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ABSTRACT. Convex functions and their analogues have been powerful tools in almost all mathematical
fields, including optimization, fractional calculus, mathematical analysis, functional analysis, operator theory,
and mathematical physics. It is well established in the literature that a convex function f : [0,∞) → [0,∞) with
f(0) = 0 is necessarily superadditive, while a concave function f : [0,∞) → [0,∞) is subadditive. The con-
verses of these two assertions are not valid in general. The main target of this article is to study the subadditivity
and superadditivity of convex and superquadratic functions. In particular, we obtain several results extending,
refining, and reversing some known inequalities in this direction. Further discussion of superquadratic func-
tions in this line will be given.

1. INTRODUCTION AND PRELIMINARIES

Convex functions are widely used in pure mathematics, functional analysis, optimiza-
tion theory, and mathematical economics. Giant attention has been given to analyzing
convex functions and their properties. See, for example, [22], which contains an extensive
bibliography.

The theory of convex functions is closely connected to the theory of mathematical in-
equalities. Indeed, any convex function, (J ⊂ R) fulfills the inequality

(1.1) f ((1− ν) a+ νb) ≤ (1− ν) f (a) + νf (b) ; 0 ≤ ν ≤ 1

for all a, b ∈ J . This says a function is convex if its graph lies below its secants. A function
f is called mid-convex if, for every set of two elements a, b ∈ J , we have

(1.2) f

(
a+ b

2

)
≤ f (a) + f (b)

2
.

Inequalities for convex functions delivered significant interest in providing many el-
egant results with applications. Several authors, including Marshall and Proschan [14],
Wright [27], and Mercer [15], presented a large number of significant results for convex
functions and related inequalities.

The famous Hermite-Hadamard inequality furnishes estimates of the mean value of
a continuous convex function (see, e.g., [20, p. 50]). This inequality asserts that every
convex function f on an interval [a, b] (with a < b) enjoys the inequality

f

(
a+ b

2

)
≤ 1

b− a

b∫
a

f (t) dt ≤ f (a) + f (b)

2
.
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Notice that every continuous function is convex if and only if it satisfies the Hermite-
Hadamard inequality. We encourage interested readers to explore the literature on convex
functions and their inequalities, especially [16, 18, 19, 23, 24, 25] and the references therein.

A class of functions strongly related to convex functions is the class of superquadratic
functions. A function f : [0,∞) → R is said to be superquadratic provided that for all
s ≥ 0, there exists a constant Cs ∈ R such that

(1.3) f (s) + Cs (t− s) + f (|t− s|) ≤ f (t)

for all t ≥ 0. We say that f is subquadratic if −f is superquadratic.
For instance, the function f (x) = xp (x ≥ 0) is superquadratic for p ≥ 2, and sub-

quadratic for 0 < p ≤ 2. Notice that in this situation Cs in (1.3) is equal to pxp−1 and when
p = 2, (1.3) is an equality.

Primary definitions and properties of superqudratic functions are presented by
Abramovich, Jameson, and Sinnamon in [1] and [2].

Condition (1.3) appears more powerful than the convexity condition. In [2], it was
proved that this statement is valid for nonnegative f . More exactly, any superquadratic
function fulfills the following conditions:

(P1) f (0) ≤ 0.
(P2) If f (0) = f ′ (0) = 0 and f is differentiable at s, then Cs = f ′ (s).
(P3) If f ≥ 0, then f is convex and f (0) = f ′ (0) = 0.
From (1.3) we easily get that if f : [0,∞) → R is a superquadratic function, then for any

ν1, ν2 ≥ 0 with ν1 + ν2 = 1 (see e.g., [1, (1.4)]),

(1.4) f (ν1a+ ν2b) ≤ ν1f (a) + ν2f (b)− ν2f (ν1 |a− b|)− ν1f (ν2 |a− b|)
for all a, b ≥ 0.

Remark 1.1. Notice that if f is superquadratic and ν1, ν2 > 0 with ν1 + ν2 ≤ 1, then

f (ν1a+ ν2b)

= f

(
(ν1 + ν2)

(
ν1

ν1 + ν2
a+

ν2
ν1 + ν2

b

)
+ (1− (ν1 + ν2)) · 0

)
≤ (ν1 + ν2) f

(
ν1

ν1 + ν2
a+

ν2
ν1 + ν2

b

)
+ (1− (ν1 + ν2)) f (0)

− (1− (ν1 + ν2)) f (ν1a+ ν2b)− (ν1 + ν2) f

((
1

ν1 + ν2
− 1

)
(ν1a+ ν2b)

)
(by (1.4))

≤ (ν1 + ν2) f

(
ν1

ν1 + ν2
a+

ν2
ν1 + ν2

b

)
− (1− (ν1 + ν2)) f (ν1a+ ν2b)− (ν1 + ν2) f

((
1

ν1 + ν2
− 1

)
(ν1a+ ν2b)

)
(by (P1))

≤ ν1f (a) + ν2f (b)− ν1f

(
ν2 |a− b|
ν1 + ν2

)
− ν2f

(
ν1 |a− b|
ν1 + ν2

)
− (1− (ν1 + ν2)) f (ν1a+ ν2b)− (ν1 + ν2) f

((
1

ν1 + ν2
− 1

)
(ν1a+ ν2b)

)
(by (1.4))

i.e.,

f (ν1a+ ν2b) ≤ ν1f (a) + ν2f (b)− ν1f

(
ν2 |a− b|
ν1 + ν2

)
− ν2f

(
ν1 |a− b|
ν1 + ν2

)
− (1− (ν1 + ν2)) f (ν1a+ ν2b)− (ν1 + ν2) f

((
1

ν1 + ν2
− 1

)
(ν1a+ ν2b)

)
.
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We refer the interested reader to [3, 4, 5, 21] to see some inequalities and related discus-
sions on this topic.

A function f : [0,∞) → R is superadditive provided

(1.5) f (a) + f (b) ≤ f (a+ b) ; a, b ≥ 0.

If the reversed inequality holds, then f is said to be subadditive.
These functions play a significant role in the theory of differential equations, semi-

groups, and the theory of convex bodies. The fundamental properties of sub and super-
additive functions can be found in [6].

If a function f is convex on [0,∞), and f(0) ≤ 0, then f is superadditive. However,
superadditivity does not imply convexity. Counterexamples can be seen in [7, 8]. Mean-
while, if a function f is concave, and f (0) ≥ 0, then f is subadditive on [0,∞). This topic
attracted the attention of many mathematicians over the decades, and they generalize,
improve and extend these inequalities in several forms; see [13, 17].

This paper presents superadditive and subadditive inequalities for convex and su-
perquadratic functions. Also, we discuss convex inequalities when ν1, ν2 > 0 are such
that ν1 + ν2 ≤ 1, rather than ν1 + ν2 = 1.

It is worth noting that another class of superquadratic functions is defined in [26] and
was treated, for example, in [12]. In some cases, the two classes overlap but only some-
times. The differences and similarities between these classes are clarified in [1] and in
[11].

Among many results, we show that if f : [0,∞) → R is a convex function with f(0) = 0,
then for any a, b > 0,

f

(
ab

a+ b

)
≤ ab

(a+ b)
2 (f (a) + f (b)) ,

as a new type of convex inequalities. The n−tuple version of this result will be shown too.
Further, we show that such a convex function satisfies the two inequalities

tf (x) ≤ f (tx)− (t− |2− t|)
(
f (tx)

2
− f

(
tx

2

))
,

and

tf (x) ≥ f (tx) + (t+ |2− t|)
(
f (tx)

2
− f

(
tx

2

))
,

where x ≥ 0 and t ≥ 1.
On the other hand, if f is superquadratic, we show that

f (a) + f (b) ≤ f (a+ b)− 2a

a+ b
f (b)− 2b

a+ b
f (a) ,

as a superadditive-type inequality for superquadratic functions. Many other related re-
sults will be discussed and proven.

2. MAIN RESULTS

2.1. Inequalities for Convex Functions. We begin with a simple result containing a com-
parison of f (b− a) and f (b)− f (a) when f is a convex function.

Lemma 2.1. Let f : [0,∞) → R be a convex function with f (0) ≤ 0. Then for any 0 ≤ a ≤ b,

f (b− a) ≤ f (b)− f (a) .

Proof. This follows immediately noting that f is superadditive and that b = (b−a)+a. □

We should remark that in Theorem 2.4 below, we present a refinement and a reverse
for the inequality in the above lemma.
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Remark 2.2. We emphasize that Lemma 2.1 can be obtained directly from the Jensen-
Mercer inequality [15], though we put its proof for the reader’s convenience.

Utilizing the above lemma, we can state the following result.

Theorem 2.1. Let f : [0,∞) → R be a convex function with f (0) ≤ 0. If 0 < a, b < c, then

f

(
c− a+ b

2

)
≤ f (a+ b+ c)− f (2a+ b) + f (2b+ a)

2
.

Proof. Exploiting Lemma 2.1, we have

(2.6) f (c− a) = f (a+ b+ c− (2a+ b)) ≤ f (a+ b+ c)− f (2a+ b)

and

(2.7) f (c− b) = f (a+ b+ c− (a+ 2b)) ≤ f (a+ b+ c)− f (2b+ a) .

By adding these two inequalities together, we get

(2.8)
f (c− a) + f (c− b)

2
≤ f (a+ b+ c)− f (2a+ b) + f (2b+ a)

2
.

On the other hand, by the convexity of f , we have

(2.9) f

(
c− a+ b

2

)
≤ f (c− a) + f (c− b)

2
.

Therefore, by incorporating (2.8) and (2.9), we reach

f

(
c− a+ b

2

)
≤ f (a+ b+ c)− f (2a+ b) + f (2b+ a)

2
,

as desired. □

Now we list some remarks concerning Theorem 2.1.

Remark 2.3.
(i) If we drop the condition f (0) ≤ 0, in Theorem 2.1, then we obtain

(2.10) f

(
c− a+ b

2

)
≤ f (a+ b+ c) + f (0)− f (2a+ b) + f (2b+ a)

2
.

(ii) Let r = min {ν, 1− v}, R = max {ν, 1− v}, and 0 < ν < 1 with ν ̸= 1/2 . Setting
a = r/2 , b = R/2 , and c = 1/2 , in the inequality (2.10), we deduce:

(2.11)
1

2

(
f

(
1 + r

2

)
+ f

(
1 +R

2

))
≤ f (0) + f (1)− f

(
1

4

)
.

(iii) From (2.11), we can write

f

(
1

2

)
≤ 1

2

(
f

(
3

4

)
+ f

(
1

4

))
≤ 1

2

(
1

2

(
f

(
1 + r

2

)
+ f

(
1 +R

2

))
+ f

(
1

4

))
≤ f (0) + f (1)

2

where the first and the second inequality are obtained from (1.2). Notice that this
provides a considerable improvement of the convex inequality f

(
1
2

)
≤ f(0)+f(1)

2 .

The following is a difference-type inequality for convex functions, with an integral
representing a mean value as part of the upper bound.



Subadditive and Superadditive Inequalities for Convex Functions 125

Theorem 2.2. Let f : [0,∞) → R be a convex function with f (0) ≤ 0. If 0 ≤ b < a, then

f(a− b) ≤ 1

a− b

∫ 3a

2a+b

f (t) dt− f (2a+ b) + f (2b+ a)

2
.

Proof. As we proved in Theorem 2.1,

f

(
c− a+ b

2

)
≤ f (a+ b+ c)− f (2a+ b) + f (2b+ a)

2
.

For ν ≥ 0, we take c = (1 + ν)a− νb, which implies that c ≥ a ≥ b. So, we obtain

f

(
(ν +

1

2
)(a− b)

)
≤ f ((2 + ν)a+ (1− ν)b)− f (2a+ b) + f (2b+ a)

2
.

By integrating over ν on [0, 1], we have∫ 1

0

f

(
(ν +

1

2
)(a− b)

)
dν ≤

∫ 1

0

f ((2 + ν)a+ (1− ν)b) dν−
∫ 1

0

f (2a+ b) + f (2b+ a)

2
dν,

so, we deduce

1

a− b

∫ 3(a−b)
2

a−b
2

f (t) dt ≤ 1

a− b

∫ 3a

2a+b

f (t) dt− f (2a+ b) + f (2b+ a)

2
.

Finally, using the Hermite-Hadamard inequality, we have

f(a− b) ≤ 1

a− b

∫ 3(a−b)
2

a−b
2

f (t) dt.

Therefore, the inequality of the theorem follows. □

Remark 2.4. If we take 2a+ b = x and 3a = y, with y ≥ x ≥ 2y
3 , in the inequality from the

above theorem, we obtain

f(y − x) ≤ 1

y − x

∫ y

x

f (t) dt− f (x) + f (2x− y)

2
,

which implies inequality

f(y − x) +
f (x) + f (2x− y)

2
≤ 1

y − x

∫ y

x

f (t) dt.

Theorem 2.3. Let f : [0,∞) → R be a convex function with f (0) ≤ 0. If 0 < a, b and a+ b ≤ c
then,

f

(
c− a+ b

2

)
≤ 1

a+ b

∫ c

c−a−b

f (t) dt ≤ f (a+ b+ c)− f (2a+ b) + f (2b+ a)

2
.

Proof. Using inequalities (2.6), (2.7) and multiplying by ν and 1 − ν, where ν ∈ [0, 1], we
have

(2.12) νf (c− a) ≤ νf (a+ b+ c)− νf (2a+ b)

and

(2.13) (1− ν)f (c− b) ≤ (1− ν)f (a+ b+ c)− (1− ν)f (2b+ a) .

By adding the two inequalities (2.12) and (2.13), we get

(2.14) νf (c− a) + (1− ν)f (c− b) ≤ f (a+ b+ c)− νf (2a+ b)− (1− ν)f (2b+ a) .

On the other hand, by the convexity of f , we have

(2.15) f (c− ν(a+ b)) ≤ νf (c− a) + (1− ν)f (c− b) .
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Taking into account the inequalities (2.14) and (2.15), we obtain

f (c− ν(a+ b)) ≤ f (a+ b+ c)− νf (2a+ b)− (1− ν)f (2b+ a) .

Integrating over ν from 0 to 1, we deduce∫ 1

0

f (c− ν(a+ b)) dν ≤ f (a+ b+ c)− f (2a+ b) + f (2b+ a)

2
.

But, we have ∫ 1

0

f (c− ν(a+ b)) dν =
1

a+ b

∫ c

c−a−b

f (t) dt

and using the Hermite-Hadamard inequality, we find

1

a+ b

∫ c

c−a−b

f (t) dt ≥ f

(
c− a+ b

2

)
.

Consequently, the statement is true. □

Remark 2.5. If we take c = a+ b in the inequality from the above theorem, we find

f

(
a+ b

2

)
≤ 1

a+ b

∫ a+b

0

f (t) dt ≤ f (2(a+ b))− f (2a+ b) + f (2b+ a)

2
,

which implies inequality

f

(
a+ b

2

)
+

f (2a+ b) + f (2b+ a)

2
≤ f (2(a+ b)) .

But, using the convexity of f , we deduce

(2.16) 2f(a+ b) ≤ f

(
a+ b

2

)
+

f (2a+ b) + f (2b+ a)

2
≤ f (2(a+ b)) .

Notice that this provides a refinement of the inequality 2f(a + b) ≤ f(2(a + b)), which
follows immediately from the super-additivity of f .

The following result provides an improvement and a counterpart for the inequality in
Lemma 2.1.

Theorem 2.4. Let f : [0,∞) → R be a convex function. Then for any 0 ≤ a < b,

f (b− a) +

(
f (0) + f (b)− 2f

(
b

2

))(
1− |b− 2a|

b

)
≤ f (0) + f (b)− f (a)

≤ f (b− a) +

(
f (0) + f (b)− 2f

(
b

2

))(
1 +

|b− 2a|
b

)
.

Proof. It has been established in [10] that

(2.17)
2r

(
f (a) + f (b)

2
− f

(
a+ b

2

))
≤ (1− ν) f (a) + νf (b)− f ((1− ν) a+ νb)

≤ 2R

(
f (a) + f (b)

2
− f

(
a+ b

2

))
where r = min {ν, 1− ν}, r = max {ν, 1− ν}, and 0 ≤ ν ≤ 1. Since for any s, t ≥ 0,

max {s, t} =
s+ t+ |s− t|

2
and min {s, t} =

s+ t− |s− t|
2

,



Subadditive and Superadditive Inequalities for Convex Functions 127

we can write (2.17), in the following format

(1− |1− 2ν|)
(
f (a) + f (b)

2
− f

(
a+ b

2

))
≤ (1− ν) f (a) + νf (b)− f ((1− ν) a+ νb)

≤ (1 + |1− 2ν|)
(
f (a) + f (b)

2
− f

(
a+ b

2

))
.

Now, applying the above inequality, we have

(2.18)

(
1− |x1 + x2 − 2x|

x2 − x1

)(
f (x1) + f (x2)

2
− f

(
x1 + x2

2

))
≤ x2 − x

x2 − x1
f (x1) +

x− x1

x2 − x1
f (x2)− f (x)

≤
(
1 +

|x1 + x2 − 2x|
x2 − x1

)(
f (x1) + f (x2)

2
− f

(
x1 + x2

2

))
when x1 < x < x2. Besides,

(2.19)

(
1− |x1 + x2 − 2x|

x2 − x1

)(
f (x1) + f (x2)

2
− f

(
x1 + x2

2

))
≤ x− x1

x2 − x1
f (x1) +

x2 − x

x2 − x1
f (x2)− f (x1 + x2 − x)

≤
(
1 +

|x1 + x2 − 2x|
x2 − x1

)(
f (x1) + f (x2)

2
− f

(
x1 + x2

2

))
.

The inequalities (2.18) and (2.19) give, respectively,(
1− |x2 − 2x|

x2

)(
f (0) + f (x2)

2
− f

(x2

2

))
≤ x2 − x

x2
f (0) +

x

x2
f (x2)− f (x)

≤
(
1 +

|x2 − 2x|
x2

)(
f (0) + f (x2)

2
− f

(x2

2

))
,

and(
1− |x2 − 2x|

x2

)(
f (0) + f (x2)

2
− f

(x2

2

))
≤ x

x2
f (0) +

x2 − x

x2
f (x2)− f (x2 − x)

≤
(
1 +

|x2 − 2x|
x2

)(
f (0) + f (x2)

2
− f

(x2

2

))
.

Thus, by adding the last two inequalities, we conclude that

2

(
1− |x2 − 2x|

x2

)(
f (0) + f (x2)

2
− f

(x2

2

))
≤ f (0) + f (x2)− f (x)− f (x2 − x)

≤ 2

(
1 +

|x2 − 2x|
x2

)(
f (0) + f (x2)

2
− f

(x2

2

))
i.e.,

2

(
1− |b− 2a|

b

)(
f (0) + f (b)

2
− f

(
b

2

))
≤ f (0) + f (b)− f (a)− f (b− a)

≤ 2

(
1 +

|b− 2a|
b

)(
f (0) + f (b)

2
− f

(
b

2

))
as desired. □
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Remark 2.6. The case f(0) = 0, in Theorem 2.4, reduces to the following inequality:

2

(
1− |b− 2a|

b

)(
f (b)

2
− f

(
b

2

))
≤ f (b)− f (a)− f (b− a)

≤ 2

(
1 +

|b− 2a|
b

)(
f (b)

2
− f

(
b

2

))
.

The following Hermite-Hadamard-type inequality can be stated as well. The signifi-
cance of this result is the way it refines and reverses the Hermite-Hadamard inequality
2
b

∫ b

0
f(t)dt ≤ f(0) + f(b).

Corollary 2.1. Let f : [0,∞) → R be a convex function and 0 < b. Then

2

b

b∫
0

f (t) dt+
1

2

(
f (0) + f (b)− 2f

(
b

2

))
≤ f (0) + f (b)

≤ 2

b

b∫
0

f (t) dt+
3

2

(
f (0) + f (b)− 2f

(
b

2

))
.

Proof. If we take integral over t ∈ [0, b], in Theorem 2.4, we obtain

1

b

b∫
0

f (b− t) dt+

(
f (0) + f (b)− 2f

(
b

2

))1− 1

b2

b∫
0

|b− 2t| dt


≤ f (0) + f (b)− 1

b

b∫
0

f (t) dt

≤ 1

b

b∫
0

f (b− t) dt+

(
f (0) + f (b)− 2f

(
b

2

))1 +
1

b2

b∫
0

|b− 2t| dt

 .

The result follows by seeing that 1
b

b∫
0

f (b− t) dt = 1
b

b∫
0

f (t) dt and
b∫
0

|b− 2t| dt = b2

2 . □

Remark 2.7. The first inequality from the above corollary becomes

2

b

b∫
0

f (t) dt ≤ f (0) + f (b)

2
+ f

(
b

2

)
,

where f : [0,∞) → R is a convex function and b > 0. This inequality represents the
inequality of Bullen [9]

2

b− a

b∫
a

f (t) dt ≤ f (a) + f (b)

2
+ f

(
a+ b

2

)
,

when a = 0.
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Inequality (2.17) can be written equivalently in the following form

(2.20)
2r

(
f (a) + f (b)

2
− f

(
a+ b

2

))
≤ ν1f (a) + ν2f (b)− f (ν1a+ ν2b)

≤ 2R

(
f (a) + f (b)

2
− f

(
a+ b

2

))
where ν1, ν2 ≥ 0 with ν1 + ν2 = 1. We continue this section by slightly improving the
condition ν1 + ν2 = 1 in (2.20).

Proposition 2.1. Let f : J → R be a convex function and let a, b ∈ J . If v1, ν2 ≥ 0 satisfy
ν1 + ν2 ≤ 1, then
f (ν1a+ ν2b)

≤ ν1f (a) + ν2f (b) + (1− (ν1 + ν2)) f (0)

− 2

(
r

(
f (a) + f (b)

2
− f

(
a+ b

2

))
− r′

(
f ((ν1a+ ν2b)/(ν1 + ν2) ) + f (0)

2
− f

(
ν1a+ ν2b

2 (ν1 + ν2)

)))
where r = min {ν1, ν2} and r′ = min {ν1 + ν2, 1− (ν1 + ν2)}. In the opposite direction,
f (ν1a+ ν2b)

+ 2

(
R

(
f (a) + f (b)

2
− f

(
a+ b

2

))
−R′

(
f ((ν1a+ ν2b)/(ν1 + ν2) ) + f (0)

2
− f

(
ν1a+ ν2b

2 (ν1 + ν2)

)))
≥ ν1f (a) + ν2f (b) + (1− (ν1 + ν2)) f (0)

where R = max {ν1, ν2} and R′ = max {ν1 + ν2, 1− (ν1 + ν2)}.

Proof. We prove the first inequality. By the first inequality in (2.17), we have
f (ν1a+ ν2b)

= f

(
(ν1 + ν2)

(
ν1

ν1 + ν2
a+

ν2
ν1 + ν2

b

)
+ (1− (ν1 + ν2)) · 0

)
≤ (ν1 + ν2) f

(
ν1

ν1 + ν2
a+

ν2
ν1 + ν2

b

)
+ (1− (ν1 + ν2)) f (0)

− 2r′
(
f ((ν1a+ ν2b)/(ν1 + ν2) ) + f (0)

2
− f

(
ν1a+ ν2b

2 (ν1 + ν2)

))
≤ ν1f (a) + ν2f (b) + (1− (ν1 + ν2)) f (0)

−2

(
r

(
f (a)+f (b)

2
−f

(
a+b

2

))
−r′

(
f ((ν1a+ν2b)/(ν1+ν2) )+f (0)

2
−f

(
ν1a+ν2b

2 (ν1+ν2)

)))
which completes the proof.

Likewise, the second inequality can be obtained by utilizing the second inequality in
(2.17); we omit its proof. □

Remark 2.8. Let the assumptions of Proposition 2.1 hold. If f (0) = 0, then

f (ν1a+ ν2b)

≤ ν1f (a) + ν2f (b)

− 2

(
r

(
f (a) + f (b)

2
− f

(
a+ b

2

))
− r′

(
1

2
f

(
ν1a+ ν2b

ν1 + ν2

)
− f

(
ν1a+ ν2b

2 (ν1 + ν2)

)))
and
f (ν1a+ ν2b)

+ 2

(
R

(
f (a) + f (b)

2
− f

(
a+ b

2

))
−R′

(
1

2
f

(
ν1a+ ν2b

ν1 + ν2

)
− f

(
ν1a+ ν2b

2 (ν1 + ν2)

)))
≥ ν1f (a) + ν2f (b) .
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From the definition of convexity for function f : [0,∞) → R, with f(0) ≤ 0, we deduce

f(tx) = f((1− t)0 + tx) ≤ (1− t)f(0) + tf(x) ≤ tf(x)

for all t ∈ [0, 1]. We will study the case when t ≥ 1.

Lemma 2.2. Let f : [0,∞) → R be a convex function. If f(0) ≤ 0, then for any x ≥ 0,

tf (x) ≤ f (tx) ,

where t ≥ 1.

Proof. We consider a, b ∈ [0,∞) and a ≥ b. Notice that if ν ≥ 0, then a ≤ (1+ ν)a− νb and
we deduce by the convexity of f ,

f (a) = f

(
1

1 + ν
((1 + ν) a− νb) +

ν

1 + ν
b

)
≤ 1

1 + ν
f ((1 + ν) a− νb) +

ν

1 + ν
f (b)

i.e.,
(1 + ν) f (a)− νf (b) ≤ f ((1 + ν) a− νb) .

The case b = 0 implies

(1 + ν) f (a) ≤ (1 + ν) f (a)− νf (0) ≤ f ((1 + ν) a)

or
tf (x) ≤ f (tx) ; t ≥ 1,

as desired. □

Remark 2.9. Inequality (2.16) represents an improvement of the result from the above
lemma when t = 2 and x = a+ b.

If f : (0,∞) → R, with lim
x→0

f(x) ≤ 0, then using Lemma 2.2 the function f(x)
x is increas-

ing.

Interestingly, the above discussion can lead to new types of inequalities for convex
functions.

Theorem 2.5. Let f : [0,∞) → R be a convex function with f(0) ≤ 0. Then for any a, b > 0,

f

(
1

a+ b

)
≤ ab

(a+ b)
2

(
f

(
1

a

)
+ f

(
1

b

))
.

Proof. We can write by Lemma 2.2,

f

(
1

a

)
+ f

(
1

b

)
= f

(
a+ b

a

1

a+ b

)
+ f

(
a+ b

b

1

a+ b

)
≥ a+ b

a
f

(
1

a+ b

)
+

a+ b

b
f

(
1

a+ b

)
=

(a+ b)
2

ab
f

(
1

a+ b

)
.

After the rearrangement of the terms, we obtain

f

(
1

a+ b

)
≤ ab

(a+ b)
2

(
f

(
1

a

)
+ f

(
1

b

))
,

as desired. □

If we replace a and b by 1/a and 1/b , in Theorem 2.5, we get:
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Corollary 2.2. Let f : [0,∞) → R be a convex function with f(0) ≤ 0. Then for any a, b > 0,

f

(
ab

a+ b

)
≤ ab

(a+ b)
2 (f (a) + f (b)) .

Similarly to Theorem 2.5 and Corollary 2.2, we have the following n−tuple result.

Proposition 2.2. Let f : [0,∞) → R be a convex function with f(0) ≤ 0. Then for any
ai > 0 (i = 1, 2, . . . , n),

n∑
i=1

f(ai) ≥ n2f

(
1∑n

i=1
1
ai

)
.

Proof. By the use of Lemma 2.2, we have

f

(
1

a1

)
+ · · ·+ f

(
1

an

)
= f

(
a1 + · · ·+ an

a1

1

a1 + · · ·+ an

)
+ · · ·+ f

(
a1 + · · ·+ an

an

1

a1 + · · ·+ an

)
≥
(
a1 + · · ·+ an

a1
+ · · ·+ a1 + · · ·+ an

an

)
f

(
1

a1 + · · ·+ an

)
=

(
n∑

i=1

ai

)(
n∑

i=1

1

ai

)
f

(
1∑n

i=1 ai

)
≥ n2f

(
1∑n

i=1 ai

)
,

where the last inequality is due to Cauchy-Schwarz inequality. We obtain the result by
replacing ai with 1

ai
in the above inequality. This completes the proof. □

From the proof of the above proposition, we find that

∑n
i=1 f(ai)∑n
i=1 ai

≥
f

(
1∑n

i=1
1
ai

)
∑n

i=1
1
ai

.

Before expressing the following result, we remind the reader that a function f is called
logarithmically convex if log f is convex.

Theorem 2.6. Let f : [0,∞) → (0,∞) be a log-convex function, with f(0) ≤ 1. Then for any
a, b > 0,

f

(
ab

a+ b

)
≤ (f (a) f (b))

ab
(a+b)2 .

Proof. The assumption on f , together with Corollary 2.2, gives

log f

(
ab

a+ b

)
≤ ab

(a+ b)
2 (log f (a) + log f (b))

=
ab

(a+ b)
2 (log f (a) f (b))

= log (f (a) f (b))
ab

(a+b)2 .

Consequently,

f

(
ab

a+ b

)
≤ (f (a) f (b))

ab
(a+b)2 ,

as desired. □
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The following result provides an improvement and a reverse for the inequality in
Lemma 2.2.

Theorem 2.7. Let f : [0,∞) → R be a convex function and t ≥ 1. If f(0) = 0, then for any
x ∈ [0,∞),

tf (x) ≤ f (tx)− (t− |2− t|)
(
f (tx)

2
− f

(
tx

2

))
,

and

tf (x) ≥ f (tx) + (t+ |2− t|)
(
f (tx)

2
− f

(
tx

2

))
.

Proof. We consider a, b ∈ [0,∞) and a ≥ b. Notice that if ν ≥ 0, then a ≤ (1+ ν)a− νb and
we deduce by the convexity of f
f (a)

= f

(
1

1 + ν
((1 + ν) a− νb) +

ν

1 + ν
b

)
≤

1

1 + ν
f ((1 + ν) a− νb) +

ν

1 + ν
f (b)− 2λ′

(
f ((1 + ν) a− νb) + f (b)

2
− f

(
(1 + ν) a+ (1− ν) b

2

))
where λ′ = min

{
1

1+ν ,
ν

1+ν

}
. Multiplying the above inequality by 1 + ν, we reach

(1 +ν) f (a)−νf (b) ≤ f ((1 + ν) a−νb)−2λ

(
f ((1 +ν) a− νb) +f (b)

2
−f

(
(1 +ν) a+(1− ν) b

2

))
where λ = min {1, ν}. Now, by replacing a and b by x and 0, respectively, we infer, when
1 + ν = t, that

tf (x) ≤ f (tx)− (t− |2− t|)
(
f (tx)

2
− f

(
tx

2

))
.

For the counterpart, we have
f (a)

= f

(
1

1 + ν
((1 + ν) a− νb) +

ν

1 + ν
b

)
≥

1

1 + ν
f ((1 + ν) a− νb) +

ν

1 + ν
f (b) + 2γ′

(
f ((1 + ν) a− νb) + f (b)

2
− f

(
(1 + ν) a+ (1− ν) b

2

))
where γ′ = max

{
1

1+ν ,
ν

1+ν

}
. Multiplying the above inequality by 1 + ν to get

(1 +ν) f (a)+νf (b) ≥ f ((1 +ν) a− νb)+2γ

(
f ((1 +ν) a−νb) + f (b)

2
−f

(
(1 +ν) a+(1−ν) b

2

))
where γ = max {1, ν}. Letting a = x, b = 0 and 1 + ν = t, we have

tf (x) ≥ f (tx) + (t+ |2− t|)
(
f (tx)

2
− f

(
tx

2

))
as desired. □

2.2. Subadditive Inequalities for Superquadratic Functions. We start this section by
presenting the following result concerning the superadditivity of superquadratic func-
tions.

Theorem 2.8. Let f : [0,∞) → R be a superquadratic function. Then for any a, b > 0,

(2.21) f (a) + f (b) ≤ f (a+ b)− 2a

a+ b
f (b)− 2b

a+ b
f (a) .

If f is subquadratic, then the inequality in (2.21) is reversed.
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Proof. It follows from (1.4) and (P1) that

(2.22)
f (νx) ≤ (1− ν) f (0) + νf (x)− νf ((1− ν)x)− (1− ν) f (νx)

≤ νf (x)− νf ((1− ν)x)− (1− ν) f (νx) .

Employing (2.22), we can write

(2.23)

f (a)

= f

(
a

a+ b
· (a+ b)

)
≤ a

a+ b
f (a+ b)− a

a+ b
f

(
b

a+ b
· (a+ b)

)
− b

a+ b
f

(
a

a+ b
· (a+ b)

)
=

a

a+ b
f (a+ b)− a

a+ b
f (b)− b

a+ b
f (a) .

Likewise,

(2.24) f (b) ≤ b

a+ b
f (a+ b)− b

a+ b
f (a)− a

a+ b
f (b) .

Incorporating two inequalities (2.23) and (2.24) implies

f (a) + f (b) ≤ f (a+ b)− 2a

a+ b
f (b)− 2b

a+ b
f (a) ,

as expected.
The second statement follows straightforwardly from the fact that if f is subquadratic,

then −f is superquadratic. □

As noted in the introduction, if a function f is superquadratic and nonnegative, it is
convex. Consequently, in this case, inequality (2.21) is an improvement of inequality (1.5)
for convex functions.

Remark 2.10. The inequality in Theorem 2.8 can be written as
a+ 3b

a+ b
f (a) +

3a+ b

a+ b
f (b) ≤ f (a+ b) .

The following theorem presents the external version of inequality (1.4).

Theorem 2.9. Let f : [0,∞) → R be a superquadratic function and let a, b ≥ 0.
(i) If ν > 0 and (1 + ν) a− νb ≥ 0, then

(2.25) (1 + ν) f (a)− νf (b) ≤ f ((1 + ν) a− νb)− νf

(
|a− b|
1 + ν

)
− f

(
ν |a− b|
1 + ν

)
.

(ii) If ν < −1 and (1 + ν) a− νb ≥ 0, then
(2.26)

(1 + ν) f (a)− νf (b) ≤ f ((1 + ν) a− νb) + (1 + ν) f

(
−|a− b|

ν

)
− f

(
(1 + ν) |a− b|

ν

)
.

Moreover, inequalities (2.25) and (2.26) hold in the reversed direction if f is subquadratic.

Proof. We first consider the case ν > 0. By (1.4), we obtain

f (a)

= f

(
1

1 + ν
((1 + ν) a− νb) +

ν

1 + ν
b

)
≤ 1

1 + ν
f ((1 + ν) a− νb) +

ν

1 + ν
f (b)− ν

1 + ν
f

(
|a− b|
1 + ν

)
− 1

1 + ν
f

(
ν |a− b|
1 + ν

)
.



134 Hamid Reza Moradi, Nicuşor Minculete, Shigeru Furuichi and Mohammad Sababheh

This finishes the proof of assertion (i).
Now, we consider the case ν < −1. Again, by (1.4), we can write

f (b)

= f

(
−1

ν
((1 + ν) a− νb) +

1 + ν

ν
a

)
≤ −1

ν
f ((1 + ν) a− νb) +

1 + ν

ν
f (a)− 1 + ν

ν
f

(
−|a− b|

ν

)
+

1

ν
f

(
(1 + ν) |a− b|

ν

)
.

This completes the proof of (ii). □

We infer the following if we replace ν by −ν in Theorem 2.9.

Corollary 2.3. Let f : [0,∞) → R be a superquadratic function and let a, b ≥ 0.
(i) If ν < 0 and (1− ν) a+ νb ≥ 0, then

(1− ν) f (a) + νf (b) ≤ f ((1− ν) a+ νb) + νf

(
|a− b|
1− ν

)
− f

(
ν |a− b|
ν − 1

)
.

(ii) If ν > 1 and (1− ν) a+ νb ≥ 0, then

(1− ν) f (a) + νf (b) ≤ f ((1− ν) a+ νb) + (1− ν) f

(
|a− b|

ν

)
− f

(
(ν − 1) |a− b|

ν

)
.

The following inequalities can be expressed as well:

Theorem 2.10. Let f : [0,∞) → R be a superquadratic function. Then for any a, b > 0,

(a+ b)
2

ab
f

(
1

a+ b

)
+

a+ b

a
f

(
a

(a+ b)
2

)
+

a+ b

b
f

(
b

(a+ b)
2

)
≤ f

(
1

a

)
+ f

(
1

b

)
.

The opposite inequality holds if f is subquadratic.

Proof. It follows, from Theorem 2.9 (i), that

(2.27) νf (x) ≤ f (νx)− (ν − 1) f
(x
ν

)
− f

(
(ν − 1)x

ν

)
,

for any ν > 1 and x > 0. Here we used the fact that − (ν − 1) f (0) ≥ 0.
Using (2.27), we reach

(2.28)

f

(
1

a

)
= f

(
a+ b

a
· 1

a+ b

)
≥ a+ b

a
f

(
1

a+ b

)
+

b

a
f

(
a

a+ b
· 1

a+ b

)
+ f

(
b

a+ b
· 1

a+ b

)
=

a+ b

a
f

(
1

a+ b

)
+

b

a
f

(
a

(a+ b)
2

)
+ f

(
b

(a+ b)
2

)
.

Likewise,

(2.29) f

(
1

b

)
≥ a+ b

b
f

(
1

a+ b

)
+

a

b
f

(
b

(a+ b)
2

)
+ f

(
a

(a+ b)
2

)
.

Adding two inequalities (2.28) and (2.29) together, we reach

(a+ b)
2

ab
f

(
1

a+ b

)
+

a+ b

a
f

(
a

(a+ b)
2

)
+

a+ b

b
f

(
b

(a+ b)
2

)
≤ f

(
1

a

)
+ f

(
1

b

)
,

as expected. □
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If we replace a and b by 1/a and 1/b , respectively, in Theorem 2.10, we get the follow-
ing form.

Corollary 2.4. Let f : [0,∞) → R be a superquadratic function. Then for any a, b > 0,

(a+ b)
2

ab
f

(
ab

a+ b

)
+

a+ b

b
f

(
ab2

(a+ b)
2

)
+

a+ b

a
f

(
a2b

(a+ b)
2

)
≤ f (a) + f (b) .

The following result presents a reverse of inequality (1.4).

Theorem 2.11. Let f : [0,∞) → R be a superquadratic function and let a, b ≥ 0.
(i) If 0 ≤ ν ≤ 1/2 , then

(1 − ν) f (a) + νf (b) − 2 (1 − ν)

(
f (a) + f (b)

2
− f

(
a + b

2

))
+ (1 − 2ν) f

( |a − b|
4 (1 − ν)

)
+ f

(
(1 − 2ν) |a − b|

4 (1 − ν)

)
f ((1 − ν) a + νb) .

(ii) If 1/2 ≤ ν ≤ 1, then

(1− ν) f (a) + νf (b)− 2ν

(
f (a) + f (b)

2
− f

(
a+ b

2

))
+ (2ν − 1) f

(
|b− a|
4ν

)
+ f

(
2ν − 1

4ν
|b− a|

)
≤ f ((1− ν) a+ νb) .

The opposite inequalities hold if f is subquadratic.

Proof. First suppose that 0 ≤ ν ≤ 1/2 . In this case, we have

f ((1 − ν) a + νb)

= f

(
(1 + (1 − 2ν))

a + b

2
− (1 − 2ν) b

)
≥ (1 + (1 − 2ν)) f

(
a + b

2

)
− (1 − 2ν) f (b) + (1 − 2ν) f

( |a − b|
4 (1 − ν)

)
+ f

(
(1 − 2ν) |a − b|

4 (1 − ν)

)
= (1 − ν) f (a) + νf (b) − 2 (1 − ν)

(
f (a) + f (b)

2
− f

(
a + b

2

))
+ (1 − 2ν) f

( |a − b|
4 (1 − ν)

)
+ f

(
(1 − 2ν) |a − b|

4 (1 − ν)

)
,

thanks to part (i) of Theorem 2.9. This confirms the inequality in (i).
Now, assume that 1/2 ≤ ν ≤ 1. In this circumstance, we have again by the part (i) of

Theorem 2.9,
f ((1− ν) a+ νb)

= f

(
(1 + (2ν − 1))

a+ b

2
− (2ν − 1) a

)
≥ (1 + (2ν − 1)) f

(
a+ b

2

)
− (2ν − 1) f (a) + (2ν − 1) f

(
|b− a|
4ν

)
+ f

(
(2ν − 1) |b− a|

4ν

)
= (1− ν) f (a) + νf (b)− 2ν

(
f (a) + f (b)

2
− f

(
a+ b

2

))
+ (2ν − 1) f

(
|b− a|
4ν

)
+ f

(
(2ν − 1) |b− a|

4ν

)
.

This finalizes the proof of the inequality in (ii). □

We close this paper with the following corollary, which is a complementary result to
Theorem 2.8.

Corollary 2.5. Let f : [0,∞) → R be a superquadratic function and let a, b > 0.
(i) If a ≤ b, then

f (a+ b)− 4b

a+ b

(
f (a+ b)

2
− f

(
a+ b

2

))
+ 2

(
b− a

a+ b
f

(
(a+ b)

2

4b

)
+ f

(
b2 − a2

4b

))
≤ f (a) + f (b) .
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(ii) b ≤ a, then

f (a+ b)− 4a

a+ b

(
f (a+ b)

2
− f

(
a+ b

2

))
+ 2

(
a− b

a+ b
f

(
(a+ b)

2

4a

)
+ f

(
a2 − b2

4a

))
≤ f (a) + f (b) .

If f is subquadratic, then the inequalities hold in the reversed direction.

Proof. From Theorem 2.11 (i), we conclude that
(2.30)

νf (x)− 2 (1− ν)

(
f (x)

2
− f

(x
2

))
+ (1− 2ν) f

(
x

4 (1− ν)

)
+ f

(
(1− 2ν)x

4 (1− ν)

)
≤ f (νx) ,

whenever 0 ≤ ν ≤ 1/2 . Also, by Theorem 2.11 (ii), we get

(2.31) νf (x)− 2ν

(
f (x)

2
− f

(x
2

))
+ (2ν − 1) f

( x

4ν

)
+ f

(
(2ν − 1)x

4ν

)
≤ f (νx) ,

provided that 1/2 ≤ ν ≤ 1.
We first prove the case a ≤ b. From the inequality (2.30), we receive

a

a+ b
f (a+ b)− 2b

a+ b

(
f (a+ b)

2
− f

(
a+ b

2

))
+
b− a

a+ b
f

(
(a+ b)

2

4b

)
+f

(
b2 − a2

4b

)
≤ f (a) .

On the other hand, by the inequality (2.31), we have

b

a+ b
f (a+ b)− 2b

a+ b

(
f (a+ b)

2
− f

(
a+ b

2

))
+
b− a

a+ b
f

(
(a+ b)

2

4b

)
+f

(
b2 − a2

4b

)
≤ f (b) .

Adding these two inequalities, we reach the expected inequality.
Now we are going to establish the case b ≤ a. From the inequality (2.31), we reach

a

a+ b
f (a+ b)− 2a

a+ b

(
f (a+ b)

2
− f

(
a+ b

2

))
+
a− b

a+ b
f

(
(a+ b)

2

4a

)
+f

(
a2 − b2

4a

)
≤ f (a) .

The inequality (2.30) also indicates

b

a+ b
f (a+ b)− 2a

a+ b

(
f (a+ b)

2
− f

(
a+ b

2

))
+
a− b

a+ b
f

(
(a+ b)

2

4a

)
+f

(
a2 − b2

4a

)
≤ f (b) .

Merging these two inequalities implies the desired inequality. □
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