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Weak convergence of inertial proximal point algorithm for
a family of nonexpansive mappings in Hilbert spaces

SUPALIN TIAMMEE and JUKRAPONG TIAMMEE

ABSTRACT. In this paper, we modified proximal point algorithm with some convex combination technique
to approximate a minimizer, equilibrium point and a common fixed point of a family of nonexpansive mappings
in Hilbert spaces. We establish a weak convergence theorem under some mild conditions. Moreover, we also
provide a numerical example to illustrate the convergence behavior of the proposed iterative method.

1. INTRODUCTION

Let H be a real Hilbert space and let g : H — (—o00, 0o] be a proper and convex function.
One of the major problems for optimization is to find a point € H such that

g(x) = ryrgg 9(y)-

We denote the set of all minimizers of g on H by argmin,  ;9(y)-

The proximal point algorithm is an important tool in solving optimization problem
which was initiated by Martinet [23] in 1970. Later, Rockafellar [32] studied the con-
vergence of a proximal point algorithm for finding a solution of the unconstrained con-
vex minimization problem in H as follows. Let g be a proper, convex and lower semi-
continuous function on H. The proximal point algorithm is defined by =1 € H and

1
(1.1) Tos1 = argmin |g(y) + o llu— 27|, ¥n>1,
ueH 2>\n

where A, > 0 for all n > 1. It was shown that if g has a minimizer and Y~ ; A\, = o0
then the sequence {x,,} converges weakly to a minimizer of g; see also [7]. However, the
proximal point algorithm does not necessarily converges strongly in general; see [4]. Re-
cently, several authors proposed modifications of Rockafellar’s proximal point algorithm
to have strong convergence, for example [20, 21].

In recent years, many convergence results by the proximal point algorithm for solving
optimization problems have been extended in many directions, see [37, 29]. The minimiz-
ers of the objective convex functionals in the spaces with nonlinearlity play an important
role in the branch of analysis and geometry. Several applications in machine learning,
computer vision, system balancing and robot manipulation can be considered as solving
optimization problems, see [37, 29, 33].

Let C be a nonempty closed convex subset of H. Let I be a bifunction of C' x C into R,
where R is the set of real numbers. The equilibrium problem for F' : C' x C' — Riis to find
x € C such that

(1.2) F(z,y)>0 forally e C.
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The set of solutions of (1.2) is denoted by EP(F). Given mapping S : C — H, let
F(z,y) = (Sz,y —z) forall z,y € C. Then z € EP(F) if and only if F(z,y) = (Sz,y — 2)
forall y € C, i.e, z is a solution of the variational inequality. Many problems arising in
physics, engineering, economics, game theory, optimization, operation research, etc. can
be reduced to find a solution of the EP (1.2), and then, the EP (1.2) has gained attention
from many researchers (see [9, 8, 10, 12, 34, 28]).

The fixed point problem is a very important tool for study engineering, physics, chem-
istry, and economixs in different mathematical models. Furthermore, the fixed point prob-
lem has manny important applications, such as null problem, variational inequality prob-
lem, optimization problem, (see [2, 3, 36, 17]), and the references therein. The fixed point
problem is a problem of finding a point € H such that Tx = . The set of fixed points
of the mapping T is denoted by F'(T").

In convex optimization, numerous problems in applied sciences (image reconstruc-
tion, radiation therapy, artificial intelligence and sensor networks) can be modelled as the
minimization problem, fixed point problem and equalibrium problem. Moreover, sev-
eral authors have studied common solutions in different ways. In 2014, T.T.V. Ngunten
et al.[27] have obtained convergence results for finding a common solution of an equilib-
rium problem and an infinite number of fixed-point problems. In 2015, Cholamjiak et al.
[11] introduced a new iterative algorithm for finding a common solution of convex mini-
mization problem and fixed point problem. In 2020, Hanjing and Suantai[15] proposed a
MWA-algorithm for finding a common fixed point of a countable family of nonexpansive
operators in a real Hilbert space.

o, T1 € C,

Wp = Ty + en(xn - xn—l)a
(1.3) Zn = (1 = Yn)wy + YnTnwny,

Tn+l1 = (1 - an)Tnzn + anTnyn

Inspired by these works mentioned above, we presented a new iterative method for

finding the solutions of the minimization problem, the equilibrium problem, and common
fixed point of an infinite family of nonexpansive mappings in a Hilbert space. Then a
weak convergence theorem is established under some control conditions. The presented
results in ithis work also generalize some well-known results in the literature. This paper
is organized as follows: In Section 2, we recall some definitions and the useful facts which

will be used in the later sections. A weak convergence theorem will be proved in Section
3. Moreover, we give a numerical example to illustrate our main result.

2. PRELIMINARIES
Let f : H — (—00, 00| be a proper convex and lower semi-continuous function. For any
A > 0, define the Moreau-Yosida resolvent of f in a real Hilbert space H as follows:
1
Jyr = argmin | f(u) + = |lu — z||?
uweH 2)\

for all z € H. It was shown in [14] that the set of fixed points of the resolvent associated
with f coincides with the set of minimizers of g. Also, the resolvent Jy of f is nonexpan-
sive for all A > 0; see [18].

Lemma 2.1 ([18]). Let H be a real Hilbert space and g : H — (—o00, 00| be a proper convex and
lower semi-continuous function. For each x € H and A > p > 0, we have the following identity



Weak convergence of inertial proximal point algorithm for a family of nonexpansive mappings 175

A—p Iz
JA.’E = Jp, <>\J)\.T + /\x) .
Lemma 2.2 ([1]). Let H be a real Hilbert space and g : H — (—o0, 00| be a proper convex and
lower semi-continuous function. Then, for all x,y € H and X > 0, the following sub-differential
inequality holds:

1 1 1
24 — P = =<z —yl|* + =z — 2 < — .
4 S 3e =yl = 5l =yl + o5l = nal? < fly) - F(x)

Lemma 2.3 ([6]). Let H be a real Hilbert space and T : H — H be a nonexpansive mapping. If
{x} is a sequence in H such that x,, — x with ©,, — Tx, — 0, then © = Tx.

Lemma 2.4 ([5]). Let K be a nonempty closed convex subset of H and F be a bi-function of K x K
into R satisfying the following conditions:

(Al) F(z,z)=0forallz € K;

(A2) is monotone, that is, F(z,y) + F(y,xz) < Oforallz,y € K;

(A3) foreachz,y € K,

holds:

limsup F(tz + (1 — t)x,y) < F(z,y);

t—0t
(A4) foreachx € K,y — F(x,y) is convex and lower semi-continuous.
Let r > 0and x € H. Then, there exists z € K such that

1
Flzy)+ (y—zz2-2)=20, forallz,yeK.

Lemma 2.5 ([16]). Let K be a nonempty closed convex subset of H and let F be a bi-function of
K x K into R satisfying (A1) — (A4). Forr > 0 and x € H, define a mapping TF : H — K as
follows:

(2.5) TTF(z){ZEK:F(Z,y)+i<yZ,Z$>ZO VyEK}

forall x € H. Then the following hold:
(1) TF is single-valued;
(2) TF is firmly-nonexpansive, that is, for any x,y € H,
|77 (2) = T )P < (T (2) = T,7 (), = — y);
(3) F(TF)=EP(F) forall r > 0;
(4) EP(F) is closed and convex.

Lemma 2.6 ([16]). Let K be a nonempty closed convex subset of H. For x € H, let the mapping
T be the same as in Lemma 2.5. Then for r,s > 0 and z,y € H,

|s = |
1T (@) = T @) < Ny = 2l + =T () = wll-

Definition 2.1. A mapping T': H — H is said to be
(i) nonexpansive if | Tx — Ty|| < ||z —y||, Vz,y € H;
(ii) quasi-nonexpansive if F(T) # 0 and | Tz — y|| < ||z —y||, Ve € Handy € F(T),
where F(T) :={z € H : Tz = z}.
Remark 2.1. It follows from Definition 2.1 that if (T) # @, then (i) = (ii) but converse is
not true in general.

Definition 2.2. Let T : C — C be a mapping. The mapping T — I is said to be demiclosed
at zero if for any sequence {z}} in C which z;, — wand Tz, — z — 0, then z € F(T).
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In order to deal with a common fixed point problem, Takahashi et al. [25, 26] intro-
duced a useful condition called NST-condition (I) (NST*-condition) defined as follows:

Definition 2.3. ([25, 26]) Let {7}, } and I be families of mappings of X into itself such that
0 # F() C Q:= N2, F(Tx), where F(T') is the set of all common fixed points of I, A
sequence {7}, } is said to satisfy

(i) the NST-condition (I) with Q) if for every bounded sequence {z} in H,

lim ||z — Trag|| =0 = lim |lay — Tagl| =0 VT €T
k— o0 k— o0
(i) If T is singleton, i.e., ' = {T'}, then {T}} is said to satisfy the NST-condition (I) with

T.
(iii) the NST*-condition if whenever {z;} is a bounded sequence in H such that

lim ||zg — Trak| = lm ||xgr1 — zk]| =0,
k— o0 k— o0
it follows that wy,(xx) C Ny F(Ik), where w,,(xy) is the set of all weak cluster

point of {z}.
Lemma 2.7 ([35]). Let {ay}, {bn} and {3, } be sequences of nonnegative numbers such that
apt1 < (14 6n)an + by, Vn € N.

IF > 1 6, < ocoand Y00 | by, < oo, then lim,, o ay, exists.
Lemma 2.8 (Opial [24]). Let {zy} be a sequence in H such that there exists a nonempty set
Q C H satisfying:

(i) For every p € Q, limy_, ||xr — pl| exists;

(ii) wy(xr) C Q.
Then, {x} converges weakly to a point in .

3. MAIN RESULTS

In this section, we prove the weak convergence theorems for minimizers of convex
lower semi-continuous functions , equilibrium problem and common fixed point of a
countable family of quasi-nonexpansive mapping in a real Hilbert space.

We first present an inertial alternating projection algorithm (Algorithm 3.6) by assum-
ing the following:

e g: H — (—00,00] is a proper convex and lower semi-continuous function;
o f: H x H — Rabi-function satisfying (A1) — (A4)
e T': H — H is a nonexpansive mapping
o {T,, : H— H}22, is a family of nonexpansive mappings and satisfies the NST-
condition(I) with T;
o 0+ F(T) C 2, F(T);
e Q:=argmin, ,g(u) EP(f)NN5L F(Tn) # 0.
Let the sequence {x,,} be defined by

Sp = Tp + en(-rn - xn—l)a

wp, = (1 = )80 + Y Thsn

U, = argmin |g(u) + ——|lu — wn||2 ,
(3.6) ueH 2An

Zn = (1 - Bn)yn + BnTnyn
Tn41 = (1 - an)Tnzn + anTrLy’er n Z 1a
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where 29, z1 € H and {0,,}, {8}, { .}, {7}, {an} are sequences in [0, 1].

Lemma 3.9. Let {x,,} be a sequence generated by Algorithm (3.6) and assume that
S 1 On ||y — zp_1]| < 0o. Then {x,,} is a bounded sequence.

Proof. Let z* € Q2 and let {x,,} be a sequence in H generated by (3.6). So, we get
80 = 27| < llzn = 2" + O |20 = znall,
and
[wn = 2| < (L =) llsn = 27| + 70 [[Tnsn — 27| < [lsn — 27|
Since g(z*) < g(u) for all w € H. This implies that

1 1
9(@") + 53 -ll2” = o*|* < g(u) + 3 = o |, Vue H,

and hence z* = Jy z* for all n > 1. Since u,, = J, wy,, it implies by nonexpansiveness of
J A that

(3.7) [un = 2| = |5, wn = I, 2" < [lwn =27
By Algorithm (3.6), we obtain
lzn = 2% < (L =) lyn = 2"l + 0 [ Tnyn — 27| < llyn — 2]

and
lyn = 2*|| = || T, un — T 2*|| < flun — 27|
Therefore,
[ — 27| < (1 —an) [l2n — 27| + an [lyn — 27|
< (A=) llzn — 2% + an lun — 27|
< (1 —am) llsn — 2" + an [[sn — 27|
<A —an)llsn — 2| + anll|lzn — %[ + On 20 — n-1]])

lzn — 2" 4+ On |20 — Tp—1|

Since >~ 7, 0y, [|#n, — 2y—1]| < 00, by using Lemma 2.7, we obtain that lim,,_, ||z, — *||
exists. Hence, {xz, } is bounded which implies that {s,, } is also bounded. O
Lemma 3.10. Let {z,} be a sequence generated by Algorithm (3.6) and assume that

0<p<PBn<gqg<land )" 0,z —zp1] < oco. Then lim, o ||Tn — uy| = 0 and

Proof. Since {z,} is bounded. Therefore

(3.8) ILm |z, —2*|| =d for some d.

It follows by (3.7) that

(3.9) limsup ||u, — z*|] < limsup ||z, — z*|| + limsup 0, ||z, — zp—1] = d.
n—o00 n—o0 n—oo

It follows by Algorithm (3.6) that
[Zn41 — 2% < (1 — an) lzn — 2% + an lup — 27|
By simplifying we have
* 1 * * *
lzn = 2%l < = (e = 2™ = llents = 27() + flun — 27]]

n

1
- (lzn =27l = llznsr = 2™[) + [lun — 27

IN
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This implies that
(3.10) d = liminf ||z, — 2*|| < liminf ||u, — 2*].
n—oo n—oo
From (3.9) and (3.10), we can conclude that
(3.11) lim |u, —2*| = d.
n— oo

By Lemma 2.2, we have

1 1

ol = 2P = =l — P+ =l — | < g(27) — g(un).

A A A
Since g(z*) < g(uy,) for all n > 1, we obtain

ln = unll? < llzn = 2|* = Jun — 2™
It implies by (3.8) and (3.11) that
(3.12) lim ||z, — u,| = 0.
n—o0

Consider
[Zns1 — 2| < (1= an) [l2n — 2| + o [y — 27|

< (1= an) lyn — 27| + an lyn — 27|

= [lyn — 27|

< lun — 2|
It follows that
(3.13) Jim[ly, — 2% = d.
Further, we estimate

lyn — %1% = T up — *||?
- Tf " u, —x*)
n— >

< (1}
= {n
1 * (|2 2 2
=5 (||yn—x 24 = 21 = 1y — wal?)

It follows that

[y = unl® < llun — 2 = llyn — 2.
It implis by (3.11) and (3.13) that
(3.14) lim |y, — un|| = 0.

n—o0

We are ready to prove our main theorem.

Theorem 3.1. Let {x,,} be a sequence in H generated by (3.6) such that

(@). o, 1 are choosen randomly,

(b) 22021 en Hmn - xnfln < oo,
(0. O<p<Pn<qg<l,

(d). r, > 0whereliminf,, . r, >0

Then, {x,,} converges weakly to a point in .
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Proof. From (3.6), we have
l[$n — x*||2 = ||z — " + On(zn — xnfl)HQ
= ||z, — x*Hz + 97% Hxn - xn71||2 + 20, (xy — 2%, 2y — Tpo1)

<lzn — Z*HQ + 072L |zn — xn—1||2 + 20, (|20 — 2% |20 — 201,

and
* (12 * *\ (12
Jwn —2*[|” = [(1 = ) (50 — %) + Yn(Trsn — z7)||
=1 =) lsn — x*HZ + Y (| Tnsn — Z*HQ =Y (1 =) 80 — Tn3n||2
<lsn — z*Hz = (1 =) [[8n — TnSnHZa
*(12
<lsn—x H '
Therefore,
* (12 * *\ |12
||Zn - H = ”(1 - ﬁn)(yn — ") + Bp(Tpyn — )”
* (12 * (12 2
= (1= Bn) lyn —2"||" + Ba ||Tnyn -z H - ﬁn(l — fBn) ||yn - TnynH
* (12 2
S yn — 21" = Bn(1 = Bn) lyn — Tuynll”,
Thus,

Znt1 — 33*H2 = (1= apn) |Tuzn — 33*”2 + an | Tnyn — x*HQ —an(l—ap) | Thzn — Tnyn||2
< (1= an) | Thzn — x*||2 + an | Tnyn — x*Hz
< lun — 2*||?

< fwn — 2|

*”2 = (1 =) |80 — Tn5n||2 )
< @ — x*HQ + 02 ||n — xn—1||2 + 20, ||lzn — 27| |2n — Tn-1]]
— V(L =) |80 — Tnan2 .

Since > "7 1 0y, ||xn — Tp_1]] < coand lim,_, ||z, — z*|| exists, it follows that ||s,, — T, s, | —
0. Since {s, } is bounded and {T;,} satisfies NST-conditon(I) with T, we get ||s,, — T's,,|| —
0. From
|zn = Tan| < llzn = sull + [[sn = Tsnll + [[Tsn — Tan ||
< 2|[zn = sull 4+ llsn — Tsal|
=20p [|zn — Tn-1l| + 50 — Tsa|
we obtain ||z, — T'z,| — 0. Let w be a weak cluster point of {z,,}. Then w € F(T) by
demicloseness of I — 71" at 0. Therefore, by using Opial lemma, we conclude that there
exists p € F'(T) such that z,, — p.
Now we prove p € €, that is p € argmin,, . g(u) and p € EP(f). Consider
[wn = unll < llwn — |l + [[un — 24|
< lwn = sull + [|sn — @4 ]

< ||sn - Tnsnll + eonn - xn71||-
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Since Y>°07 1 0, ||z, — zp—1]| < 00 and ||s, — Ty,s, || — 0, it follows that |jw,, — u,|| — 0 By
Lemma 2.1, nonexpansiveness of Jy, and A, > A > 0 that

lwn — Inwn || < [Jwn — un || + Jun — Jxw ||

= |lwn — un|| + ([ Iawn — Jxwy||

= |lwn — un | +

An — A A
J,\( h\ J,\nw7L+>WL) — JHhwy,

n

An — A
An

A
) J)\nwn + E

< lewn — ua] + H(

— Wy,

A
=l + (1= 5 ) 10 =]
n

A
= — ) + <1 - An) et — wa

A
— (25w = .

This together with (3.12) shows that

(3.15) lim ||w, — Jyw,| = 0.
n—oo

Since J) is a nonexpansive mapping, by (3.15) and Lemma 2.3, we get p € F(Jy) =
argmin, _, g(u).

Otherwise, if T} p # p for some r > 0, then by Opial’s condition, Lemma 2.6 and (3.14),
we have

liminf ||u,, — p|| < liminf |ju,; — Trfnva
J—o0 J—>o0 J
< timinf { un, = T, un, | + 17, un, = T/pl}
j*)OO J J
< timinf {u, = o, | + |17, wn, — T/}
= liminf || T Up; — T/ p|
Jj—o0 g

|rnj —7"|

< lim inf (|unj — || + 1T ;= i, |>
J—0o0

= lim inf [[un, — pl|,
Jj—o0

which is a contradiction. Therefore Tfp = p for all » > 0,i.e.,p € EP(f). The proof is
completed. O

Remark 3.2.
(i) Theorem 3.1 generalize and improve the results of Kaewkhao et al. [19] to a mini-
mization problem and equilibrium problem.
(ii) Theorem 3.1 is an improvement and generalization of the main result in Rockafel-
lar [32] and Giiler [14].

If g(x) = Vr € Hand f(z,y) = 0 Vz,y € H, then the following result can be
obtained from Theorem 3.1 immediately.

Corollary 3.1 ([19]). Let a family of nonexpansive mappings {T,,} on a Hilbert space H and a
nonexpansive mapping T on H be such that {T,,} satisfies NST-condition(I) with T. Suppose
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that ) # F(T) C N,2, F(T,,). Let {x,,} be a sequence in H generated by
Sn = Tp + 0p (0 — Tp_1),
Wy, = (1 —vn)8n + YT nsn
Zn = (1= Bn)yn + BuThwny
Tni1 = (1 — an)Tnzn + anTnyn, Yn >1,

(3.16)

such that

(@). zo,x1 are choosen randomly,
(b). >o0s1 On l|zn — Tn—1ll < oo,
(0. 0<p<PBp<g<Ll

Then {x,,} converges weakly to a point in F(T).

4. NUMERICAL EXAMPLES

We now present a numerical example to demonstrate the performance and conver-
gence of our theoretical results.

Example 4.1. Let H = [—1, 1] with the usual norm. For each z € H, we define g : H —
(7007 OO] bY
1
o(z) = 3 el

and define T': H — H by Tz = sinz, forall x € H. We define the folllowing sequence
of nonexpansive mapping for {7}, as

T35,—0 = 2" sinz

LT
4.17) Tap_1 = xsm(ﬁ)
sin” x
T3n = 2

It is obvious that {7}, } satisfies the NST-condition (I) with 7. Moreover g is proper convex
and lower semi-continuous. For each =,y € H, define bifunction f : H x H — R by

Itis easy to check that g, f, T, T, satisfy all conditions in Theorem 3.1 with Q2 = {0}. Using
the proximity operator [13], we know that
. 1 9 T
argmin |g(u) + = ||lu — z||*| = prox_z = =.
ueH 2 7 2

For each u € H, we compute 7/ u. Find z such that
0S f(a0) + -y — 22— w)
:z(yfz+1)+%(yfz)(zfu)
oy =tz (= 2)(e - )
—

0<rzy—rz®+rzd+yz—yu—2>+z2u
=(—r—122+ (ry+t+y+u)z —yu.
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Let J(z) = (—r —1)2%2 + (ry+r +y +u)z — yu. Then J(z) is a quadratic function of z with
coefficienta = —r — 1,b = ry + r + y + v and ¢ = —yu. Determine the discriminant A of
J as follows:

A =b* — dac
= (ry+r+y+u)® —4(—r—1)(-yu)
=72y + 2r%y + % + 2ruy + 2ru + 2ry® + 2ry + u? + 2uy + y* — dury — duy
= (r? +2r + Dy? + (2r% 4+ 2ru + 2r + 2u — 4ru — 4u)y + (r* + 2ru + u?)
=+ D)% +20r +ru+r+u—2ru—2u)y + (r + u)?
=(r+ 1% +2(r+1)(r —u)y+ (r+u)?
=((r+1Dy+ (r —u)?®+ 4ru.
We know that J(z) > 0 Vz € R. If it has at most one solution in R, then A < 0, so we

—Vdru — (r —u) u—r—dru
r+1

have y = " . This implies that T/ u =
Then, the algorithm (3.6) becomes:
Sp = Tp + gn(xn - xnfl)»

Wp = (1 - ’Yn)sn + Tnsn

Wn,
(4.18) Y = Up — Ty — VA4UnTn

r + 1
Zn = (1 - ﬁn)yn + BnTnyn
Tn+1 = (1 - an)Tnzn + anThyn, Vn > 1,

In this example, we set the parameter on (4.18) by «,, = MQL% By, = %, Vo = =

3n+1?
T = 747,00 = 2% It can be observed that all the assumptions of Theorem 3.1 are satisfied.
In the experiment, we choose the stopping criterion E,, := ||z,, — p|| < 107%° where p = 0

or the maximum iteration exceeds 10, 000 iterations. The proposed algorithm is coded
in MATLAB2014b, and run on MacBook Air (1.4 GHz Intel Core i5 and 4 GB 1600 MHz
DDR3).

To study the behaviour of obtained solution by Algorithm 4.18, we set the initial solu-
tions in 3 different cases: both initial solutions are less than exact solution (xg = —0.9,z; =
—0.5), both initials are greater than the exact solution (zo = 0.85, 1 = 0.75), one of initial is
less than exact and the other one is greater than the exact solution(zo = 0.85, 1 = —0.75).
The sequences of solution obtained by Algorithm 4.18 with different initial solutions are
presented in Figure 1. As shown in Figure 1, the solution obtained by the proposed al-
gorithm rapidly approaches to an exact solution. Moreover, the obtained solutions in all
cases are oscillating convergent sequences.

Since the algorithm presented in this research is to find a solution of three problems
(€2), while Kranoskii-Mann [22] and Colao [9] algorithms are to find the solution of two
problems
(EP(f)NSL, F(T,)) . Thus, we have defined function g := I, so that the interesting
problem reduce to only (EP(f)( NS, F(T},)). Then, we compare our algorithm with
Krasnoselskii-Mann and Colao’s algorithms to see the performance of the algorithm pre-
sented in this work. From Figure 2, it can be seen that the proposed algorithm converges
to an exact solution faster than the other two algorithms.



Weak convergence of inertial proximal point algorithm for a family of nonexpansive mappings

0.8 q
0.6
0.4
0.2
§ o
024
e
064
0.8
-1 T T T T T T T T T T T T
0 5 10 15 20 25 30 35 40 45 50 55 60 65
Number of iteration (n)
FIGURE 1. The sequence {z,,} in different initial points x¢, z1.
0.9 T T T T T T
Algorithm 3 6
Krasnoselskii-Mann
08 Alogrithm (6} in [9] |4
0.7 - =
|
06 | a
T oosk e
<1
.
g 04 g
= =
03[ | bl
02r ‘ n
01 | =
-
0 AR\ I e r——— ——— 4 ! L L L
o 10 20 30 40 50 B0 70 80 90 100

number of iteration (n)

FIGURE 2. Comparison of Algorithm (3.6), Kranoskii-Mann algorithm

and Algorithm (6) in [9] with {7}, } defined in (4.17).

70

183

Acknowledgements. This work was supported by Chiang Mai Rajabhat University and
the Thailand Science Research and Innovation Fund through Chiang Mai Rajabhat Uni-

versity, fiscal year 2023.



184 S. Tiammee and J. Tiammee
REFERENCES

[1] Ambrosio, L.; Gigli, N.; Savare, G. Gradient ows in metric spaces and in the space of probability measures. Second
edition, Lectures in Mathematics ETH Zurich, Birkhauser Verlag, Basel, (2008).
[2] Anh, P. N. A hybrid extragradient method extended to fixed point problems and equilibrium problems.
Optimization 62 (2013), 271-283.
[3] Ansari, Q. H.; Nimana, N.; Petrot, N. Split hierarchical variational inequality problems and related prob-
lems. Fixed Point Theory Appl. 2014 (2014), 208.
[4] Bauschke, H. H.; Matouskov4, E.; Reich, S. Projection and proximal point methods: convergence results
and counterexamples. Nonlinear Anal. 56 (2004), 715-738.
[5] Blum, E.; Oettli, W. From optimization and variational inequalities to equilibrium problems. Math. Stud. 63
(1994), 123-145.
[6] Browder, E. E. Fixed point theorems for noncompact mappings in Hilbert spaces. Proc Nat Acad Sci USA. 53
(1965), 1272-1276.
[7] Bruck, R. E.; Reich, S. Nonexpansive projections and resolvents of accretive operators in Banach spaces.
Houston |. Math. 3 (1977), 459-470.
[8] Ceng, L.C., Yao, J. C. A hybrid iterative scheme for mixed equilibrium problems and fixed point problems.
Journal of Computational and Applied Mathematics 214 (2008), no. 1, 186-201.
[9] Colao, V.; Marino, G. Strong convergence for a minimization problem on points of equilibrium and common
fixed points of an infinite family of nonexpansive mappings. Nonlinear Anal. 73 (2010), no. 11, 3513-3524.
[10] Cholamjiak, P. A hybrid iterative scheme for equilibrium problems, variational inequality problems, and
fixed point problems in Banach spaces. Fixed Point Theory Appl. 2009 (2009), 1-18.
[11] Cholamjiak, P.; Abdou, A. A.; Cho, Y. J. Proximal point algorithms involving fixed points of nonexpansive
mappings in CAT (0) CAT(0) spaces. Fixed Point Theory Appl. (2015), no. 1, 1-13.
[12] Combettes, P. L.; Hirstoaga, S. A. Equilibrium programming in Hilbert spaces. J. Nonlinear Convex Anal. 6
(2005), no. 1, 117-136.
[13] Combettes, P. L.; Pesquet, J. C. Proximal splitting methods in signal processing. In: H. H. Bauschke, R. Burachik,
P. L. Combettes, V. Elser, D. R. Luke and H. Wolkowicz, (eds.) Fixed-Point Algorithms for Inverse Problems
in Science and Engineering, pp. 185-212 Springer, New York, 2011.
[14] Giiler, O. On the convergence of the proximal point algorithm for convex minimization. SIAM ]. Control
Optim. 29 (1991) 403-419.
[15] Hanjing, A.; Suantai, S. A fast image restoration algorithm based on a fixed point and optimization method.
Mathematics, 8 (2020), no. 3, 378.
[16] He, Z. The split equilibrium problem and its convergence algorithms. Journal of Inequalities and Applications
2012 (1) 162.
[17] Tiduka, H. Convergence analysis of iterative methods for nonsmooth convex optimization over fixed point
sets of quasi-nonexpansive mappings. Math. Program. 159 (2016), 509-538.
[18] Jost, J. Convex functionals and generalized harmonic maps into spaces of nonpositive curvature. Comment.
Math. Helv. 70 (1995), 659-673.
[19] Kaewkhao, A.; Bussaban L.; Suantai, S. Convergence Theorem of Inertial P-iteration Method for a Family
of Nonexpansive Mappings with Applications. Thai Journal of Mathematics 18 (2020), no. 4, 1743-1751.
[20] Kamimura, S.; Kohsaka, F.; Takahashi, W. Weak and strong convergence theorems for maximal monotone
operators in a Banach space. Set-Valued Anal. 12 (2004), 417-429.
[21] Kassay, G. The proximal point algorithm for reflexive Banach spaces. Studia Univ. Babes Bolyai Math. 30
(1985), 9-17.
[22] Mann, W. R. Mean value methods in iteration. Proc. Amer. Math. Soc. 4 (1953), 506-510.
[23] Martinet, B. Regularisation d’inequations variationnelles par approximations successives. Rev. Fr. Inform.
Rech. Oper. 4 (1970), 154-158.
[24] Moudafi, A.; Al-Shemas, E. Simultaneous iterative methods for split equality problem Trans. Math. Program.
Appl. 1(2013) 1-11.
[25] Nakajo, K.; Shimoji, K.; Takahashi, W. Strong convergence to common fixed points of families of nonexpan-
sive mappings in Banach spaces. J. Nonlinear Convex Anal. 8 (2007), 11-34.
[26] Nakajo, K.; Shimoji, K.; Takahashi, W. On strong convergence by the hybrid method for families of map-
pings in Hilbert spaces. Nonlinear Anal. Theor. Methods Appl. 71 (2009), 112-119.
[27] Nguyen, T. T. V,; Strodiot, J. ].; Nguyen, V. H. Hybrid methods for solving simultaneously an equilibrium
problem and countably many fixed point problems in a Hilbert space. | Optim Theory Appl. 160 (2014), no.
3, 809-831.
[28] Petrot, N.; Tangkhawiwetkul, J. The stability of dynamical system for the quasi mixed equilibrium problem
in Hilbert spaces. Thai Journal of Mathematics 18 (2020), no. 3, 1433-1446.



Weak convergence of inertial proximal point algorithm for a family of nonexpansive mappings 185

[29] Peyré, G.; Cuturi, M. Computational Optimal Transport Foundations and Trends in Machine Learning 11
(2019) 355. (1803).

[30] Phuengrattana, W.; Suantai, S. On the rate of convergence of Mann, Ishikawa, Noor and SP-iterations for
continuous functions on an arbitrary interval. J. Comput. Appl. Math. 235 (2011), no. 9, 3006-3014.

[31] Polyak, B. T. Some methods of speeding up the convergence of iteration methods. USSR Computational
Mathematics and Mathematical Physics 4 (1964) 1-17.

[32] Rockafellar, R. T. Monotone operators and the proximal point algorithm. SIAM |. Control Optim. 14 (1976)
877-898.

[33] Sombut, K.; Pakkaranang, N.; Saipara, P. Modified Proximal Point Algorithms for Solving Fixed Point
Problem and Convex Minimization Problem in Non-Positive Curvature Metric Spaces. Thai Journal of Math-
ematics (2018) 1-16.

[34] Tada, A.; Takahashi, W. Strong convergence theorem for an equilibrium problem and a nonexpansive map-
ping. Nonlinear analysis and convex analysis (2007), 609-617.

[35] Tan, K.; Xu, H. Approximating fixed points of nonexpansive mappings by the ishikawa iteration process. J.
Math. Anal. Appl. 178 (1993) 301-308.

[36] Tiammee, J; Suantai, S. On solving split best proximity point and equilibrium problems in Hilbert spaces.
Carpathian . Math. 35 (2019), no. 3, 385-392.

[37] Udriste, C. Convex Functions and Optimization Methods on Riemannian Manifolds. Mathematics and its Appli-
cations. Vol. 297. Kluwer Academic, Dordrecht, 1994.

CHIANG MAI RAJABHAT UNIVERSITY
DEPARTMENT OF MATHEMATICS AND STATISTICS
FACULTY OF SCIENCE AND TECHNOLOGY
CHIANG MAI 50300, THAILAND

Email address: supalin_tia@cmru.ac.th

Email address: jukrapong.tia@cmru.ac.th



