Tntl = 207U T 2p47 [2n+1“n + 2 2m1 5D (O 0, 57 s 3T FxanTs - )} 22
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Finally, all the hypothesis of Theorem 3.1 are satisfied with z* = (0,0,0, ...) € ﬂ Fix(T;)
i=1

satisfying f(x*) = 0. Therefore Q = {(0,0,0,0,...)}.
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