
CARPATHIAN J. MATH.
Volume 39 (2023), No. 3,
Pages 705 - 716

Online version at https://www.carpathian.cunbm.utcluj.ro/

Print Edition: ISSN 1584 - 2851; Online Edition: ISSN 1843 - 4401

DOI: https://doi.org/10.37193/CJM.2023.03.10

On evolution of finite energy solutions for a Cosserat
thermoelastic body

MARIN MARIN1, SORIN VLASE2,3 and LIVIA SANGEORZAN 1

ABSTRACT. In our study we approached the mixed problem in the context of linear theory of thermoelasticity
for Cosserat bodies. After we define the finite energy solution for this mixed problem, some results with respect
to the existence and uniqueness are proven of this kind of solution. To this aim, we generalized some analogous
results established by Dafermos, for a mixed problem from linear theory of the classical elasticity. In another
important result of our study, we introduce some specific conditions which give the possibility that the evolution
of the finite energy solution to be controlled.

1. INTRODUCTION

In our present work we consider a structure of the materials of Cosserat type. This
structure introduced by E. and F. Cosserat [6] is a branch of the general microstructure
theory. This covers a great number of generalizations of the theory of classical elasticity,
like microstretch theory, micromorphic theory, dipolar theory, micropolar structure, etc.
It is considered that the theories dedicated to the microstructure were initiated by Eringen
(see [9], [10]).
After that, the concern of specialists regarding these theories increased a lot, fact proven
by the large number of results published in an extremely large number of works in this
context. Of these we list only a few, like [1], [2], [4], [5], [7], [12], [13], [14], [15], [16], [17],
[18], [19], [20], [21], [22], [23], [24], [26], [27], [28]. Some important applications of this
theory are highlighted in geological structures, such as soils and rocks, and also in the
manufacture of porous products, such as pressed powders and ceramics. Our results in-
cluded in the present study are important generalizations of those established by Fichera
in [11] and Dafermos [8]. These refer to the existence and uniqueness of solutions for the
mixed problem with initial-boundary values, in the context of linear theory of elasticity.
Our context, that of Cosserat media, is much more complex both in terms of the differen-
tial equation system that governs the evolution of these media as well as the initial and
boundary data. Moreover, in the last part of our work, we address the issue of asymptotic
stability in the case of a solution having finite energy. It is necessary to specify that in
approaching his results, Dafermos was inspired by the works of Visik, see the work [25].
The structure of this work is as follows. After we put down the important differential
equations, initial data and, also, the boundary conditions, which characterizes a mixed
problem in the theory of the thermoelastic Cosserat media, we define the notion of a so-
lution with finite energy and we explain a way to extend the set of solutions with finite
energy. Our first result with respect to the existence of a finite energy solution is deduced
by considering that the initial data are null. After that, the results regarding the existence
of this kind of solution and its uniqueness are deduced in the general situation of initial
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data and boundary conditions in their non-homogeneous form.
Our last result provide some auxiliary estimates which are used for the controllability of
the behavior of the solution having finite energy.

2. PROBLEM FORMULATION

Consider that our Cosserat thermoelastic material occupies at the initial moment t = 0
a enough regular region D in the Euclidian space R3. The border of D is denoted by ∂D
and suppose this is a regular surface, which allows the application of the theorem of di-
vergence. By D̄ we denoted the closure of the domain D and we have D̄ = D ∪ ∂D. We
adopted the usual tensor and vector notation. The time derivative of a function is des-
ignated by a superposed dot on respective function. To designate a partial derivative of
a function regarding its spatial variables we use a subscript preceded by a comma. The
Einstein summation is used in the case of a monomial in which an index is repeated. It is
possible that the time argument and/or the spatial variable of a function to be omitted, if
there is no risk of confusion.
To characterize the evolution of a Cosserat thermoelastic body there are used the follow-
ing variables:

- vm(x, t) - the vector of displacement;
- ϕm(x, t) - the microrotation vector;
- θ - the variation of the temperature, as difference between the current value and the

initial one T0, that is,
θ = T − T0.

With the help of previous independent variables vm(x, t), ϕi(x, t), we define the compo-
nents of the strain tensors, namely emn and εij , as follows:

emn = un,m + emnkϕk, εmn = ϕn,m.(2.1)

It is considered that that the body has no initial and couple stress and, also, the flux rate is
null. Our following considerations are made in the context of a linear theory, as such, we
can consider that the internal energy is a form of quadratic type, having the expression:

ϱ0e =
1

2
Aklmneklemn +Bklmneklεmn +

1

2
Cklmnεklεmn −

−αmnemnθ − βmnεmnθ −
1

2
cθ2 +

1

2
Kmnθ,mθ,n.(2.2)

We can be inspired by the technique used by Eringen in the work [3]. So, considering that

τmn =
∂e

∂emn
, σmn =

∂e

∂εmn
, η = −∂e

∂θ
, qm =

∂e

∂θ,m
,

we obtain the correspondence of tensors of stress with strain tensors, namely, the consti-
tutive relations that follow:

τmn = Aklmnekl +Bklmnεkl − αmnθ,

σmn = Bklmnekl + Cklmnεkl − βmnθ,

ϱη = αmnemn + βmnεmn + cθ,(2.3)
qm = Kmnθ,n.

Furthermore, using the same procedure we deduce the basic equations (see [10]):
- the motion equations:

τmn,n + ϱfm = ϱv̈m,

σmn,n + eknmτkn + ϱgm = Imnϕ̈n;(2.4)
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- the equation of evolution of energy:

ϱT0η̇ = qm,m + ϱr.(2.5)

In the above relations we have used the notations that follow:
ϱ - the mass density;
η - the specific entropy;
T0 - the temperature in the undeformed state;
emn, εmn - the tensors of strain;
τmn, σmn - the tensors the stress;
qm - heat flux vector;
fm, gm - body forces;
r - supply of heat;
The coefficients Aklmn, Bklmn, Cklmn, αmn, βmn, c,Kmn are for the characterization of

the elastic properties of the material. For these we have the next symmetry relations:

Aklmn = Amnkl, αmn = αnm,

Cklmn = Cmnkl, Kmn = Knm.(2.6)

We must specify that in our subsequent considerations, we will take into account a body
in the most general state, namely it is inhomogeneous and anisotropic.
Considering the inequality of Clausius-Duhem, with other words, the inequality of the
production of entropy, we come to the conclusion that the tensor of the thermal conduc-
tivity Kij is semi-definite positive, namely:

Kmn θ, m θ, n ≥ 0.(2.7)

It is not difficult to remark that the above equations (2.4) and (2.5) are analogous of those
used in the thermoelasticity theory.
If we substitute the constitutive equations (2.3) in the main equations (2.4) and (2.5), we
are led to the following system of equations:

v̈m =
1

ϱ

[
(Aklmnekl), n + (Bklmnεkl), n − (αmnθ), n

]
+ fm,

ϕ̈m =
1

Imn

[
(Bklmnekl), j + (Cklmnεkl), n − (βmnθ), n +

+ϵmnj (Anjklekl +Bnjklεkl − αnjθ) + gm] ,(2.8)

αmnėmn + βmnε̇mn + cθ̇ =
ϱ

T0
(Kmnθ, n), m +

1

T0
r.

The mixed problem in the context of the theory of the Cosserat thermoelastic materials
will be complete if we indicate certain initial conditions and certain boundary relations.
At the moment t = 0 we have the given initial values:

vm(0) = v0m, v̇m(0) = v1m, in D̄,

ϕm(0) = ϕ0m, ϕ̇m(0) = ϕ1m, in D̄,(2.9)
θ(0) = θ0, in D̄.

Further, at the moment t = 0 we prescribe the following boundary values:

vm = v̄m on ∂Dv, tm = t̄m on ∂Dc
v,

ϕm = ϕ̄m on ∂Dϕ, ml = m̄l on ∂D
c
ϕ,(2.10)

θ = θ̄ on ∂Dθ, q = q̄ on ∂Dc
θ.



708 Marin Marin, Sorin Vlase and Livia Sangeorzan

Here tk ≡ τklnl, mk ≡ σklnl, q ≡ qlnl and n = (nl) is the normal vector to the surface ∂D,
outward oriented. Also, we must specify that the time t0 can take the value ∞. The sets
∂Dv, ∂Dϕ, ∂Dθ and respectively ∂Dc

v, ∂D
c
ϕ, ∂Dc

θ are subsets of the border ∂D, so that:

∂Dv ∪ ∂Dc
v = ∂Dϕ ∪ ∂Dc

ϕ = ∂Dθ ∪ ∂Dc
θ = ∂D,

∂Dv ∩ ∂Dc
v = ∂Dϕ ∩ ∂Dc

ϕ = ∂Dθ ∩ ∂Dc
θ = ∅.

Also, v0m, v1m, ϕ0m, ϕ1m, θ0, v̄m, t̄m, ϕ̄m, m̄k, θ̄ and q̄ are prescribed and enough smooth
functions.
We will denote by P the mixed problem with initial and boundary values, in the theory
of thermoelastic Cosserat material, which consists of (8)-(10).
The ordered array (vm, ϕm, θ) is a solution of the problem P if, for any (x, t) ∈ Q0 =
D × [0, t0), it satisfies the equations (2.8) and meet the initial values (2.9) and prescribed
boundary conditions (2.10).

3. BASIC RESULTS

Let us suppose that our thermoelastic Cosserat body occupies a bounded domain D
from the Euclidean space R3.
We denote by Cn

(
D̄
)

the set of the scalar functions which are defined on D and admit
all derivative up to order n, in any point of the domain D and the derivative of n order is
continuous in all points of D̄.
The norm of the space Cn

(
D̄
)

can be defined as:

∥h∥Cn(D̄) =

n∑
p=0

∑
i1,i2,..., ip

max
∣∣ h, i1i2...ip ∣∣ , for any h ∈ Cn

(
D̄
)
.

The set of vectorial functions composed of seven elements, each element being a function
from the space Cn

(
D̄
)
, is denoted by Cn

(
D̄
)
. The set Cn

(
D̄
)

will be equipped by the
known norm:

∥u∥Cn(D̄) =

7∑
k=1

∥uk∥Cn(D̄).

We can complete the space Cn
(
D̄
)

considering the norm ∥.∥Wn(D) until to the space
Wn (D), and it is clearly that the space Wn (D) is a space of Hilbert type, because that
the next scalar product:

(f, g)Wn(D) =

n∑
p=0

∫
D

f,i1i2...ik g,i1i2...kk
dV,

generates the norm ∥.∥Wn(D).
By using the same procedure, we can complete the space Cn

(
D̄
)

by using the norm
∥.∥Wn(D) until the space Wn (D), and, also, the space Wn (D) is a Hilbert, considering
that the norm ∥.∥Wn(D) is generated by the following scalar product:

(u,v)Wn(D) =

7∑
m=1

(um, vm)Wn(D).

We base our last statement on the fact that for any product of some normed spaces, its
norm is equal with the sum of the norms of all factor spaces.
Let B be a Banach space. We denote by Cn ([0, t0) ;D) the set of the functions f : [0, t0) →
B, which have the derivatives up to n−th order with respect to t variable, the derivative
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of order n being a continuous function defined on [0, t0). We can formulate similar defini-
tions for the spaces L1 ((0, t0) ;D) and L2 ((0, t0) ;D), given the clear meaning of notations
for the spaces L1 and L2.

Definition 3.1. The next notations are useful in the following considerations:

Ĉ1(D) =
{
θ ∈ C1(D̄) : θ = 0 on ∂D̄θ

}
Ĉ1(D) =

{
u = (v,ϕ, θ) ∈ C1(D̄) : vm = 0 on ∂D̄v,

ϕm = 0 on ∂D̄ϕ, θ = 0 on ∂D̄θ

}
Ŵ1(D) = the completion of Ĉ1(D) by using the norm ∥.∥W1(D)

Ŵ1(D) = the completion of Ĉ1(D) by using the norm ∥.∥W1(D).

With the help of the pairs of functions (v,ϕ) ∈ Ĉ1(D), (w,ψ) ∈ Ĉ1(D), we define the
next functional:

F1((v,ϕ), (w,ψ))=
1

2

∫
D

{Aklmnemn(v,ϕ)ekl(w,ψ)+Cklmnεmn(v,ϕ)εkl(w,ψ)

+Bklmn [emn(v,ϕ)εkl(w,ψ) + emn(w,ψ)εkl(v,ϕ)]} dV.(3.11)

Similarly, for the functions pair (θ, T ) we consider the second functional:

F2(θ, T ) =

∫
D

Kmnθ,mT,ndV.(3.12)

The functional F1 can be extended by continuity to the hole space Ŵ1(D) and the func-
tional F2 can be extended by continuity to the hole space Ŵ1(D).
The main anticipated results of us will be obtained if we impose the next assumptions
with regards to the material properties

i) ϱ > 0, Imn, c > 0, T0 > 0;(3.13)

ii) there is a positive constant c1 so that the functional F1 satisfies the estimate:

F1((w,ψ), (w,ψ)) ≥

≥c1
∫
D

3∑
m,n=1

[
e2mn((v,ψ), (v,ψ)) + ε2mn((v,ψ), (v,ψ))

]
dV,(3.14)

for all ((v,ψ), (v,ψ)) ∈ Ĉ1(D);
iii) there is a constant c2 > 0 so that the functional F2 satisfies the estimate:

F2(θ, θ) ≥ c2

∫
D

KmnT,mT,ndV,(3.15)

for any T ∈ Ĉ1(D).
Of course, the estimate (3.14) can be extended for (v,ψ) ∈ Ŵ1(D) and the estimate (3.15)
can be extended for T ∈ Ŵ1(D).
By using a suggestion given in [25] and [26] one can determine a constant k > 0 so that
takes place the next estimate:

F1((v,ϕ), (v,ϕ)) ≥

≥ k

∫
D

[vmvm + ϕmϕm + vm,nvm,n + ϕm,nϕm,n] dV.(3.16)
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Considering the inequality (3.16) it can be deduced that the functional F1((v,ϕ), (v,ϕ))

is a coercive quadratic form relative to the space Ŵ1(D).
We now introduce some sets that are useful in what follows.

C̃0(D) =
{
(fm, gm, r) : (fm, gm, ) ∈ C0(D̄), r ∈ C0(D̄);

if meas (∂D̄v) = meas (∂D̄ϕ) = 0

⇒
∫
D

ϱFdV = 0,

∫
D

ϱ(x×F )dV = 0;

if meas (∂D̄v) = 0, meas (∂D̄ϕ) = 0, meas (∂D̄θ) ̸= 0, ⇒
∫
D

ϱFdV = 0;

if meas (∂D̄θ) = 0, ⇒
∫
D

ϱr dV = 0

}
;

C̃1(D)=
{
(u = (vm, ϕm) , θ) : (u, θ) ∈ Ĉ1(D)× Ĉ1(D) and

if meas (∂D̄θ) = 0 ⇒
∫
D

[αmnemn(u) + βmnεmn(u) + cθ] dV = 0

}
;

D (Q0) = C∞
(
[0, t0) ; C̃

1(D)
)
;

D̆ (Q0) = {(v = (vm, ψm) , T ) : (v, T ) ∈ D (Q0) and v = 0 on D × {0}} .

For the elements y= ((vm, ϕm) , θ) ∈D (Q0), w= ((vm, ψm) , T ) ∈ D̆ (Q0) and considering
the charges z = (fm, gm, r) ∈ C∞

(
[0, t0) ; C̃

0(D)
)

, we can introduce the bilinear forms
F3(y, ω) and F4(z, ω) by:

F3(y, w) =

∫ t0

0

∫
D

{
(t− t0)

[
ϱv̇mv̈m + Imnϕ̇mψ̈n −Aklmnemn(y)ėkl(w)−

−Bklmn (emn(y)ε̇kl(w) + ėmn(w)ε̇kl(y))− Cklmnεmn(y)ε̇kl(w)−

+c θ Ṫ + αmn θ ėmn(w) + βmn θ ε̇mn(w)
]
+

+ϱ v̇m v̇m + Imnϕ̇mψ̇n + c θ T +

+αmn T emn(y) + βmn T εmn(y) +
1

T0

∫ t

0

Kmn θ, n T, m dτ

}
dV dt;

F4(z, w) =

∫ t0

0

∫
D

(t− t0)

[
−ϱfmv̇m − Imngmψ̇n − ϱr

T0
T

]
dV dt.

Furthermore, considering the initial values δ =
(
v0m, ϕ

0
m, θ

0
)

such that v0m, ϕ0m ∈ Ĉ1(D),
θ0 ∈ C̃1(D), we define the next functional:

F5(δ, w) = t0

∫
D

[
ϱv0mwm|t=0 + Imnϕ

0
mψn|t=0 + c T |t=0θ

0+

+αmnT |t=0emn

(
u0, θ0

)
+ βmn T |t=0εmn

(
u0, θ0

)]
dV.
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We substitute y by w in the expression of F3(z, w), so that we are led to the equality iden-
tity:

F3(w,w) =

∫ t0

0

∫
D

{
(t− t0)

[
ϱẇmẇm + Imnψ̇mψ̇n +Aklmnemn(w)ekl(w)−

+2Bklmnemn(w)εkl(w) + Cklmnεmn(w)εkl(w) +(3.17)

+cT 2 +
1

T0

∫ t

0

Kmn T, n T, m dτ

]
dV dt+

+
t0
2

∫
D

[
ϱẇmẇm + Imnψ̇mψ̇n + cT 2

]
t=0

dV.

We intend to determine a solution that has a finite energy for our problem P , which con-
sists of systems the equations (2.8), the initial values (2.9) and of boundary relations (2.10).
To reach this desire we will introduce other new spaces.
So, we will complete the space D (Q0), by using the norm |.|, until space V (Q0), which is
a Hilbert space, considering that the norm |.| is determined by the next scalar product:

< (vm, ϕm, θ) , (wm, ψm, T ) >=

∫ t0

0

∫
D

[
vmẇm + ϕmψ̇m+

+v̇mẇm+ϕ̇mψ̇m+ vm,nwm,n+ϕm,nψm,n+θT+

∫ t

0

θ,mT,mds

]
dV dt.(3.18)

After that, we will complete the space D̆ (Q0) until the space V̆ (Q0), by using the previous
norm |.|. It can be easily found that the manifold V̆ (Q0) is a linear and closed set.
We complete now the set D̆ (Q0) until the Hilbert space be denoted by Ŭ (Q0), by using
the norm determined by the next scalar product:

[(vm, ϕm, θ) , (wm, ψm, T )] =

=<(vm, ϕm, θ),(wm, ψm, T )>+<
(
v̇m, ϕ̇m, θ̇

)
,
(
ẇm, ψ̇m, Ṫ

)
>.

Here we used the scalar product < (u, θ), (v, T ) > that was introduced in (3.18).
At the next step we complete the set C̃0(D) until the space G(D), by using the norm
∥.∥W0(D)×W0(D). We will make the last completion for the set:{

(u, v, θ) : (u = (vm, ϕm) , θ) ∈ C̃1(D), (v = (wm, ψm) , θ) ∈ Ĉ1(D)
}
,

by using the norm:

|(u, v, θ)|0 =

{
1

2

∫
D

[ϱvmwm + Imnϕmψn +Aklmnekl(u)emn(v)+

+2Bklmnekl(u)εmn(v) + Cklmnεkl(u)εmn(v) + aθ2
]
dv
}1/2

,

and the completion space is denoted by H0(B).
By using the Sobolev’s theorem of embedding (see [3]) and considering the Schwarz’s in-
equality, can be extended the functional F3(y, w), by continuity, to the space of product
Ŭ (Q0)×V (Q0) and, similar, can be extended the functional F4(z, δ), by continuity, to the
space Ŭ (Q0)× L1 ((0, t0) ; G(D)).
Analogous, can be extended the functional F5(δ, w) to be defined for δ ∈ H0(D), w ∈
Ŭ (Q0).
Considering the previous extensions and completions and taking into account the as-
sumptions (3.13)-(3.16) and the equality (3.18), it can determine a constant c3 > 0, which
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depends only on c, T0 and k, in order to obtain this estimate:

|w|2 ≤ c3F3(w,w), ∀ w ∈ Ŭ (Q0) .(3.19)

Consider u = (vm, ϕm, θ) and y ≡ (u, θ) ∈ V (Q0), y being a solution of our mixed problem
P .
We now intend to introduce the concept of a finite energy solution, for this mixed problem.

Definition 3.2. It is considered that y = (u, θ) satisfy the relations:

F3(y, w) = F4(z, w) + F5(δ, w), ∀w = ((wm, ψm, χ) , T ) ∈ Ŭ (Q0) ,(3.20)

lim
t→0

u(t) = u0 =
(
v0m, ϕ

0
m, θ

0
)
, in W0(D).(3.21)

Then, y will be called a solution with finite energy which verifies the system of equations
(2.8) and satisfies the boundary relations (2.10) and are corresponding to the initial values
δ ≡

(
v0m, ϕ

0
m, θ

0
)
∈ H0(D) and to the charges z ≡ (f ,g, r) ∈ L1 ((0, t0) ; G(D)).

In the following theorem there is shown a procedure to determine a new solution with
finite energy, starting from one already known.

Theorem 3.1. Let us take y a finite energy solution, y ∈ V (Q0), that satisfies the equations
(2.8), and verifies the boundary relations (2.10), which is defined on the domain Q0 and which is
corresponding to the charges z = (fm, gm, r) and to the initial values δ≡

(
v0m, ϕ

0
m, θ

0
)
.

Consider the function ỹ defined by:

y̆(t) =

∫ t

0

y(x, τ)dτ.

Then y̆(t) is also a finite energy solution of the problem (2.8), (2.10), considered in the domain Q0,
that corresponds to the initial values δ̆=(0, 0, 0) and to the volume charges z̆=

(
f̆m, ğm, r̆

)
. Here

the following notations are used:

f̆m(x, t) =

∫ t

0

fm(x, s)ds+ w0
m(x),

ğm(x, t) =

∫ t

0

gm(x, s)ds+ ψ0
m(x),

r̆(x, t) =

∫ t

0

r(x, s)ds+

+
T0
ϱ

[
αmn(x)emn

(
v0
)
+ βmn(x)εmn

(
v0
)
+ c(x)θ0

]
.

Proof. The affirmation can be easy proven by applying the same technique used by Dafer-
mos in the paper [8]. □

Further, with the help an algorithm similar to that used by Dafermos in [8], one can ob-
tain the result regarding the uniqueness of the solution of the mixed problem, in relation
to a solution which possesses finite energy.

Theorem 3.2. In the thermoelasticity of Cosserat bodies, the mixed problem P , which consists of
system (2.8) and the boundary values (2.10), has at most one solution having a finite energy, that
is corresponding to certain given initial values and certain prescribed charges.
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To begin with, we will limit ourselves to the simpler case when the initial values are
zero and the charges are from space L2 ((0, t0) ; G(D)). In this situation, we created the
possibility to establish two results, both regarding the existence of a solution having a
finite energy, and a significant estimation for respective solution. We included both these
results in next the theorem.

Theorem 3.3. For the Cosserat thermoelastic materials, it is considered the problem P which
consists of the above equations (2.8) along with boundary relations (2.10) which corresponds to
zero initial values and to the volume charges

z = ((fm, gm) , r) ∈ L2 ((0, t0) ;G(D)) .

Then, the this problem certainly admits a solution with a finite energy y, where y = (vm, ϕm, θ) ∈
V̆ (Q0). Furthermore, it can be determined a constant c4 > 0, that depends only on c3 (from
(3.18)), T0, ϱ and t0 such that the following estimate is fulfilled:

|y| ≤ c4∥z∥L2(Q0)×L2(Q0).

In the next stage we intend to generalize the existence result regarding a solution hav-
ing a finite energy, from the simpler case of the zero initial values, formulated in Theorem
3.3, to the general situation non-homogeneous initial values. But to achieve this desired,
we need new definitions, exposed in definition that follows.

Definition 3.3. Let us consider a Hilbert space, denoted by H(D), and defined by:

H(D) = H0(D) ∩
{
Ŵ1(D)× Ŵ1(D)× Ŵ1(D)

}
.

For the source z=((fm, gm) , r) ∈G(B), the application S(z) :H0(D) → H(D) which leads
the array (wm, ψm, T ) ∈H0(D) in the array (vm, ϕm, θ) ∈H(D), for which (vm, ϕm, θ) ∈
Ŵ1(D)× Ŵ1(D), is called the solution of the next system of relations:

F1(u, ω) =

∫
D

[(αmnemn(ω) + βmnεmn(ω) + cT ) θ−

−ϱvmwm−Imnϕmψn+ϱfmwm+ϱgmψm] ,∀ω=(wm, ψm, T ) ∈ Ŵ1(D),

F2(T, θ)=−
∫
D

{T0 [αmnemn(u)+βmnεmn(u)+cT ]−ϱr} θdV, ∀T ∈ Ŵ1(D).

Now, we intend to describe a behavior of the solution defined with the help the map
S(z), above defined. We will do this in Theorem 3.4, which follows. Also in Theorem 3.4
we will investigate the regularity of this type of solution, by considering certain assump-
tions on the initial values and on certain characteristic charges.
These two auxiliary results will be useful in proving the general result regarding if there
exists a solution in the case of some non-homogeneous initial values.

Theorem 3.4. The map S(z) is defined for all z ∈ H0(D) and is an one to one application which
admits the inverse application S−1(z) that is well defined in all points z, which belong to the
codomain of S(z) ⊂ H(D) into H0(D).
Furthermore, the solution, constructed with the help of the application S(z) satisfies the next
estimate, regarding the non-homogeneous initial values δ =

(
v0m, ϕ

0
m, θ

0
)

and the sources z =
(fm, gm, r):

∥S(z)∥W1(D)×W1(D)×W1(D) ≤ c5
{
|δ|0 + ∥z∥W0(D)×W0(D)

}
,

where c5 > 0 is a calculable constant.

Proof. Both results can be proven by using the technique described by Fischera in his work
[23]. Also, it is important to remember that the functional F1(v, v) satisfies the estimate
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(3.14). Furthermore, we can take into account that the bilinear form F1 has the property
of coercivity, on Ŵ1(D), relative to the norm ∥.∥W1(D). This is obtained immediately, by
using the estimate (3.16). □

We consider now certain arbitrary charges z0, z1, ..., zm−1, so that z0, z1, ..., zm−1 ∈
G(D) and introduce the map

Sm (z0, z1, ..., zm−1) = S(z0) ◦ S(z1) ◦ ... ◦ S(zm−1).

The codomain of the application

Sm (y0, y1, ..., ym−1) : H0(D) → H(D),

is designated by Hm (B; y0, y1, ..., ym−1). If we set Hm(D) = Hm (D; y0, y1, ..., ym−1),
for δ ∈ Hm(B) we consider a new norm:

|δ|m =
∣∣S−1

m (0, 0, ..., 0) δ
∣∣
0
.

The notation
(m)

f = ∂mf
∂zm

i
will be used to designate the usualm partial derivative for a scalar

application f = f (z1, z2, ..., zn).
Considering the above explanations, we can approach now the issue of existence for a
solution with energy finite, in the situation of certain non-zero initial values.

Theorem 3.5. Consider that the problem P , consists of the system (3.11), satisfies in the space
Q(0), verifies the boundary relations (2.10), has the sources

z = (fm, gm, r) ∈ Cm−1 ([0, t0) ; G(D)) ,
(m)
z ∈ L1 ((0, t0) ; G(D))

and satisfies the initial values

δ =
(
v0m, ϕ

0
m, θ

0
)
∈ Hm

(
D; z(0),

(1)
z (0), ...,

(m−1)
z (0)

)
, for m = 1, 2, ....

Then this problem certainly admits a solution with energy finite y, so that y ∈ V (Q0).
Proof. The demonstration follows step by step the algorithm used by Fischera in his known
work [23]. □

Inspired by the procedure introduced by Dafermos in [8] and Fichera in [11], we can
prove the next three estimates, which, in fact, characterizes the control property for the
solution with finite energy, approached in Theorem 3.5.

Theorem 3.6. The following estimates are fulfilled by all finite energy solutions which satisfy the
problem P :

i)
(
vm, ϕm, v̇m, ϕ̇m, θ

)
∈ Cm ([0, t0) ; H0(D)) ,(

vm, ϕm, v̇m, ϕ̇m, θ
)
|(0) =

(
v0m, ϕ

0
m, v̇

1
m, ϕ̇

1
m, θ

0
)
;

ii) for all t ∈ [0, t0) and for any k = 0, 1, ...,m, we get(
(k)
vm,

(k)

ϕm,
(k+1)
vm ,

(k+1)

ϕm ,
(k)

θ

)
∈ Sm−k

(
D;

(k)

z(t),
(k)+1

z(t) , ...,
(m−1)

z(t)

)
,(

(k)
vm,

(k)

ϕm,
(k+1)
vm ,

(k+1)

ϕm ,
(k)

θ

)
(t) = Pm−k

(
(k)

z(t),
(k)+1

z(t) , ...,
(m−1)

z(t)

)
=

=

(
(m)
vm ,

(m)

ϕm,
(m+1)
vm ,

(m+1)

ϕm ,
(m)

θ

)
(t);
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iii) we have the estimate∣∣∣∣∣
(

(k)
vm,

(k)

ϕm,
(k+1)
vm ,

(k+1)

ϕm ,
(k)

θ

)
(t)

∣∣∣∣∣
2

0

+
1

T0

∫ t

0

F2

(
(k)

θ ,
(k)

θ

)
(s)ds

1/2

≤

≤
∣∣∣∣S−1

k

(
z(0),

(1)
z (0), ...,

(m−1)
z (0)

)∣∣∣∣
0

+ c6

∫ t

0

∥∥∥∥(k)z (s)

∥∥∥∥
W0(D)×W0(D)

ds,(3.22)

where c6 > 0 is a constant that depends only on c, T0, Imn and ϱ.
Also, the estimate (3.22) is satisfied by all t ∈ [0, t0) and any k = 0, 1, ...,m.

Remark 3.1. It is easy to observe how in the simple situation of zero sources, z ≡ 0, the
inequality (3.22) becomes an equality.

4. CONCLUSIONS

We considered the motion equations, the energy equations, the initial values and the
relations to the limit which are characteristic of a general problem in the context of ther-
moelastic Cosserat bodies. After that, we have generalized the algorithm used by Dafer-
mos in paper [8] and Fichera in paper [11], which determines the results of existence and
uniqueness of the formulated problem. Our first result proven that the solution with en-
ergy finite is the unique. Next, we established a result of existence for a solution with
energy finite in the special situation of zero initial values. After that, the previous result
is generalized to more general situation of non-zero initial values. The last result of our
work approaches certain estimates with regards to the property of controllability of the
solution with energy finite. It is important to emphasize the consistence of our results
with respect to questions of the uniqueness and of the existence of the solution with en-
ergy finite, exactly like in the theory of classical elasticity, although we considered in our
work a much more complicated mixed problem, by taking into account the thermal effect
and the effect of the Cosserat structure.
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